Example Session 2

Limits

x3+2x2- 6x- 4
x-

1. Find lim =25

¢ Check if the limit of the denominator is 0.

In this case it is 0.

e Next we check if the limit of the numerator is 0.

(+) If it is not 0, then we have to deal with it differently. But we can say for sure that
the limit does not exist.

There is the possibility that the limit can be either + oo Or - o a phrase that describes
the "behaviour" of the function, which we shall meet later.

If it is 0, then since the function is a rational function, we can try to eliminate the
common factor until the denominator gives non-zero limit.

If we can't do this, then we are back in situation (+) above.

o x5+2x2-6x-4
lim*—

x—-2

s (- 2) (6P +4x2)

x—-2

= |ir721(x2+4x+2) =4+8+2=14.

The next question will involve the use of the identity
(a®?- b?)=(a- b)(a+b)

x2 -
2. Find lig *250



* Note that both the denominator and the numerator are zero when x = 2.

This "suggests" that if we can somehow remove the / sign from the

numerator we should be able to cancel the factor (x - 2).
This suggests the use of the above identity.

For other rational power, e.g. cube root, the following generalization of the above
identity is useful.

(an _ bn) :((1' b)(an-l +an-2b+... +bn-l)

(a®- b3 =(a- b)(a®+ab+Db?)

. Jx2+3 - J7
lim — 2
x—2 X

(Vx343 - JT)(Jx*+3 +/7)
x—r>72‘] (x-2)(Jx2+43 +/7)

x243-7

-2 (-2)(Jx2+3 +/7)

x%-4

2 (-2)(Jx2+3 +/7)

(- 2)(x+2)
2 (-2)(Jx2+3 +/7)

. 2
= lim ===—
x—>2 Jx2+3+/7

2+2 2

T a7 J1°

Similarly if we have rational powers involved in the denominator or both the
numerator and the denominator, the same technique should apply.

: 2-3x-4
3. lim =
x-4 2- Jx

L (x2-3x-4)(2+ /X )
= lIm o oerm



(% 3e- )2+ /7))

= g
e )@ )
= iy S

= lim - (x+1)(2+ /x)

5.(2+2) =- 20.

The next example will involve what we call a piecewise polynomial function.

_I 7x-5 x<1
4. f(x)—% x+1, x>1
i /() =2

* To show this we look at both the left and the right limits at x = 1.

We can determine the left or the right limits by using the
computation for the limit for a polynomial.

Jip ) =l (- 9

(= lim(7x- 5))

lim /(@) =lim (r+2) = lim (x+12)
=1+1=2.

Since the left and the right limits at x = 1 are the same as 2, the limit of f atx=1is
equal to 2.

¢ The next trick is a familiar one. If we can rewrite the not so obvious function as a

piecewise polynomial around the point where the limit is to be taken, then the
evaluation of the limit of this not so obvious function can be pursued as in the
above example.

5. Find lim ([x+1] - [x- 1/)and

lim Lo+ ] - x- 1),



Let f(x)=[x+1]- Ix- 1.
1<x<2=2<x+1<3
SN R o R——— (1)
Also 1<x<2=>x-1>0

S lx-1=x-1 ()
Thus 1<x<2= f(x)=[x+1]- |x- 1

=2- (x- 1) by (1) and (2)

Now 0<x<1=1<x+1<2=[x+1]=1, and
O0<x<1l=>x-1<0=Ix-1l=-(x- 1.
Thus 0<x<1= f(x)=[x+1]- |x- 1

=1+(x- 1) =x
Therefore, )!Lrp f(x) :)!Lrp x=1. Notice that )!Lrp f(x) i)!LrlT] f(x),
therefore le f (x)does mot exist.

6. Find condition for the constant a and b such that the function f defined below has
a limit at x = 1.

Iirln f(x)=|irlnx+a:1+a and Iirln+ f(x)=|irlqb-x2=b- 1

Thus Iinl1 f (x)exists if and only if 1+a=5- 1. Le., b=a+2.



