EXAMPLE SESSION 6

Absolute Maximum

2+x3, x<1

. . 1
Let the function /* be defined on R by f(x)—% Br-x2-1 x>1°

(i) Find theintervals on which isincreasing and or decreasing.
(i) Find the intervals on which the graph of f* is concave upward or concave downward.
(i) Find the relative extrema, absolute extrema of 1 if any.

(iv) Find the points of inflection of the graph of f.

(v) Sketchthegraphof f.
First observe that the function is a piecewise polynomial function.

Then observe that it is continuous. Thisis deduced below.

f iscontinuous on R because 1 isapolynomial function on (- «0,1) and aso on (1,) and that

lim /() =lim (9 =3= /(D).

To find the interval on which f isincreasing or decreasing we shall have to differentiate as far as
we can.

Start by differentiating on the open interval where the function is given by apolynomia (or by a
function whose derivative is known -- trigonometric, exponential, log , etc.)

|
Then [/ =1 g 5" [0 e M

At this point we dont’t need to know if the function isdifferentiable at x = 1. Thusfor x <0,

f'(x)=3?*>0,
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and since f iscontinuousat x = 0, f isincreasing on the interva (- o, 0] .
AlsoforO<x<1, f'(x)=3x?>>0sothat.Hence 1 isincreasingon [0, 1] since f is continuous at x =

Oandat x=1. Forx>1, f'(x)=5- 2xand f'(x) =0when x =5/2.

For 1<x<5/2,(5- 2x)>0sothat f'(x)=(5- 2x) >0. Thuswe havethat f isincreasingon
[1,5/2] since 1 iscontinuous at x = 5/2 too. Thus f isincreasing on (- oo, 5/2]. Finaly for x > 5/2,
5- 2x<0andsoby (1) f'(x) <0 and we concludethat f isdecreasing on[5/2, ).

Thus f(g) is a relative maximum and also an absolute maximum

/ To investigate the concavity of the graph of / we would use al possible second derivative of 1.

" _1 6x, x<1
f(x)—% -2, x>1 (2)

/ From (2) whenx <0, f"(x) =6x<0. Hencethegraphof f isconcave downward on the
interval (- 0,0) . Alsofrom (2), when1>x>0, f"(x)=6x>0.

Thusthe graph of f* is concave upward on theinterval (0, 1). Againfrom (2), for x > 1, and so
the graph of " is concave downward on (1,). Thus (0, /(0))=(0,2) and (1, f(1))=(1,3) are the points

of inflection of thegraph of /. Now lim f'(x) =lim - (x- 2)2+3=-o0. Thus f has no absolute
minimum.

For the purpose of graph sketching note that Jim f(x) =lim 2+x3=-o0,

Graph of f.
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