EXAMPLE SESSION 4

Continuity and Differentiability
1

1. Show that theequation x=/1- x2 hasasolution between San

/ The question suggests use of the Intermediate Value Theorem.

/ Consider the function
g(x)=x- J1-x? for xe[-1,].
Then g(x) is continuous on [%,%] because J1- x? and x
are continuouson [- 1, 1].
1,_1 1y¥ _1 1
63)=3-|1-(3) =3- 13

_1 [3_1-J38
=2°{a~ 2 <0

_3_ [T _3-J7
~2-Jy16~ a2 >0

Therefore, by the Intermediate Value Theorem

thereexistsa ce (% %) suchthat g(c) =0.
That is, c=4J1-c?.

2. Find the derivative of £ (x) = xlx| .
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/ First rewrite the function as a piecewise polynomial.

x%, x>0

I x-x, x>0
f(x)_,l\ _x2,x<0 -

t x-(-x), x<0

Since x? is differentiable on (0, «0) with derivative equaling 2x and - x? is likewise
differentiable on (- o0, 0) with derivative - 2x,

- 2
Now 1imZ8 SO x®- 0y o
x-0* X - O x-»0* X - O x-0*
- 2
IimMz |im_x—_o=|im-x=o
x-0- X - O x>0t X - O x-0*

Therefore, £'(0) = 0.
3. Find the derivative of the following function wherever it exists.

x3+x, x<2
x2+Tx, x>2 '

1) =§

/ Observefirst that since f* is a piecewise polynomial,

Also IirZQf(x) =Iir2r3 (x?+7x) =4+14=18 and
)!errlf(x) =)!Lr2Tl (x3+x)=8+2=10.

Thus limf(x) does not exist and so £ is not continuous at x = 2.
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Therefore, 1 isnot differentiable at x = 2.

4. Find the derivative of

_;[ x"%iﬂ(%), x+0
f(x)_% 0,x=0

" Notethat away from 0, x* sin() is defined and differentiable and whose
derivativeis evauated as follows by the product and chain rule :---

4x3sl n(%) +x4 cos(%) : ( x—lz)
=4x3si n(%) - x? cos(%)

i.e

10 =‘i 4x38in(%) - xzcos(%),x >0
} 4x38in(%)— xzcos(%),x<0

Now for x = 0, we shall have to use the definition of the derivative.

Recall 1(0) = 0.
1

- fo) . xsn(x)-0

)lljon x-0 _)lljon x-0 _;!me Sm(X)

=0

by the Squeeze Theorem since 0< ‘x%iﬂ[%)‘ <|x3 and IirOQ Ix3| = 0.

Similarly by the Squeeze Theorem,

im LSO jin s 5n(L) =0

x-0-
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Therefore, u@w =0,i.e. f'(0)=0.Hence

f,(x)z} 4r*sin(1)- xzfos(%), x#0
] 0, x=0

BN

| +1 <]l
5. Let f()=( , 0 o 0
|

px?+3x+1, x>1 "
Find a and b so that the derivative f'(1) exist.

/ Since we know by [Ng, Theorem 5.1.5] that differentiability at x = 1 implies

continuity at x = 1. Sowe first formulate condition for f* to be
continuous at x = 1; then formulate condition for the derivative to exist at x = 1.

lim f(x) =lim (ax+1) =a+1and
lim /() =lim (Bx? +3x+1) =f+3+1=F+4(= £ (1)
Therefore for continuity, a+1=pf+4(= £(1),
ie Y L J—— (1)

Recal f(1)=p+4.

a(l+h)+1- (f+4)

fQA+h)- fQ)
h

lim =i J
—lim ah+(a- f-3)

h=>0" h

=l!;ror_1a7h sincea- - 3=0by (1)
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im & rn- Q) B(L+h)2+3L+h)+1- (B+4)

h—0* h h—»O" h

/3(1+2h+h2)+3(1+h)+1 (5 +4)

h—»O" h

/3(2h +h?)+3h

_I!Lr(p 26 +ph+3

Equation (2) - Equation (1) gives 0 =b.
Then substituting thisvalue of b in (2) gives a = 3.

Thusa =3and b =0.

6. Differentiate  f(x) = sin(cos?(2x)).

Remember the chain rule

d d d
So UMy = Geglion - Skl

Applying the chain rule 3 times
o A r) = sm(cosZ(Zx))

= cos(cos?(2x)) - d% cos?(2x)
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= cos(cos?(2x)) - 2cos(2x) - d% cos(2x)

= cos(cos?(2x)) - 2008(2x) - (- Sin2x)) - L(2x)

cos(cos?(2x)) - 2cos(2x) - (- sin(2x)) - 2

- 4sin(2x) cos(2x) cos(cos?(2x))

- 2sin(4x) cos(cos?(2x)) since 2sin(2x) cos(2x) = sin(4x).
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