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INSTRUCTIONS TO CANDIDATES

1. This examination paper consists of TWO sections: Section A and Section B. It contains a

total of SIX questions and comprises FOUR printed pages.

2. Answer ALL questions in Section A. The marks for questions in Section A are not
necessarily the same; marks for each question are indicated at the beginning of the

question.

3. Answer not more than TWO questions from Section B. Each question in Section B carries
20 marks.

4. Candidates may use calculators. However, they should lay out systematically the various

steps in the calculations.
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SECTION A
Answer ALL questions in this section.
Question 1 [20 marks]

Let the function f : R — R be defined by

x?, x<0
fo=1 x2sin(ZL), 0<x<1

-x3+3x-1, x>1
(@) Determine all x in R at which the function f is continuous. Justify
your answer.
(b) Find the range of the function f .
(c) Determine if f is surjective.

(d) Determineif f is differentiable at x, when x =0 or 1. Justify your
answer.

Question 2 [20 marks]

Evaluate, if it exists, each of the following limits.

' \/x7+3x2+sin(x)+7
(@) lim, SX7T+6x3+1

. sin(4x + sin(cos(x) — 1))
(b) Ian(] X + sin(x)

(©) lim sin(x) sin(esn),

(d) lim(1+ 17x3) @),

. e(XZ)
(&) lim 1+x3+x5°
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Question 3 [20 marks]

2x* —x+1
(a) Evaluate j 2+ 3x + 3)(X2— 23X+ 3) dx.

(b) Compute f: sin(x + 3|x|)dx..

(c) Find an antiderivative of g(x), which is defined by

) = X2 +X+2, x<0
9 = 3sin(nx) + cos(2x)es"®) +1, x>0

(d) Evaluate j \/lezﬁdx.

(e) Evaluate jln(2+x2)dx.

SECTION B

Answer not more than TWO questions from this section. Each question in this

section carries 20 marks.

Question 4 [20 marks]

(@) Find the critical points of the function g, defined by
g(x) = 2x3 — 15x2 + 24x + 1,

in the open interval (0, 5). Determine the absolute maximum and the
absolute minimum values of the function in the interval [0, 5].

(b) Differentiate each of the following functions.
(i)  h(x) = (x? + 1+ cos(cos(x)))sn® .

- In(x) t
(i) 309 =1, S sinie) +2

(i) k(x) = cot(csc?(x)), x < (0, %) .

dt, x € (0, ).

(c) Suppose f and g are two continuous functions defined on the interval [a,
b] witha <b. Suppose f (x) >0 for all xin [a, b].
(i) Show that if m is the absolute minimum of g(x) on [a, b] and M is the

absolute maximum of g(x) on [a, b], then

m j: f (x)dx < j: fX)g(x)dx <M jz f (x)dx.
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(if) Hence, or otherwise, show that there exists a point ¢ in [a, b] such
that

J2 £ 0ge0dx = g(c) [ f 00dx.
Question 5 [20 marks]

(@) (i) Suppose f is a continuous function defined on the closed and
bounded interval [a, b]. Give the integral formula for the volume of
solid of revolution obtained by rotating about the x-axis the region
bounded by the curve y = f (X) , the x-axis the linesx =a and x = b.

(if) Use this formula or otherwise, find the volume of the solid of
revolution when the ellipse,

2
Is rotated about the x-axis through 2 radians.
(b) Differentiate the function k defined on R by
k(X) = j 1X5(1 +12 + cos(sin(rt)))dt.
(i) Without integrating, show that the function k is injective.
(ii) Determine ( k™)'(0).
(c) Find the following limit.

N ;2
lim ¥ 45 - {73+ 213,

ceian

Question 6 [20 marks]

Let the function f be defined on R by
f(X)=x>-20x2+7 .
(@) Find the intervals on which f is (i) increasing, and (ii) decreasing.

(b) Find the intervals on which the graph of f is (i) concave upward, and
(if) concave downward.

(c) Find the relative extrema of f, if any.
(d) Find the points of inflection of the graph of f.
(e) Sketch the graph of f.

END OF PAPER
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Answer To MA1102 Calculus

Question 1
x?, x<0
The function f isdefinedby f (x)=9 X2 sin(%}, 0<x<1

-x3+3x-1, x>1
(@) Forx<0, f(x)=x?isa polynomial function. Therefore, f is continuous on the interval
(=00, 0) since any polynomial function is continuous on R and hence on any interval.
Similarly for x >1, f (x) = - x® +3x -1 is a polynomial function there and so is continuous
on (1, «).
ForO<x<1, f(x)=x? sin(%)and so f is continuous on (0, 1) since sin(%j is continuous
on (0, 1) and x? is continuous on R so that the product of these two functions is continuous

on (0, 1). Thus it remains to check the continuity of fat0and 1. Note that f (0) =0 and f
1) =1

Now we determine the left limitat x = 0. Itis Xlignf f(x) :)!irg] x2 =0. The right limit at

x=0is )!LF()T] f(x) =XILrg1 X2 sin(%) = 0 by the Squeeze Theorem since

—|x|? < x? sin(z—f(j <|x|? forx=0and lim [x|? = 0. Therefore, lim f(x)=0= f(0) and so f

IS continuous at x = 0.
Now consider the left limit of f at x =1,

- —lim x2<inf Z-) =1 .cin( Z) =
i 0=l sesin £ ) =1-sn(5) -1 |
Now lim f(x)=lim —x3+3x-1=-1+3-1=1andso lim f(x)= 1.
Therefore, Ixirrll f(x)= 1=f(1)andso f iscontinuous at x = 1.
Therefore f is continuous at x for any x in R.

(b) For x <0, x>0 and so the image f ((—oo, 0])< [0, ). Now forany y>0, x*=y has a
solution x=— /y <0to x* =y in (-, 0]. Therefore, [0, ) < f ((—o, 0]) . That means f
((—OO, 0]:[01 OO)

Next forx > 1, f(x) =—x® +3x—1sothatf*(x) =-3x*+3=3(1-x% <0forx>1.
Therefore, f is strictly decreasing on [1, «) and so f (x) < f(1) =1 forx > 1. Hence f ([1,
0)) < (— oo, 1]. Also note that

lim f (x) = —co since lim —x3 +3x — 1 =lim —x3(1 - % + x_13) = —oo because |im —x3 = —o

and lim (1 - x_32 + x_13) =1>0. Hence, since f is continuous on [1, «), by the

Intermediate Value Theorem f ([1, ©)) = (— o, 1]. We deduce this as follows. For anyy
in (—oo, 1], say y <1. Thensince lim f(x)=—oo, there exists a point K > 1 such that f
(K)<y. Thus, f(K) <y<1= f(1). Hence since f is continuous on [1, K], by the
Intermediate Value Theorem, there is a point k in [1, K], hence in [1, «) such that f (k) =
y. Thismeans (— o, 1] = f([1, «)) and so f([1, ©)) = (— oo, 1]. Now observe that f
((=o0, OD)u  ([1, ©)) = [0, oo)U(— o0, 1] =R. Therefore, the range of f is
f(R) = f((—o0, O])Uf ((0, 1))u f ([1, ) = ((0, 1)) U R=R.

(There is no need to know what is f ((0, 1)) .)

(c) By part (b) Range( f) =R = codomain of f. Therefore, f is surjective.
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(e) To check the differentiability of f at x = 0 consider the following limits.

— 2
lim FO=FO i, 5 =lim x=0
X—0- Xx—-0 x»of ( j
_fx-fO . XS'”zx o oy
Jim =S =g = lim, ~lim xsin( 2 ) =0

by the Squeeze Theorem, since
—|x| < xsm(2 ) <|x|] forx=0and I|m x| =

Thus, f is differentiable at x = 0 since Xllm (X) f(O) Xll n f(x) f(O).
- f-f@) o x3+3x—1- 1_ 3x+2
Next leni]’f Xx—-1 _xllnl]+ x—-1 - lerEL Xx—-1

(X+2)(X— 1)2

——Xllrrl1 — I|m x+2)(x-1)=0
- fx-f@) —x3+3x—1—1_ —3x2+3
OR xIL1+ x—1 _XIL1+ Xx—1 _lenl]+ 1
by L' Hopital's Rule
=0.
2cin( L) _ inf T )T s
i fO-f@ X sin( 3;) L i 2xsin( 75 2COS(2x)_2
x—»l* Xx—1 _x—>1* Xx—1 TxX-1- 1 a
by L' HopltaI?RuIe . f
Therefore, f is not differentiable at x = 1 since Iim (X) ©) = lim fo=td
X—-1 1 X%lJr X— 1
2X, x<0
/ _ H T
OR, f'x)= 2xsm(2 ) 2COS(2X) O<x<l1

-3x?+3, x>1
lim f'(x) =lim -3x?+3 =0,
X -1+ X1+
i ! _Ii : 7T
i 10—t 20 £)- e £) -2

Since both limits x"”f— f'(x) and XI|r51+f (x) are finite and not the same, f is not
differentiable at x = 1.

Question 2
i \/x7+3x2+sin(x)+7_ 1+ +5sin0+3  [Tz010:0 1
(a) x—!moo BX7 +6x3+1 _Xme 5_'_:;4_'_% N 5+0+0 _\/gl
1 1 .. 1 sin(x)
This is because lim F:hm X—4:I|m F:Oand lim, v =0 by the Squeeze
sin(x
Theorem since —| x7|— X§ ) slx—17| forx =0 and Jim |X—17|=0

sin(4x + sin(cos(x) — 1)) i sin(4x +sin(cos(x) — 1))  4x+sin(cos(x) — 1)
X + Sin(x) SO0 T ax+ sin(cos(x)—1) X + sin(x)

(®) fin
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i sin(4x + sin(cos(x) — 1)) . ( 4x sin(cos(x) — 1)j

=00 T axy sin(cos(x) — 1) X + Sin(x) X+ Sin(x)
_ii sin(4x + sin(cos(x) — 1)) lim [ 4 sin(cos(x) — 1) cos(x) — 1 1 j
=00 T ax+ sin(cos(x) — 1) T sin(x)/x * cos(x)—1 X 1+ sin(x)/x

=1-(ﬁ+1.0.1T11)=2

. sin(4x+sin(cos(x) — 1)) . sin(cos(x)—1) sm(x)
because Jim = sincos0 - 1)~ W8 " cosx) -1 = land
: -1
L
OR
i sin(4x + sin(cos(x) — 1)) i cos(4x + sin(cos(x) — 1)) - (4 + cos(cos(x) — 1)(—sin(x)))
! X + Sin(x) =0 1+ cos(X)

by L' Hopital's Rule

_ €0s(0) - (4 +cos(0) - (=sin(0)))
- 2

() lim sin(x) sin(es") =0 by the Squeeze Theorem since

=2

—| sin(x)| < sin(X) sin(es"¥) <|sin(x)| for x >0 and Jim [sin(x)| =

(d) lim (1+17x3) ) Let y=(1+17x3)%), crhen In(y) = In(1+17x3)

1+17x3 17 .
x2S T =

by L' Hépital's Rule,

Since I|m In(y) _lem L1 In(1+17x3) _ILrQ

Therefore, limy = ey —
(x?) . 2xe(X2) . 2e(x) . 4xe ™) .41+ 2x2)e(xz)
(&) lim T+X3+x5 0 3x2 4+ 5x¢ 1 3x+5x3 0 3+16x2 AR 30x
46X+ 4x3)e™) -
=lim ( +30 LA, by repeated use of L' Hopital's Rule,

by repeated use of L' Hopital's Rule and the fact that lim (6x + 4x3)e™ = oo

Question 3

2x2 —x+1 5/18 +1/3 5/18x
@ | Z 33X+ 3) (2 3x 1 3) = J (x2+3x+3)0'X+j 2 - ax + 3) ¥
by a partial fraction expansion determined as follows.

Writing,
2x2—x+1 Ax+B Cx+D

(X2+3X+3)(x2—3x+3) _ X2+3x+3 ' X2—3x+3

then (AX +B)(X? —3x+3) + (Cx + D)(X? + 3x +3) = 2x? — x + 1.
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Comparing coefficients of X*: A+ C =0  ----mmmmmmmmmmmmmemeee e (1)
Comparing constant terms : 3B+3D=1,i.e. B+D=1/3 -------mmmmmmm- (2
Comparing coefficients of xX*: —3A+B + 3C+D =2,

Since B+D = 1/3 by (2) we get —3A +3C =2-1/3=5/3 ,i.e

—A+C=5/9 - (3)

Comparing coefficients of x: 3A- 3B +3C+3D = -1.

Since A+ C =0 we get fromabove -3B+3D=-1
and —-B+D =-1/3 - 4)
Equation (1) + Equation (3) gives 2C = 5/9 and so C=5/18 and A =-C =—5/18.
Equation (2) + Equation (4) gives 2D =0andso D=0and B =1/3-D =1/3

5180 13 4, _ | ~5/36(2x +3) + U3+5/12 | - —5/36(2x + 3) + 3/4

(X2 +3x+3) (X2 +3x+3)
2X+3 1 dx

_ 2X+3 3
26 j (X2+3x+3) j (x+3/2)2+3/4
3 +3/2
:_%In|x2+3x+3|+zf/2tan (5, +C

3R
= 2o Inl? + 3+ 3] + - tan (22) + C

Now j ( dx

x2+3x+3)

dx+ =

5/18x _ ( 5/36(2x—3) +5/12
And joéz w3 ¥ =1 e 9 dx
2
=7 Inix 3X+3|+12j(x 3/2)2+3/4)
= 356 Inlx? - 3x +3| + 75 tan 1 (533) + C'
Therefore, » |
2x2—x+1 X% —3X+3 o ~
f(x2+3x+3)(x2—3x+3)dx__'” X2+ 3x+3| “7-tan 1(2}3“ 5 tan (%5 + C"

(b) f sm(x + 3|x|)dx = f sin(x — 3x)dx + f sin(x + 3x)dx
—f o sm(—2x)dx+§ sin(4x)dx = [+ cos(—2x)]71 [ cos(4x)]§
=3 _1cos(2)-1cos(8).

© 9= X3 +x+2, x<0

g0 = 3sin(nx) + cos(2x)es"®) + 1, x>0
First note that g is continuous on the interval (—oo , 0) since it is a polynomial function
there and polynomial functions are continuous. Note also that g is continuous on (0, o)
since 3sin(zx) is a continuous function and the product cos(2x)es"®is continuous on (0,
). Now the left limitat x =0 is lim g(x) = lim x3 +x+2 =2 and the right limitat x = 0,
Jim g(x) =lim 3sin(zx) + cos(2x)es"@®) +1=0+1+1=2=g(1). Therefore,
)I(irg g(x) =g(0). Thus g is continuous at x =0. Therefore, g is continuous on R and we can

use the Fundamental Theorem of Calculus to obtain an antiderivative G(x) given by the
following Riemann integral for each x in R.

oo | fremdix<o [t +t+2)dt,x<0
Gl = J, gt = { [oomdtx=0 | [ (3sin(at)+cos(2t)es"@ + 1)dt, x> 0
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[$t4+ 32+ 20)],x <0 XA+ X2 +2X,x<0
i =3 1_si 3 3 1
[%esm(Zt) 3 2 cos(nt) + t] x> 1 ies'”(z X) — 2 €0S(7X) + X+ 77 — 51X2 0

Thus, any antiderivative is given by G(x) +C for any constant C.

1 1 1
d ————dXx=| ————dx = dx
@ jw/x2—2x—l § [(Xx—1)2-2 j\/f (%)z_
using trigonometric substitution:

sec(d) = % so that dx = /2 sec(6) tan(0)do

= —— J_t ) ——=—— /2 sec(9) tan(0)dd = | sec(h)do = In|sec(6) + tan()| + C
In|J_ 4 (XJ_l)2 1]+C=Injx-1+ /X~ 2x-1|-5In@2)+C

=Injx-1+yx?-2x-1|+C

(€) j|n(2+X2)dX:XIn(2+x2)—jx. 22
=xIn(2+x?)-J(2- Yx = xIn(2 +x2) — 2x +

sz dx by integra;[‘rion by parts
tan—!
7z

J2
OR =xIn2+x?)-2x+2,2 tan—l(@) +C

OR part of the integral above is given by:

4
2+ X2 )+C

_ # _ _ I _ -1 X /
dx_j(1+(%)2)dx_§2ﬁd9_2ﬁe+c =22 tan (ﬁ)+c

4
2+x2

using trigonometric substitution: tan(d) = —= where dx = 2 sec2(0)dd

J2
Question 4.

(@) Recall g(x)=2x3—15x?+24x+1
Thus, g'(X)=6x%—30x+24=6(x—4)(x—1). Therefore, g’(x) =0 if and only if x =1 or
4. Hence g has two stationary points in (0, 5), namely 1 and 4. Since g is differentiable,
the critical points of g in (0, 5) are 1 and 4. Since g is continuous on the closed and
bounded interval [0, 5] and so by the Extreme Value Theorem g has absolute extrema on
the interval [0, 5] and they are given respectively by the maximum and minimum of the
values of the critical points in (0, 5) and the end points 1 and 4 under g. Now g(0) =1, g(1)
=12, g(4) =-15 and g(5) =—4. Therefore, the absolute maximum of g on [0, 5] is 12 and
the absolute minimum of g on [0, 5] is —15.

) () |
h(x) = (x2 + 1 + cos(cos(x)))s"
Taking logarithm on both sides we get In(h(x)) = sin(x) In(x? + 1 + cos(cos(X))).
Differentiating both sides we get,
&)
h(x)

2X + sin(cos(x)) sin(x)
X2 + 1 + cos(cos(X))

= cos(X) In(x? + 1 + cos(cos(X))) + sin(x)

...-10-
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Therefore, h'(x) =

(x*+1+ cos(cos(x)))s"‘(x)[cos(x) In(x? + 1 + cos(cos(x))) + sin(x) 2X + SIn(cos(x)) Sin(x)

X2 4+ 1+ c0s(cos(x))

In(x) et
(1)) = j sin(t +sin(t?)) +2dtt x€(0,e0) :
Therefore, j(X) = flm(x) € dt— f £ dt.

sin(t+sin(t2)) +2 1 sin(t+sin(t?)) +2
Hence by the Fundamental Theorem of Calculus and Ehe Chain Rule,

s _ €
J ()= sin(In(x) +sin(In(x)2)) +2  sin(x +sin(x2)) +2

(iii) k(x) = cot(csc?(x)), x € (0, %). Thus by the Chain Rule

2
k'(x) = —(cot™1)'(csc?(x)) - 2.csc?(X) cot(X) = — cof/gsgt—(i(()czzg((x;)))

__2csc?(x)cot(x)  2csci(x)cot(x)  2cos(x)sin(x)  sin(2x)
- osc?(cot(ese2(x))) - l4ceset(X) 1+sint(x)  1+sint(x)

(c) (i) Since m is the absolute minimum of g on [a, b] and M is the absolute maximum of g on
[a,b], we have

M<gX) <M --mmmmmmmmeeee (1)
for all x in [a, b].

Therefore, since f (x) >0 for all x in [a, b], multiplying (1) by f (x) we get

mf(X) < FX)gxX) <Mf(x)  ------mmm-mems (2)
for all x in [a, b].
Hence taking integral we; get: X X

m | _fdx < f_fx)gedx <M | f(x)dx.
(if) Therefore, j: f (X)g(x)dx =k fa f (x)dx for some k in [m, M]. By the Extreme Value
Theorem, since g is continuous on [a, b], m =g(d) and M = g(e) for some points d and e
in [a, b], and so by the Intermediate Value Theorem there is a point ¢ between d and e and

so in [a, b], such that g(c) = k. Thus j: f (x)g(x)dx = g(c) fz f (x)dx.

Question 5.

(@) (i) The volume of the solid of revolution obtained by rotating about the x-axis the region
bounded by the curve y = f (x) , the x-axis and the lines x = a and x = b is given by the

Riemann integral fa n( f(x))2dx.

2 2
(if) The equation of the ellipse is X? + y? =1.

Thus the curve required is the part of the ellipse above the x- axis. It is of course given by

f(x)=/5(1-%) for —/3 <x< 3.

Thus by the formula in (i) the volume of the solid of revolution obtained by rotating the
ellipse is given by

A
jf 5r(l - 3 X2y = 5n[x— %]; =10n(/3 - ﬁ) = M
(b) Recall  k(x)= jlxs(l +12 + cos(sin(zt)))dt.

...-11-
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(i) Therefore, since the integrand 1 + t2 + cos(sin(xt)) is continuous for all x in R, k
is differentiable on R and
k'(x) = (1 +x% + cos(sin(nx®))) - 5x*
by the Fundamental Theorem of Calculus and the Chain Rule.
Hence, for x = 0, k '(x) > 0 because 5x* > 0 and 1 +x*° + cos(sin(nx®)) >x°>0. Since k
is continuous on R, because it is differentiable on R, k is (strictly) increasing on (-oo, 0]
and on [0, o0 ). Therefore, K is (strictly) increasing on R and hence k is injective.

(ii) Note that (k™)'(0)= m
k(1) = fll(l +12 + cos(sin(xt)))dt = 0 and so since k is injective k (0) = 1.
From part (i) k'(1) = 5(2 + cos(sin(x)) = 15.

v 1 1__1
Thus, (k1)'(0)= k'(k-1(0)) ~ k'(1) ~ 15°

i2
L Y3423,

1 N

-

© Jim,

n =2
We shall write the summation Y, # - J7n3 + 2i® as a Riemann sum
i=1

Zr1'4£-13/7n3+2i3 :Zn:£37+2(l)3 A %f(x-)Ax
&na &z | n n =4 " Xi)Ax%
where Xo < X1 < *** <X is a regular partition and AX = AX; = Xj — Xi_1.

Therefore, we can take x; = ﬁ so that Ax = % Xo=0and x, =1. Thus by

comparing,

2 E
f(Xi)AX With# 37+ 2(%) . %
i2 N3
we would want f (x;) = #‘3/7+2(ﬁ) =x2y7+2x3. Thus f(X)=x2J7+2x3.
n -2
Therefore, lim > # -JTnd+2i% . = f; x2J7+2x3 dx
i1
=4 jl 6x%J 7 +2x3 dx = % f; Q/U%dx, whereu=7+2x3
1 , Judu by Change of Variable
U3 = (O3 ~737).

()]
©wo

oo

Question 6
Recall f(x)=x>-20x2+7 .

(a) Note that f is continuous on R since it is a polynomial function.

Now
f/(x) = 5x* — 40X = 5x(x2 — 8) = 5X(X — 2)(X2 + 2x + 4)

=5X(X—2)(X+1)?+3) e 1)

Therefore, for x <0, f* (x) >0and so f is increasing on the interval (-o, 0].

...-12-
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From (1), forO<x<2,f*“(x)<0andso f isdecreasingon [0,2]. From (1), for x> 2,
f*(x)>0andso f isincreasing on [2, «).

() "(x)=20x3 —40 = 20(x3 - 2)
= 20(x — 213)(x? 4 213x 4. 2%3)
=20(x—21B3)(x+ 5 - 2M3)2 4. 32By )

Thus, f*(x) <0 for x <2 . Therefore, the graph of f is concave downward on the

interval (—oo, 2%). From (2), for x> 2%, f *(x) > 0 and so the graph of f is concave
upward on the interval (21, ).

(c) By part (a) f(0)=7isarelative maximum and f(2) = —41 is a relative minimum.
(d) From part (b), there is a change of concavity before and after x = 21,

Now f(213)=25_-20.2%%47=7-18.2%8,

Hence, the only point of inflection of the graph of f is

(2V2,7-18-223),
(e) The graph of f.

20

/\ 2nl:lf3)

=20

=30

...-13-



