Answer and Guide To MA1102 Caculus Mock Test 1998-99 Semester 1

1. This question tests the concept of the range of a function, continuity, differentiability

and integration over a piece-wise polynomial.

: (x+3)2, x<-3
Thefunction f isdefinedby f(x)=] 2x, - 3<x<1
% x2+1, x>1

Recall rangef ={ f(x);x € R}. Examine this definition carefully. The intuitive
geometrical preconception about the range depends on quite a number of concepts
among them one which assume, without proof, what the graph of a function would

look like in its entirety. Indeed this would involve the methods of calculus.

Very often the range does not call for thiskind of analysis.

y isintherangeof f if and only if we can find an eement x in the domain of f such that
f&) =y
So we need to know when we can solve this equation for x in the domain of /. Usualy
this would take the form of a condition on y which would allow us to specify the range of
/. Butour function is defined in a piecewise manner. So we consider our function as
three functions with each of the following intervals (- «, - 3], (- 3,1), [1, «) astheir

respective domains. So therange of f isthe union of the range of these three functions.

More precisaly, the range of f isthe union of the images of these three intervals under 1.

(@ Forx<-3, f(x)=(x+3)?>0. Thusifyisintheimageof (-,-3] y>0.
Now forany y>0 f(x) =y canbesolved for x <-3. Thisisdone asfollows. For
y>0and f(x)=(x+3)2=y, wecantake x+3=- /y sothatx=-3- /y <-3.
Therefore, the image of (- »,- 3] under f is[0,+x). Also, - 3<x<1lifandonly if
-6<2x <2 Thus sincefor-3<x<1, f(x)=2 f maps(-3,1) onto (-6, 2).
Therefore, the image of (-3, 1) under [ is (-6, 2). Findly for
x>1,f(x)=x2+1>2. Andforany y>2,wecan solve f(x)=x2+1=y for

x>1bytaking x= /y- 1 >1. Therefore, theimage of [1,) under /" is[2, ).

Hence the range of f is[0,) U (- 6,2) U[2,%) = (- 6, x).



(b) (i) Frompart (a) - 5 isintheimageof (-3,1) under f . Thus, to find the preimage
we need to solve the equation 2x =-5for x <- 4. Solving thisgives x = 75
(i) Frompart (a) - 7isnotintherangeof f. Thus, thereisno vaueof x for which
flx)=-7.
(iii) O isintheimagesof (-3,1) and (- 0,- 3]. Solving f (x) =0forx in (- ,- 3] means
solving (x +3)2 = 0 which givesx =-3. Solving f (x) = 0for x in (- 3, 1) means solving
2x =0 which givesx = 0.
(€) When x<-3, f(x)=(x+3)2, whichisapolynomia function, therefore f is
continuous on (- o, - 3), since any polynomia function is continuous on the realsand so is
continuous on any interval. Similarly, when-3<x <1, f(x) isapolynomia
functionand so f* iscontinuous on thisinterval. Finaly whenx > 1, f(x)isasoa
polynomial function and so it is continuous for x > 1. Thusit remainsto check if f is

continuous at x =- 3or 1. Consider theleft limitatx =- 3,

lim . /()= I|m (x+3)2=0 andtheright limitatx=-3

x->(-3) -
lim = lim 2x=-6.
i S0 =l

Therefor, the left and the right limits are not the same. Thusthe limit at x = - 3 does not

exist. Therefore f isnot continuousat x =- 3. Now consider the left limit of f at x =
1,

Iirln f(x):lirln 2x =2 and theright limitat x = 1,
Iir1n+f(x):lirqu2+1:12+1:2:f(l).

Therefore, the left and the right limits of f at x = 1 are the same and is equal to the value

of thefunction f at x =1 and so f iscontinuousat x =1. Thus f iscontinuous at x for
al x+-3.

(d) f isdifferentiableat x =1. Thisisseen asfollows.

f(1+h) (@ _ 2(0+h)- 2

=2 and
h o h o h
2 - + -
i LS @) _ g W12 oy 242y L1 /(D)
h - 0* Th-0* h h -0+ h -0 h

Therefore, }!ing)f(l h})l'f(l) =2 and so f isdifferentiableatx =1and f'(1) =2.
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(© [6f(x)dx =15 f(x)dx+I7 f(x)dx = o 2xdx + [T (x? + 1)dx

=[x2]} + [§3+x] =1+1(8- n+1=4L.

5
(") -
2. Youcanuse L'Hopita’s Rule here.
@ Lo x? e *9 % 04940 _9 _,
7+5x 3. 1158 73-0+0 3
2 2 2 2
) lin 5xx+24 i B +4 - Q(/EP 44 +2) . 52+4- 4

=li
M a(BErA ) 0 xe([&7ed +2)

=lim S =35
x-0 ( /Bx2+4 +2)

Or you can use L'Hopital’s Rule:

244 - 2(5x2+4)"¥2.10
iR A 2R A=
sin(x) sn(x) 1 _, 1 _1 (X)
() Im7x 2 =lim =% -(7_x)—1-7_0— since lim——
Or bfn?s)lcn—@x)z:!jm (;05(23 by L'Hopital’s Rule
_cos0) _1
T 7-0 T T
3
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: : J16x%+3 +4x
d) lim(v16x2+3 - 4x) =lim(y16x?+3 - 4x) -
( ) x"w( x) x—>oo( x) 16x2 +3 +4x
:Ilm 16.x2+3' 16x2 :Ilm 3/x :Q:O
/1623 +4x 7 1643 +4 8

Notice here we make use of the fact that for x > 0, J/x2 =x.

. 8§n(x-1) . snx-1) Jx+1  sin(x-1)
I T Ly iy L e R S LR
. 8n(x-1) .
= b—m%l@(ﬁ*-l):l'(l*-l):z'
or fim 3D 0D ) Hapita's Rule
x-1 \/_- 1 x—-1 ﬁ

_cos(0) _
T2

) lim (1+7x2) 2 .

Let y=(1+7x?):2. Then In(y) =% In(1+7x2)
14x

. _ . In(1+7x2) _ . 14+7x2 1A s
!Lrgln(y) = L'IQT = L'IQT by L'Hopital’s Rule

=lim =7.

-0 1+ 7x2

Therefore, lim (1+ 7x2) 2 = N0) = o7

3 (@ (i) Forg(x)=x>+x+5, g(0)=5>0andg(-2)=-32-2+5=-29<0. Since
g isapolynomial functionon [- 2, 0], g iscontinuouson [- 2, 0]. Therefore, by the

Intermediate Value Theorem, thereisapoint c in (- 2, 0) such that g(c) = 0.

(i) ForxinR, g'(x)=5*+1.
Suppose g hastwo distinct roots say ¢ and ¢ in R. Without loss of generality we
may assumethat ¢ <c¢ . Then since g isdifferentiable on thewhole of R, g is
continuous on [c, ¢ |, differentiable on (c, ¢ ). Obvioudly, g(c) =g(c ) =0.
Therefore, by Rolle'stheorem, thereisapoint din(c, ¢ ) withg '(d) = 0. But
g'(d) =5d*+1>0. This contradiction shows that g can have only oneroot. Thus by

part (i) g has exactly one such root c.

alternatively, sinceg'(x) =5x*+1>0 gisincreasing on R and so g isinjective on
R. Therefore by part (i) thereis exactly oneroot ¢ in R.

4
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(b) A(x) =x*- 4x?>+16 on[-2,4]. Therefore, since & isapolynomid function # is

(©)

@

continuous on [-2, 4] and the derivative &'(x) = 4x®- 8x =4x(x- J/2)(x+/2) onthe
openinterva (- 2, 4). Therefore, intheinterval (-2, 4)

h(x)=0e 4x(x- J2)(x+J/2)x=0ox=0,/2 or - /2 .
Thus, there are only three critical pointsin (- 2, 4) occurringat x =0, /2 and - V2.
() =16, h(V2)=h(- J2)=4- 8+16=12, h(-2) =16- 4-4+16 =16,
h(4)=16-42- 4.42+16=13x16=208 .
Therefore, the absolute minimum value of / on [- 2, 4] is 12 and the absolute maximum

valueof 2 on[-24] is 208.

y?- dn(y) = 2x.
: T dy dy
Differentiating implicitly we get ZyE - cos(y)% =2 e (1)
Differentiating (1) implicitly again we get
dydy L, dYy o dvdy o dy
2dx dx +2ydx2 +sin() dx dx cos(y) dx? 0.
d? dy\?, .

This, (- costy) T5 =-(5] (SN0) +2) oo @
From (1) we know that (2y - cos(y)) #0and v 2 Thus

o4 dx 2y - cos(y)’ '

d?y _ 48n(y) +2)
dx2 = (2y- cos(y))3"

2
Since f(x) = 2(x+x—1)); we note that f is continuous on R- {1} because f isa

rational function. Then we can rewrite the function in asimpler form as follows.

_2-x(x-1) 2 _ 2 1
SO0 T e DS G L
At(x-1) .
Then f'(x) =- (x-41)3 + (x_ll)z = (;_()3_)3 ) = (;C_ 33 """"""""" (1)
ey~ 12 2  _12-2(x-1) _, 7-
TR e T e e o i o (2)

When x<1, (x- 1)3<0andx- 5<0sothatby (1), f'(x)>0. Thus f isincreasing
on theinterval (- «, 1).

For1<x<5, (x- 1)>>0andx- 5<0sothatby (1), /' (x)<0. Hence 1 is
decreasing on (1,5], since f iscontinuousatx =5 .
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Findly forx>5, (x- 1)>0andx- 5>0andsoby (1) f'(x) >0 and we conclude

that f isincreasing on [5,0) since f iscontinuous at x = 5.
(b) Since f isdifferentiable on its domain, by (1) it has only one critical point, namely x = 5.

(c) From part (b) since 1 isdifferentiable on its domain the critical point isalso a stationary
point. Therefore, it can have only one relative extremum and
f(5):2+?—é25:-% isarelative
minimum since f isdecreasing on (1, 5] and increasing on [5,x). There are no relative

maxima.

(d) Whenx<7andx=1, 7- x>0andsoby (2) f"(x)>0. Hencethegraphof 1 is
concave upward on the intervals (- «, 1) and (1,7). When x>7,i.e,7- x<0, by (2),

f "(x)<0. Thusthe graphof 7 isconcave downward ontheinterva (7, ).

e @, 1) :(7,%) =(7,- g—g) =(7,- %0) isapoint of inflection since before

and after the point x = 7 there is a change of concavity.

. i 24 x-x2 1 _ .
(f) Now lim £ (x) =lim # =lim W.(2+x- x?) = . Thisisbecause
lim —2L— =0 and lim (2+x- x?)=2>0. Therefore, theline x = 1isavertica
x-1 (x- 1)2 x—-1

. L 24x-x2 . -1+%+x—22
asymptote of the graph of f AI&J—'ILT; f(x) —J_I)I:LHOO W —XLI:LT;]O W

Thusy = - 1 isahorizontal asymptote of the graph of 1.

(9)

~ —+

" Il L Il |
f —t——
-1 0 1 \3 4 56
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The graph of £ (not drawn to scale)

5 (3 y(lxjcfzc)z =§(%ffx2_)21dx y((lsz) - (1+1362)2)dx

=tan 1(x) - y mdx
Now | (1+1x ade =] (1+ta}]2(9))2 sec2(6)d0 = | cos2(0)d0
where x = tan(0) so that dx = sec?(0)d0
= [ (1 +cos(20))d0 = 20+ 2 Sin(20)) +C

) tan(0) tan(6)

=1 1 i 1 ke

=ztani(x) +3 2(9)+C 7 ta ()+21+tan2(0) C
=3 tan(x )+21+ 2 +C.

Therefore, | (1x+‘f§)2 =3(tar’(x)- 737 +C. Thus

ylédel[tan'l(x)- X ]lzl(tan-l(l)_l)zﬂ_l
0 (1+x2)2 2 1+x2 ] 2 2 8™ 4

(b) J(In(3x))2dx =x(In(3x))2- [x- 2In(3x) - %dx by integration by parts
= x(IN(3x))2 - 20 In(3x)dx = x(In(3x))2 - 2(xIn(3x) - [x - Lakx)
by integration by parts
=x(In(3x))? - 2xIn(3x) +2x + C.

(©) | cos(sin(y)) cos(y)dy = | cos(u)du where u = sin(y) so that du = cos(y)dy
= sin(u) + C = sin(sin(y)) +C.

1

(d) ymdx:fmdu , whereu = e* 0 that du = e*dx

:jwl(ml) j(u+1 u+2)du INu+1]- Inu+2+C

i utl e"+1
=il =&ty e
@© | dx
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Use the substitution y = [2/x +5 sothat y2=2/% +5 and 2ydy:%dx.

Note that dx = 2y(y? - 5)/2dy = y(y? - 5)dy. Therefore,
1 y(v*- 5) v®
=2 =iy =((?- Bdy =25 - 5y +C
i i | = J 3

= 2(2/7 +5)% - 52/% +5)% +C..

6. (a) [5(x- 3| +Ix- 4)dx =[3(x- 3| +Ix- 4l)dx
+{53(x- 3 +lx- 4))dx+[5(lx- 3| +Ix- 4)dx

=- [3((x- 3) +(x- 4))dx+[53((c- 3)- (x- 4)dx+[a((x- 3) +(x- 4))dx
=- [3(2x- T)dx+[3 ldx+[5(2x- T)dx
=-[x?- Tx]3+1+[x?- 7x]3=-5+9+1=5.

(b) Write the following as a Riemann sum

£ 20 SN ) = B (A,
where xg <x; <--- <x, isaregular partition and Ax = Ax; =x; - x,.1. Therefore, we can

takex; = % —sothaIAx—2 ,xo=0andx, =% . Thushby comparing

) Ax with 2& sm(2 n)
wewould want  f'(x;) = sin(§ . 7) =dgn(x;) Thus f(x)=sn(x). Therefore,

Jim % 2sin(S - ) = [¢ sin(x)dx = [- cos(x)]¢ = cog(0) = 1.

(c) Sinceg(x) =xfgf (x)dx, by the Product Rule and the Fundamental Theorem of calculus,
g)= lof () +x/f(x).

Sinceitisgiventhat for al x inR, f(x) >0, forany x>0, x f(x) >0 and the integral

of (x) > 0. Therefore, g'(x) = Jof (x) +x £ (x) >0for x >0. Hence g isincreasing on
(0, ).

: 1
7. (@ () g(x):f 1+t2dt_ 0 1+t2dt % 1+t2dt
=5 L 1 L = Fe%) - F(xe%), where F(x) = [} dt .
—lo 2 o 1+t2 * * ~ 01+t2
Therefore, g'(x) = F'(x*)-4x- F'(x3)-3x? by the Chain Rule
4x3 3?2

= 1+y8~ 1+y6 P theFundamenta Theorem of Calculus.

MA102/©NgTB



(ii) Sinceh(x) =3¢") | In(h(x)) =x2In(3) Thus, differentiating the above on both

sides gives % =In(3)(2x). Therefore, A'(x) =3¢ In(3)(2x).

(iii) Sincek(x) = (1+x2)" |, In(k(x)) = In(x)In(L+x2)

Differentiating this equation on both sides gives

l;((;:)) = +In(1+x2) +In2) - 7255

/ IN(1+x2) 2xIn(x
Therefore, k(x)=(1+x2)'”(x{ (x Ly 1+)(c2)J'

(b) (i) Since 1 (x) =[] v8+¢? dt, by the Fundamental Theorem of Calculus,
f'(x)=J/8+x?> >,/8 >0.

Therefore, 1 isincreasing on thewhole of R. Thus £ isinjective.

(i) Now (f1)'(0) = W So we need to know the value of f~1(0) . Now

Y 0)=xe f(x)=0c [} /8+2dr=0. Since (1) =[1/8+2dr=0
and f isinjective, x = 1. Therefore, f~1(0) = 1.

1V AN — 1 1 _ 1 _1
Thus (Y O= 7710y =7 = Jgex - 3
i sin(3y) . .
8@ Since f()={ 2 IO lim () =l SN iy S 3-1.3-3
becauseLim @ =1. (You can useL’Hopita’s Rule here.)

Now recall the definition of continuity of afunction at apoint. 1 is continuous at

x =0if and only if thelimit)lcim f(x) existsand isequal to f(0). This means

lim /() =/(0) =k.

Hencek = 3.

(b) Thisisavery good question. You will have to refer to the definition of differentiability

and work with it. Condition (3) is a statement about differentiability of f at x = 0.
Iltsays / (0)=1. |,
lim
h-0
he function f isdifferentiable at the point x if and only if the limit
i L0076

[(+0)-1©) _,
h

h—-0
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exists. So we shall start with thislimit

lim JM =lim f(h)f();l)_f(x) by condition (1)
( f(h+x)=f(n)f (x))
=tim /(o L2

=lim f(x)fw since /(0) = 1 by Condition (2)

= f(x) £'(0) by (*) (i.e., by condition (3) which says that the
limit exists)
=f(x)-1 since f'(0) =1 by Condition (3)
= /).
Therefore, the function f isdifferentiable at x for any x in R and for any x in R,

[ = f ).
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