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1. Evaluate the following limits.
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(e) Xlim) (X + 3x?) cos(x—lg) =0 by Squeeze Theorem since
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2. (a) State Rolle's Theorem.
(b) Let f(x)=x3-6x>+9x-1
(i) Show that f (x) = 0 has a solution in the closed interval [0, 1].
(if) Show that f (x) = 0 has exactly one solution in [0,1].
(iif) Find the absolute maximum and absolute minimum values of the function f on the
interval [0, 4].
(iv) Hence determine the image of [0, 4] under f, i.e., the set f ([0, 4]).



(@) Rolle's Theorem
Suppose f : [a, b] — R is a function defined on [a, b] such that (i) f is continuous on [a,
b], (i) f is differentiable on (a, b) and (iii) f(a) = f (b).
Then there exists a point ¢ in (a, b) such that f'(c) = 0.
(b) (i) Note that since f is a polynomial function, f is continuous on [0, 1].
Now f(1)=1-6+9-1=3and f(0)=-1. Thus f(0) <0 <f (1) and so by the
Intermediate VValue Theorem, there is a point ¢ in [0, 1] such that f (c) = 0.
(i) Now f'(x)=3x*—12x +9=3(X> = 4x + 3) = 3(X-1)(X=3).  -------mmmmmmmmmmmmm 1)
Therefore, f' (x) >0 forall xin (0, 1). (Why?) Hence f is increasing on [0, 1] and so f
is injective on [0, 1]. Since by (i) it has one root in [0, 1], it has exactly one root by
injectivity.
Alternatively: Suppose f(x) =0 has two or more solutions in [0, 1]. Let c and d be two
such solutions in [0, 1]. Assume without lost of generality thatc <d. Thenf(c) =f(d) =
0. Since f isa polynomial function, f is continuous on [c, d] and differentiable on (c, d).
Therefore, the condition for Rolle's Theorem is satisfied. Hence there exists a point e in (c,
d) suchthat f'(e) =0. That is, there exists a pointe in (0, 1) such that f'(e) = 0. But by
(1) f'(x)=0forall xin (0, 1) and so f ‘(e) = 0 and this contradicts f '(e) = 0. Hence f (x) =0
cannot have two or more solutions in [0, 1]. Therefore, since it has one solution in [0, 1]
by part (i), it has exactly one solution.
(iii) The function f is continuous on [0, 4] and the critical points of f in (0, 4) are 1 and 3.
Now f(0)=-1, f(1)=3, f(3)=-1, f(4)=3 .
Therefore, the absolute minimum value on [0, 4] is —1 and the absolute maximum value on
[0, 4] is 3.
(iv) By (iii) since -1 < f(x) <3 forall xin [0, 4] andso f([0,4]) c [-1, 3].
By the Intermediate value Theorem, for any value y such that f (0) = -1< y<3=f (4),
there exists k in [0, 4] such that f (k) =y. Hence [-1, 3] < f ([0,4]). Therefore, f ([0,4]) =
[-1, 3].

2x3+3x2-12x+3, 0<x<3
3(a) Let g(x)={ Ox2+6x—51, 3<x<4

(i) Show that g is continuous at x = 3.
(if) Consider the function g with [0, 3] as its domain, i.e., g|p3 : [0,3]-R.
Find the intervals on which g|jo3; : [0,3] »R is (1) increasing and (2) decreasing.
(iii) Is g differentiable at x = 3 ? Justify your answer.

(b) Differentiate the following function

() cos2(cos(2)) (i) x+xZ+1+sinx)

Answer:

(a)

(i) First lim g(x) =lim 2x3 +3x% —12x +3 =48 and Jim g(x) = lim, 9x2 + 6x —51 =48, s0
)!in% g(x) =48. Thus since g(3) = 48, )!irr:]; g(x) =g(3). Therefore, g is continuous at x = 3.
Lo | Bx?P+6x—12, 0<x<3 ] 6(x—-1)(x+2), 0<x<3
(i) g(x)‘{ 18x+6, 3<x<4 |  6B3x+1), 3<x<4 (1)
Note that g|j03; : [0, 3] »R is continuous since it is a polynomial function.

g(x)<0forO<x<1landg'(x)>0forl<x<3.(Why? Look at the expression in (1) )
Therefore, g|j03 : [0,3] —»R is decreasing on [0, 1] and increasing on [1, 3].

(iii) Note that by (i) g is continuous at x = 3.



Xliﬁrgf g'(x) :Xliﬁn; 6x% +6x —12 = 60 and Xliﬁrg+ g'(x) :XILn;+ 18x + 6 = 60. Since both limits
are finite and are the same g is differentiable at x = 3.
Alternatively:
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Therefore, since the above left and right limits are the same, g is differentiable at x = 3.
(b)
(i) %cosz(cos(Zx)) = 2 ¢0S(C0S(2X))(— Sin(cos(2x)))(—2 sin(2x))
= 4.c0s(c0s(2x)) sin(cos(2x)) sin(2x)
= 2sIn(2cos(2x)) sin(2x)
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(i) dx\/x+ X2 +1+sin(x) ZW 1+2m (2x + cos(x))




