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INSTRUCTIONS TO CANDIDATES

1. This examination paper consists of TWO sections: Section A and Section B. It contains a

total of SIX questions and comprises FOUR printed pages.

2. Answer ALL questions in Section A. The marks for questions in Section A are not
necessarily the same; marks for each question are indicated at the beginning of the

question.

3. Answer not more than TWO questions from Section B. Each question in Section B carries
20 marks.

4. Candidates may use calculators. However, they should lay out systematically the various

steps in the calculations.
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SECTION A
Answer ALL questions in this section.
Question 1 [20 marks]

Let the function f : R — R be defined by

- x2+1, x<0

f(x)= (x—1)25in[mj, 0<x<1
x4 —4x+3, x>1
(@) Determine all x in R at which the function f is continuous. Justify
your answer.
(b) Find the image of the interval [0, 1] under f, i.e., find f ([0,1]).
(c) Find the range of the function f .
(d) Determine if f is surjective.

(e) Determineif f is differentiable at x, when x =0 or 1. Justify your
answer.

Question 2 [20 marks]

Evaluate, if it exists, each of the following limits.
\/x5 +3%2 + cos(1/X) + 2

(@ _lim

X=> + ©

6X°>+3x+1

sin(2x + sin(x + sin(x)))
X + Sin(X)

®) li
() lim x cos(e ).
(d) lim(1+ Ox3) @),

@) piy (o)’
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Question 3 [20 marks]

35 — 9x? — 4x
(a) Evaluate f X2+ 4% + 5)(X2 — 4X + 5) dx.

(b) Compute ff JX+2[x] dx , where [t] denotes the greatest integer < t.

(c) Find an antiderivative of g(x), which is defined by

X+x°+3, x<1
909 =1 3 sin(75") — cos(mx)es"™ +1, x> 1

(d) Evaluate | sin"*(2x)dx.
(€) Evaluate | sin®(3x)cos*(3x)dx.

SECTION B
Answer not more than TWO questions from this section. Each question in this

section carries 20 marks.

Question 4 [20 marks]

(@) Find the critical points of the function g, defined by
g(X) = x3 —12x2 + 45x + 1,
in the open interval (2, 6). Determine the absolute maximum and the
absolute minimum values of the function in the interval [2, 6].
(b) Differentiate each of the following functions.
(i) h(x)=(7+2sin(x +cos(x)))*™ , x € (0, %).

@) §09= 10, 75 Tart X< 0.
(i) k(x) =tan"1(sec?(x)), x € (O, %).

(c) Suppose f and g are two differentiable functions defined on the real
numbers R such that f' (x) > g'(x) for all x in R and f (0) = g(0). Prove

that for x > 0, f (x) > g(x) and for x <0, f (x) < g(x).
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Question 5 [20 marks]

(@) (i) Suppose f is a continuous function defined on the closed and
bounded interval [a, b] such that f is differentiable on [a, b]. Give the

integral formula for the arc length of the curvey =f (X) fromx =atox =
b.

(if) Use this formula or otherwise, find the arc length of the curve y =
In(cos(x)) from x = 0 to x = %
(b) Differentiate the function k defined on R by
k(x) = (2 +sin(cos(ty)d.
(i) Without integrating, show that the function k is injective.
(ii) Determine ( k™)'(0).
(c) Find the following limit.

n .3
] | VRV
r!sz_ne'*/:)’” +i4.

i=1

Question 6 [20 marks]

Let the function f be defined on R by
f(x)=2x>-5x2+3 .
(@) Find the intervals on which f is (i) increasing, and (ii) decreasing.

(b) Find the intervals on which the graph of f is (i) concave upward, and
(if) concave downward.

(c) Find the relative extrema of f, if any.
(d) Find the points of inflection of the graph of f.
(e) Sketch the graph of f.

END OF PAPER
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Answer To MA1102 Calculus
Question 1

-x2+1, x<0

The function f is defined by f (X)=19 (x—1)? sm(mj O0<x<l1

—-4x+3, xx>1

(@) For x<0, f(X)=-x?+1 is a polynomial function. Therefore, f is continuous on the

(b)

(©)

interval (- o, 0) since any polynomial function is continuous on R and hence on any
interval. Similarly for x >1, f (x) = x* — 4x + 3 is a polynomial function there and so is
continuous on (1, o).

For0<x<1, fX=(x-1)> sm(mj and so f is continuous on (0, 1) since

sin(mj is continuous on R and (x—1) is continuous on R so that the product of

these two functions is continuous on R and so on (0, 1). Thus it remains to check the
continuity of fat0and 1. Note that f(0) =1 and f (1) =0.

Now we determine the left limitatx = 0. Itis Iim f(x) :Iim x?2+1=1

_ 20in| —ZF | _qin( L&) =
The right limitatx=0is I|m f(x)= I|m x-1) S'”[Z(x2+1)J_Sm(2)_1'
Hence, lerg f(x)=1, and smcef(O) = l it follows that f is continuous at x = 0.
Now consider the left limit of f at x =1,

. T _ 2ainl — T | _ . «i T

)!Lrln f(x) _Xllrln x=1) sm[z(x2 1)j_0 sm(4)_0
Now lim f(x) =lim x*—4x+3=0and so lim f(x)= 0
Therefore, IX'I? f(x)= 0=f(1)andso f is continuous at x = 1.
Therefore f is continuous at x for any x in R.

To determine the image f ([0, 1]), first note that f (0) landf(l) 0.

2 [ —
Now observe that for 0 <x <1, 1 <x?+1< 2 so that 7 e 2(x2+1) < 2andso

1zsin(ﬁJ20 Therefore, for 0 <x <1, (x—1)? > (x—1)? sm(ﬁ
0<x<1,0<(x-1)><1. Thus, for0<x<1,
— _1\2ejn| ——£&& _1)2
0<f(X)=(x-1) sm(z(2 )js(x 1) <1

That means f ([0, 1]) < [0, 1]. Since f is continuous on [0, 1] by part (a) and because f (0)
=1landf (1) =0, by the Intermediate VValue Theorem, [0, 1] < f ([0, 1]). Therefore, f ([O,
1)) =10, 1].

For x <0, —x*+1 <1 and so the image f ((—oo, 0))< (-, 1). Now forany y<1, —x*>+1=
y implies that x* = 1- y and so we have a solution x=— /1-y <0to -x? +1=y in (—o, 0).
Therefore, (— o, 1) < f ((—, 0)) . That means f ((—oo, 0))= (= o, 1).

Next for x > 1, f(x) =x*—4x + 3sothatf * (x) = 4x® -4 > 0 for x > 1. Therefore, f is
strictly increasing on [1, o) and so f (x) > f (1) = 0 for x > 1. Also note that

lim £ (x) = +o0 since Jim x* — 4x +3 =Jim x*(L - < + ) = +o0 because [im x* = +0 and

j>0 For
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lim (1- XAg + x4) 1> 0. Hence, since f is continuous on [1, =), by the Intermediate
Value Theorem f ([1, «)) = [0, o). Therefore, the range of f is
f(R) = f((—o0, 0))Uf ([0, 1])u f ([1, ©)) = (- o0, 1)U[0, 1]U[0, 0))=R.
(d) By part (c) Range( f) = R = codomain of f. Therefore, f is surjective.

(e) To check the dlfferentlablllty of f at x =0 consider the following limits.

O -fO L x241-1 _
L L
—1)2sinl —Z&F— | -
i f0-1O (x=1) S'”(Z(x2+1)j 1
erQ+ x—0 erI)]+ X
_1\2 T . —TtX
. 2(X— 1)Sln[—2(X2+1)j+(X 1) COS[Z(X2+1)J K+ ,
= b 1 =~
by L’ Hopital’s Rule.
Thus, f is not differentiable at x = 0 since Xliﬁrgf f(XQ:B(O) XILO+ f(x) f(o).
4
X'lyf(xi fl(l) = lim X33 _lim @ -4)=0 byl HopltaIsRuIe.
1)2sin
f(x) f(1) (x- 2(x2+1)J ( J
Jim = o =i X—1 =lim (x=1sin| 555"y | =0
Therefore, f is differentiable at x = 1 since lim T-td) =lim fe-td) =0
X—1- Xx-1 x—»lJr x—1
and f*(1)=0.
OR,
-2X, x<0
! _ LY i . —X
f'X)=9 2(x— 1)5|n[2(xz+1)J+(x 1) 005[2(X2+1)J O+ 1)2" O<x<l1
4x3 -4, x>1

s G o
X|Lr5]7f (x)—XILrBL 2x =0,

Jim £/00 = lim 2(x- l)sm(ﬁJ+(x—1)2cos[2(xzn+ 1)J- (x;f)i)Z =-2

Slnce both limits XlLI’B[f (x) and X'LrB'+f (x) are finite and not the same, f is not
differentiable at x = 0.

Now lim f'(x)=lim (4x®*-4)=0and

X -1+ X— 1t

: VT _ N Y T L ThX
X|I_)q‘lif (x) —X'L”& 2(x 1)S|n[2( 5 1)j+(x 1) COS[Z(X2+1)j 2+ 1)2 =0 Thus both
limits Xlir?f f'(x) and Xlirﬁ f '(x) are finite and the same, therefore, f is differentiable at x =
1.
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Question 2

i \/x5+3x2+c05(1/x)+2_|. 1455 +55(0s(1)+2) 13050 1

(@) lim, 6x5+3x+1  xm 6+2+% “V6+0+0 T 5

. . 1 2

This is because lim, %: im %—Ilm %—Oand lim M—O by the

N cos(2/x))3r2 x°
Squeeze Theorem since —|%|s—_| 5| forx =0 and lim |X5|_
or
Jim S8A0+2 _ iy OS2 lim 2 Jim cos(Lx)+ 0= 0x 1 =0,
—+ 00 —+ 00 X X—>+ X

sin(2x + sm(x +sin(x))) sm(2x +sin(x + sm(x))) 2x + sin(x + sin(x))

(b) lim —lim

X+ sin(x) 0 2X+sin(x+sinx)) X + sin(x)
i sin(2x + sin(x + sin(x))) ( X sin(x+sin(x))j
=00 2x+ sin(x+sin(x))  x+sin(x) X sin(x)
. sin(2x +sin(x +sin(x))) .. 2 sin(x + sin(x))
=M 2 sincrsing)) A (1 TSN T x+sinx) j =1-(1+D=2
. sin(2x + sin(x + sin(x))) . sin(x+sin(x)) sin(x)
because lin = sin(x + sin(x) L and i =7 sin(x) == =1
OR

l sSin(2x + sin(x + sin(x))) i COS(2X + sin(x + sin(x))) - (2 + cos(x + sin(x))(1 + cos(x)))
! X +sin(x) = 1+ cos(X)

by L' Hépital's Rule

~ €0s(0) - (2+cos(0) - (1 +cos(0))) 9
= 2 -

(¢) Jim x cos(e™) =0 by the Squeeze Theorem since
—|x] < xcos(e™) < |x| for x >0 and Jim x| =

(d) lim (1+9x3)@, Let y= (1+9x3) ) Then In(y) = In(1+9x3)
27x2
9

_1+9x3
=lim
3x2 x>0 1+9x3

. . L 3 3
Since lepgln(y) _lem In(1+9x )_lerg =9

_ by L' Hépital's Rule,
Therefore, limy = ex3n =

3 3(|n(|n(x)))2 2
(e) lim (InIrI]r(n)( ) =lim % xln(x) =lim 3(In|rl]r(1x>)< ) by L' Hépital's Rule,
6(In(In(x)))" o 6
L (x) . 6(In(Inx))) xIn(x) ~
=4 Tix i S ngo - =hm —g5c - =lim 6 =0

by repeated use of L' Hopital's Rule and the fact that lim In(x) = o.
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Question 3

35— 9x° —4x
@ | (7 +4x+5)(x? — 4x+5) .
35— 9x“ —4x _ 2x+4 —2X+3
f(x2+4x+5)(x2—4x+5)0"“j (x2+4x+5)dx+§ (X2 — dx + 5) O

by a partial fraction expansion determined as follows.
Writing,

35 — 9x2 — 4x __Ax+B___Cx+D
(X2+4x+5)(x2—4x+5)  x2+4x+5  x2-4x+5

then (AX + B)(X? — 4x +5) + (Cx + D)(X? + 4x + 5) = 35 — 9x? — 4x.

Comparing coefficients of X*: A+ C =0  ---mmmmmmmmmmmmmemeee (1)
Comparing constant terms : 5B+5D =35,i.e. B+D =7 ------mmmmmmmee- 2
Comparing coefficients of x*: —4A+B + 4C+D = -9.

Since B+D =7 by (2) we get -4A +4C =-9 -7 =-16, i.e,,

“A+C =4 (3)
Comparing coefficients of x: 5A— 4B +5C+4D = 4.
Since A+ C =0 we get fromabove —B+D =-1------m--mmmmmm- (4)

Equation (1) + Equation (3) gives 2C=—-4andso C=-2and A=-C=2.
Equation (2) + Equation (4) gives 2D=6andsoD=3andB=7-D =4

__2x+4 o _ 2
Now | (X2+4X+5)dx_ln|x +4x+5|+C

2x+3 ., _(_—(2x=4) 1
And | a5 = Ge— g 5% e o &

= —InIx2 - 4x+5| - | mdx =—In[x? —4x+5[ —tan"}(x - 2) + C'
Therefore,

S 35— 9x2 — 4x
(X2 4+ 4x+5)(x2 —4x+5)

dx = In|x? + 4x + 5| — In|x? — 4x + 5] —tan~(x — 2) + C"

— X2+4—X+5 _ 1y _ "

- R -t -2+

(b) ji JX+2[x] dx = ji JX+2 dx+§z IXx+4dx = [%(x+2)3/2]i +[%(X+4)3/2]§
= 2(432 _3%2) 4 2(732 _§32) = 2(8-3,/3 + 7,7 —66).

X+X°+3, x<1
(€) 900 = { 35in(”7x) —cos(nx)esn™ + 1, x>1 -

First note that g is continuous on the interval (oo, 1) since it is a polynomial function
there and polynomial functions are continuous. Note also that g is continuous on (1, «)

since 33in(%) is a continuous function and the product cos(zx)es"™is continuous on (1,
©). Now the left limitatx =1 is Xllrp ax) =Xllq1 X+x°+3 =5 and the right limitat x = 1,
Jim g0 =lim 33in(”7x) —cos(nx)es"™ +1 =3 —cos(n)+1=5=g(1). Therefore,

)I(in} g(x) =g(1). Thus g is continuous at x =1. Therefore, g is continuous on R and we can

m9-
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use the Fundamental Theorem of Calculus to obtain an antiderivative G(x) given by the
following Riemann integral for each x in R.

[ adtx<1 _{ [f+t5+3)dtx<1

S=]; a0 { Jiotdux=1 " [ @sin(g) - cosae + 1yt x> 1

(L1641 t2+3t)]xx<1 %x6+ X2 +3x—3%,x<1
B [—%es"‘(’”) 8 2 cos(% )+t] x>1 —%esm(” ) — cos( Xy 4 x+ 71t 1,x>1
Thus, any antiderivative is given by G(x) +C for any constant C.

i1 — yein-1 (. 2
(d)fsm (2x)dx = xsin™*(2x) jx T dx

by integration by parts

_xsm‘l(Zx)+ 1 [ —==Z—dx =xsin"1(2x) + 1«/1 4x? +C

Ji

(e) | sin®(3x)cos*(3x)dx = — | %sin4(3x) c0s*(3x) - (=3 sin(3x))dx
=~ [ $(1-c0s?(3x))? cos*(3x) - (-3sin(3x))dx =~ [ u4(1- UZ)Z%dx

where u = cos(3x)

= —% f ut(1-2u?+u*)du= —% f(u4 —2ub+u®)du by substitution or change of variable.
_ 1w ,u’ U _ 1 5 2 T 1 o
——3( 5 -2 7t )+C_—15 C0S>(3X) + 51 COS (3x) — 57 COS (3x) + C.

Question 4.

(@) Recall g(x) =x3—12x?+45x+1.
Thus, g'(X)=3x?—24x+45=3(x—3)(x—5). Therefore, g’(x) =0 if and only if x = 3 or
5. Hence g has two stationary points in (2, 6), namely 3 and 5. Since g is differentiable,
the critical points of g in (2, 6) are 3 and 5. Since g is continuous on the closed and
bounded interval [2, 6] and so by the Extreme Value Theorem g has absolute extrema on
the interval [2, 6] and they are given respectively by the maximum and minimum of the
values of the critical points and the end points under g. Now g(2) =51, g(3) =55, g(5) =51
and g(6) = 55. Therefore, the absolute maximum of g on [2, 6] is 55 and the absolute
minimum of g on [2, 6] is 51.

(b) (i) h(x)=(7+2sin(x + cos(x)))*=™® , x e (0, %).
Taking logarithm on both sides we get In(h(x)) = sec(x) In(7 + 2 sin(x + cos(x))).
Differentiating both sides we get,
)
h(x)
Therefore, h'(x) =

2 c0S(X + €cos(x))(1 —sin(x))
7+ 2sin(X + cos(x))

= sec(x) tan(x) In(7 + 2 sin(x + cos(x))) + sec(x)

...-10-
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2 COS(X + €c0s(X))(1 —sin(x))
7+ 2sin(X + cos(x))

(7 + 2 sin(x + €0s(X))) e sec(x)[tan(x) In(7 + 2 sin(x + cos(X))) +

e x3 2
(i) j(x)= fln(x) mdt X € (0, o).
In(x) t2
Therefore, j(X) = y md - jo mdt.
Hence by the Fundamental Theorem of Calculus and the Chain Rule,
a3 (In(x))*x
J ()= 2+sin(x8)+ex 2 +sin((In(x))2) +x

(i) k(x) =tan"(sec?(x)), x € (0, %). Thus by the Chain Rule

2
K0 = (™) (sec%(9) - 2566200 taN(X) = et T e

_ 2sec’(x)tan(x)  2sec’(x)tan(x)  2cos(x)sin(x)  sin(2x)
~ sec?(tan-(sec2(x))) = l4+sec4(x) —  1+cost(x) — 1+cost(x)

(c) Define h(x) =f(x) —g(x) forxinR. Then since both f and g are differentiable on
R, his also differentiable on R and h* (x) =f * (X) — g’(x) > 0 because it is given that f
(x) > g’(x) for all x in R. Therefore, his increasing on R. Hence for x >0, h(x) > h(0)
=f(0) —g(0) = 0since itis given that f (0) =g(0). Thus, forx>0 f(x) —g(x) =h(x) >0
and so f (x) > g(x). Similarly for x <0, f(x) — g(x) = h(x) < h(0) = (0) — g(0) = 0 so that
f(x)<g(x) .

Question 5.
(@) (i) The arc length of the curve y =f (x) from x = a to x = b is given by,

{71+ (') dx
when f is differentiable on [a, b].
(ii) By the above formula the arc length of the curve y = In(cos(x)) from x =0
to X = % is
f 1+tan?(x) dx = fg/ sec(x)dx = [In(| sec(x) + tan(x)|) 15>

=In(|sec(3) +tan($)[) = In(2 + V3 ) unit.
(b) Recall  k(X) = §1X3(2+sin(cos(t)))dt.

(i) Therefore, since the integrand 2 + sin(cos(x)) is continuous for all x in R, kiis
differentiable on R and
k'(X) = (2 +sin(cos(x%))) - 3x>
by the Fundamental Theorem of Calculus and the Chain Rule.
Thus, for x =0, k'(x) > 0. Since k is continuous on R, because it is differentiable on R, k
is (strictly) increasing on (-o0, 0] and on [0, o). Therefore, k is (strictly) increasing on R
and hence k is injective.

...-11-
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(ii) Note that (k—l)’(O)zm.

k(1) = §11(2 +sin(cos(t)))dt =0 and so since k is injective k *(0) = 1.
From part (i) k'(1) = 3(2 +sin(cos(1)).

N 1 1 1
Thus, (k™)'(0)= k'(k-2(0)) ~ K'(1) ~ 3(2+sin(cos(1))"
(© | iI_G Jant+it.

n -
We shall write the summation Z '—6 V3n*+i* as a Riemann sum

i N\4 n
2 n6 -J3nt+i4 = 3 3+(ﬁ) -%:Elf(xi)Ax,
where Xg <X1 <" <Xpisa r_egular partition and AX = AXj = Xj — Xj_1.

Therefore, we can take x; = 7 S that Ax = % Xo=0and x, =1. Thus by
comparing,

f(Xi)Ax with ﬁ 3+ (i)4

we would want f (x —'—3‘/ r|1 3+x . Thus f(x)=x3/3+x*.

n
Therefore, lim Z# V3nt+it. f x3 Y3 +x* dx
i=1
:%jé 33+ x4 dx = f J_dudx where u =3 + x*
:%ﬁ Judu by Change of Variable
J3
=4 A= 46-3/3) =5 -

Question 6
Recall f(x)=2x>-5x*+3 .

(a) Note that f is continuous on R since it is a polynomial function.

Now
f/(x) = 10x* — 10x = 10x(x3 — 1) = 10x(x — 1)(X®> + X+ 1)
=10x(X—1)((X+1)2+2) (1)
Therefore, for x <0, f*(x) >0and so f is increasing on the interval (-0, 0].

From (1), forO<x<1,f‘(x)<O0andso f isdecreasingon [0,1]. From (1), for x>1,
f*(x)>0andso f isincreasing on [1, «).

(b) f"(x)=40x®-10=40(x* - %)
= 40(X — 717 )(X% + 55X + 727)

= 40(X — 715) (X + 5  g15)? + g2 )rmrmmmrmememememeees @)

...-12-
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Thus, f*’(x) <0 for x < 1/4*® . Therefore, the graph of f is concave downward on the

interval (—oo, 1/4**). From (2), for x > 1/4*3, f **(x) > 0 and so the graph of f is concave
upward on the interval (1/4' , «).

(c) By part(a) f(0)=3isarelative maximum and f (1) =0 ia a relative minimum.

(d) From part (b), there is a change of concavity before and after x = 1/4**

1 1 1 1 .1 9
Now f(41/3):245/3 _542/3 +3:ﬁ(§_5)+3:3_ 5.423"

Hence, the only point of inflection of the graph of f is

1 9
(41/3 3= 2.423 )-
)

o

-

a1y 1

...-13-



