Answer and Guide To MA1102 Calculus 1997-98 Semester 2 Exam

1. (a) For this part you would want to ‘remove the modulus sign and use al the known

properties for inequalities. Note that

I x-a, x-a>0
-(x-a),x-a<0 "’
Thus looking at
x+2[+[x- 2] <6 ---m-mmmmmmmmm - *)
you would want to consider the real line to be the union of the following intervals,
(- o,-2),[- 2,2),[2,») and solve the inequality on each of the intervals.
For x < -2, (*) becomes -(x+2)- (x- 2)<6,i.e, -2x<6. Thusx>-3. Thus the

solution for thispart is[- 3, - 2).

For -2<x <2, theinequality becomes x+2- (x- 2) <6, i.e, 4< 6, whichisaways true.
Therefore, the solution set for thispartis[- 2, 2).

For x > 2, the inequality becomes x +2+(x- 2) <6, i.e. 2x<6. Thisisjust x< 3.
Therefore, the solution for thispart is[2, 3].

Hence the solution set for (*) is[-3,-2) U[-2,2)U[2,3] =[- 3,3].

First note that when x = 0, 1/ x does not make sense and so O is not in the solution set of
(**). Multiplying (**) by non zero x would have some conseguence. It would change the
direction of the inequality (**) when x is negative.

For x > 0 (**) becomes 1 <x2 =|x|2. Taking square root gives 1<|x|. l.e. x>1 or
x <-1. Therefore, the solution set for this part is (1, «).

For x <0, (**) becomes 1>x2=|x|?. Taking square root gives x| <1. l.e. -1<x<1.
Therefore, the solution set for this part is[- 1, 0).

Hence the solution set for (**) is[- 1,0) U (1, ).

(b) () Notethat f(1)=[1?]=1and f(-1) =[(-1)?] =1. S0 f(-1) % - f(1). Thereforef is
not an odd function. Obvioudy 7 (x) = [x2] =[(-x)2] = f(-x) for dl x inR. Therefore 1

is an even function.



(i) Toplot the graph of /" over theinterva [- 2, 2], we shal have to make the following
calculation. Notethat -2<x<2 < x| <2 = Ix|* <4 < 0<x? <4. Thustheimage of
[- 2, 2] under the squaring function is [0, 4] . Since the *bracket’ function is constant on
theintervas|O, 1), [1,2), [2, 3), [3,4) and the point 4. We shall ook for the pre-image of
these intervals.

0<x?<1=0<lxI’<lelxl <1< -1<x<1. Therefore, we have

-1<x<1= 0<x?<1l> f(x)=[x?]=0.

1<x?<2=1< xl<y2 - J2 <x<-lorl<x< /2. Therefore we have
-J2 <x<-1lorl<x <2 21<x?<2= f(x)=[x?]=1. Similarly,
2<x?<3= /2 < x|</3 =- /3 <x<- J2 or J2 <x< /3. Therefore,

-3 <x<-J2o0r /2 <x< /3 =22<x?<3> f(x)=[x?] =2. Likewisg,
3<x?<4= J3< xI</d =2=-2<x<- /3 or /3 <x<2. Therefore,
-2<x<-J3 0or /3 <x<2=3<x?<4= f(x)=[x?]=3. Findly
f@=f(-2=[4=4
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Thegraphof £ (x) =[x?]

2. You canuse L'Hopita’s Rule here.
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(if)

(iii)

(iv)

¥8+x —iim (¥8+x - 2)((¥8+x)2+2¥8+x +4)

jim 8+ - 2
=0 0 X((¥8+x)2+278+x +4)
—jim (8+x- 8)
0 x((¥8+x)2+2¥8+x +4)
1 __ 1 _1

=lim = ==5.
=0 ((¥8+x)2+2¥8+x +4) 4+4+4 12
Or you can use L'Hopital’s Rule:

_{8rx-2 x-2 . HCAL N
x—>0 x-0 1 - 3 82/3 - 12
101 x |_ . S
100<x<101=1< 100 100:[100]—1. Therefore, I|m [ 00]—1
99<x<100=0< 25 < =X- <1 =X | =0. Therefore, lim [i]:o
100 100 100 ' 100
Therefore, the limit I|m [100] does not exist.

You will need to use the definition of the limit. Recall that we say the limit lim g(x) exists

if and only if we can find areal number L such that lim g(x) = L. Thusthe limit

lim g(x) does not exist if and only if for any real number L lim g(x) # L. Therefore, we

must know what it means to say limg(x) # L . Recall limg(x) =L if and only if for any

e>0wecanfind aninteger N suchthat for al x >N |g(x) - LI <&. Negating this

statement means to say lim g(x) # L if" and only if we can find an > O such that for any

N we can find a particular x > N such that |g(x) - Ll > ¢ .

Now for any L we can find an no such that (4no +1)5 >L+1. Thee wetakehereis 1.

Thus forany N taken = max (N+1, ng) and x = (4n +1)7. Then
(An+1)5>@no+)5>L+1=>x8n(x)- L=(4n+1)5- L>1

This shows that lim x sin(x) # L for any L. Therefore the limit |im x sin(x) does not exist.

. 1 1 1
1o §n®) . cos(x):(-%)
fimrsinz) =lim =7~ =lim — "3
X x2

=lim cos(+) = cos(0) = 1.

by L’Hopita’s Rule

o1
. . . an(x
Or limxsin(x) =lim # =1.

X
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tan(3x) _

. sn@) . §Sn&) 3 . 3 . sn@)
(v) lip—— =lim x c0(3x) =im =3, 'cos(3x)_1'cos(0) =3snce lim—5= =1
2 .
Or timg ) i D13 | apitars Rule
2 .
_ SeC (10) 3 _3

) 1 /x sn#), x>0,

vi) gy =1 V5 S

7 x2cos(3), x<0
lim g(x) =lim /x sin(+) =0 by the Squeeze Theorem since- /x < J/x sin(3) < /x for
x>0and lim /x =0.
lim g(x) =lim x? cos(+) =0 by the Squeeze Theorem since - x2 < x2cos(+) <x2 forx <0
and lim x2=0.
Therefore, L'EB‘ g(x) =0.

since |x| = /x2 andforx>0, |x| =x
_Ilm 2+5/X _ 2+0

= = =2
v J1- 4lx2 J1-0
s [x2o 4 TR [x2- Af|x] T Sx2- 41 x2
snce |x| = /x2 andfor x <0, |x| =-x
. -2- 5/x -2-0
=lim = =-2
e [1- 4fx2 J1-0
i -
O FO=1 4o e i
|

-3 +6x+3p, x>1

() Forx<1, fisapolynomia functionandso f iscontinuouson (- o, 1) Snce any
polynomial function is continuous on the real numbers and so is continuous on any open

interval. Similarly, for x > 1, 1" isaso given by apolynomial functionand so f is
continuous on (1,0). Now

|xi£rll_f(x) :Ixifl'- -3x+b=-3+b=f(1) and
Iimf(x):lxim-3x3+6x+3b:-3+6+3b:3+3b.

MA102/©NgTB



Therefore, for f to be continuousatx =1, -3+b=3+3b. l.e. b=-3. Thuswith

thisvalue of b, f isa continuous function on the whole of R.

(i) We note that any polynomia function is differentiable on the whole of R and so is

differentiable on any open interval. Thus our function is differentiable on each of the
open intervals, (- «, 1) and (1, ). Now the limit

f(l"‘h) f@) . -3(A+h)>+6(1+h)-9+6 . -343- 9h2- 3h _
=lim =-3
h—>0 h—>0+ h h-0* h
and lim '3(1”2' 3+6 =lim =34 = - 3. Therefore, by the definition of derivative

f isdifferentiableatx=1and f (1) =-3.
4. (a) (i) Refer toyour lecturesfor the statement of the Intermediate Value theorem.

(i) Let g(x) =cos(x) - x. Then g iscontinuous on the closed and bounded interval

[0,5]. Alsog(0) =cos(0) - 0=1>0andg(%) =cos(3)- 5 =-% <0. Therefore,
by the Intermediate Value Theorem, thereisapoint ¢ in the interval (O, %) such that

g(c) =0, 1i.e. cos(c) =c.
(b) fx)=2x+=—~ 200 , forx >0. Sincef isarationa polynomial function for x >0, 1 is

differentiable for x >0 and

10y =2- 200 _ox?- 100 2x - 12)2(x+10) ________________________ *).

(i) ForO0<x<10, x-10<0and x+10>0sothat f (x) <Oby (*).

Therefore, f is
decreasing on (0, 10] since f iscontinuous at x = 10.

For x > 10, both (x - 10) and (x +10) are positive so that /' (x) > 0 by (*). Therefore, f
isincreasing on [10, o) since f* is continuous at x = 10.

Thus f(10)=2-10+ 210(? =40 isthe minimum value of /" ontheinterval (0, x).

(i) lim f(x)=lim 2x+-= 200 =o0 since lim 2x=oo and |lim 200 _, Therefore f does
s ;

not have a maximum value over (0, ).
5(a) The equationis 3 +xy? +xy+1=0
Therefore, differentiating implicitly we get

,dy dy dy
3y d—+y2+2x Ve +y+xd =0.
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Thus (3y2 +2xy +x)% =-(y+y?). Therefore, if 3y? +2xy+x =0, then
dy _ y+y?
dc = 32+2xp+x T (2)
(i) Notethat the point (1, - 1) satisfies equation (1). Therefore, the gradient of the tangent

line to the curve at the point (1, - 1) is given by (2) by substituting 1 for x and - 1 for y.

_ -1+(-1)2% . .
Itis - 3D2-2+1 0. Therefore, the equation of the tangent line to the curve at the

point (1,-1)is y =- 1.
(b) (i). Refertoyour lecturesfor the statement of Rolle's Theorem.

(ii) Forthecurvey =x?, the gradient or slope of the tangent line at (x,x?) is given by

dy _
=2

Now f isgiven to be adifferentiable function defined on R and so it is continuous on
R. The slope of the tangent lineto the graph of f at (x, f(x))isgivenby f (x).

Therefore, for these two tangent lines to have the same slope, we must have

We now consider the function g(x) = f(x) - x?. Thus, to find a point ¢ such that (3)
holds is equivalent to finding a point ¢ such that g (¢) = 0. Recall that it is given that
f(1)=1and f(2) =4. Observethat g iscontinuousontheinterval [1, 2] since the
function f and x? are continuous on [1, 2] and that g is differentiable on (1, 2) since
both # and x? aredifferentiable on (1, 2). Furthermoreg(1) = f(1)- 12=1- 1=0
and g(2)= f(2)- 22=4- 4=0. Thus g(1) =g(2). Therefore, the condition for
Rolle's Theorem is satisfied. Hence by Rolle's Theorem there exists apoint ¢ in (1, 2)
suchthat g (¢) =0. l.e, f'(c)=2c.

6. (@ (i) QQM

2X2
=fim €€ —jim €= €~ 1y two successive use of L'Hopital’s Rule
x-0 4x x-0 4 y
_ - 14 1_ 5

0 o) e )
X
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=lim (x+1)2i[ &)

X—>00

by L'Hoépital’s Rule

x2

i 2x? 2 \__op 1 2 \__ol_
=lm- (x+1)2/ (1- x+1)—-2)|cl_[g (1_,_%)2/ (1- x+1)__21__2'

b) Fa=[~ o 2) edr =17 o7 dr + oy @t
_jcos(x) el dt + Lm( ) et dt :fgos(x) e dt - jg”(xz) e’ dt
= G(cos(x)) - G(dn(x?))
where G(x) = [} e dt
= G'(cos(x))(- SiN(x)) - G'(Sn(x?)) - cos(x2) - 2x
by the Chain Rule

=- sin(x)e®® - 2y cos(x2)eS" by the Fundamental Theorem of Calculus.

7.(a) Since f'(x) =xe* fordlxin[-1, 1], acandidatefor f isgiven by
f(x)= sxezxdx = %ezxx - % fe*dx by integration by parts

= %ezxx - %ez’f T — (1)

Since, f(0) =-1, we have
—1l0.g. 12001 =
f(O)—2 -0 +C= 4+C— 1.

1

Therefore, C=-1+ 2

3 1 1 3
=-7 Thus f(x)=§e2xx- Zezx- 1

(b) (i) Writethe following as a Riemann sum
n 2'_ n 1 2 _ n
550" = A (- Y= i taar,
wherexo <xi < - <x, isaregular partition and Ax = Ax; =x; - x;.1. Therefore,
we can take x; = l so that Ax = %,xo =0andx, =1. Thusby comparing
fee)Axwith 2. (22 1) =ax( 2 - 1),

we would want f(x)—& 1=2x;- 1. Thus f(x) =2x- 1. Therefore,

lim 3 21 =lim 3/ (x)Ax = [ (20~ Ddr =[x~ x]5=0.

n— oo =1 n—>OO'

Y ou do not have to use Riemann sum to find thislimit. E.g.,

& 2i-n_ 2 3 n1_ 2 1 _ "
E‘l n2 _ﬁg‘l gﬁ— 21 - 21 —2-§(n+1)-—
—1+l 1:%
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Therefore, lim 3 251 =jim 1 =0,

n-o = p2 n =0

(i) Write the following as a Riemann sum
3 sin(z ) = 3.7 (xi)Ax,
wherexo <x; < - <x, isaregular partition and Ax = Ax; =x; - x;.1. Therefore, we
cantakex; = % so that Ax = %,xo =0and x, =1. Thusby comparing
£ (e)Ax with = sin(z - £) = Avsin(z - 1) |
wewould want  f'(x;) =sin(r - %) =dgn(nx;). Thus f(x) =sin(zx). Therefore,

n

Jim 3 % sin(m- ) = I3 sin(mx)dx = [ - 7 cos(m) |

1
0

:-%cos(n)+%cos(0):-%-(-1)+% %
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