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INSTRUCTIONS TO CANDIDATES

1. This examination paper consists of TWO (2) sections: Section A and Section B. It

contains a total of SIX (6) questions and comprises FOUR (4 ) printed pages.

2. Answer ALL questions in Section A. The marks for questions in Section A are not
necessarily the same; marks for each question are indicated at the beginning of the

question.

3. Answer not more than TWO (2) questions from Section B. Each question in Section B

carries 20 marks.

4. Candidates may use calculators. However, they should lay out systematically the various

steps in the calculations.
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SECTION A
Answer ALL questions in this section.
Question 1 [20 marks]

Let the function f :R — R be defined by

X2 — 14, X < —3

5, X=-3

F)= 6x+13, —3<x<1
2x3 + 17, x>1

(@) Find the range of the function f .
(b) Determine if f is surjective.

(c) Determine all x in R at which the function f is continuous.
(d) Findall x in R at which the function f is differentiable. Justify your
answer.

(e) Compute f: f (x)dx.
Question 2 [20 marks]
Evaluate, if it exists, each of the following limits.

. 33 =TI +9
@ m, Zoxs 1521 1

(b) lim (1+x2)% .

. sin(sin(x?))
(©) Ierro] sin(3x2) +x2°

@ 1im V20 + X2 —6.

x4 X—4

©) Jim (inoe)™
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Question 3 [20 marks]

15x2e5¢ + sin(2x)
e +sin?(x)+3

(@) Evaluate j

(b) Compute fil sin(|x| + 3)dx.

(c) Find an antiderivative of g(x), which is defined by

) = 2x3+4, x>1
90 = X*+5, x<1

(d) Evaluate [, %3 —dx

(e) Evaluate jx2 cos(2x)dx.

SECTION B

Answer not more than TWO (2) questions from this section. Each question in

this section carries 20 marks.
Question 4 [20 marks]

(a) Suppose g: [0, 5] —» R is a real valued function defined on the interval
[0,5] by g(x) = x*—6x* +9x + 12. Determine the absolute
maximum and absolute minimum of the function g.

(b) Differentiate the following functions.

(i) h(x) = cos™(sin(2x)).
- - 2 X
(i) j(x) = In(f%e(exz)).
(iii) k(x) = In(In(e* + 2) + x?).

(c) Suppose f is a continuous function defined on the closed interval
[1, 3] such that

1<f(x)<3forall xin[1, 3].

Prove that there exists a point ¢ in [1, 3] such that f(c¢) =c.
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Question 5 [20 marks]
Let the function f be defined on R by
f(X)=x"-10x+1 .
(@) Find the intervals on which f is (i) increasing, and (ii) decreasing.

(b) Find the intervals on which the graph of f is concave upward or

concave downward.

(c) Find the relative extrema of f .
(d) Find the points of inflection of the graph of f.
(e) Sketch the graph of f.

Question 6 [20 marks]

(a) State the Fundamental Theorem of Calculus.

Use it ,or otherwise, to differentiate the function

g L dt
(0 1 +e3t+sin®(t)

900 =|
(b) Let the function k be defined on R by
k) = [ Tt
(i) Without integrating, show that the function k is injective.
(ii) Determine (k=1)'(0).

(c) Find the following limit.

Jim 3 7z -sinf2 -+ a(£)’)

END OF PAPER
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(@)

(b)

The function f is defined by f(x)=
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Answer To MA1102 Calculus

SECTION A (Compulsory)
x?-14, x<-3
5, x=-3
6x+ 13, -3<x<1
2x3+17, x>1

Forx<-3, f(X)=x?-14>-5. Also, for x<-3 x?-14>-5ox<-3.

Thus f maps (—o0,—-3) onto (-5, «0). (Because for any y > -5, we can take
X=-/Jy+14 (<-3)sothat f(x)=y) Also, for-3<x<1, f(x)=6x+13.

Therefore, -5 <f(x) <19. Thisis because -3 <x< 1<« -5<6x +13<19. Forany

. -13 .
y with -5 <y <19 we can take X = y 6 and for this value of x, -3 <x<1. It

follows that f maps (-3, 1) onto (-5, 19). Now for x> 1, f(x) =2x%+17 >19. Also

-17
forany y > 19, we can take x = 3 Y 5 2 1. Therefore, f maps [1, «) onto [19, «0).

Hence the range of f isf ((—o0, =3))u {f (-3)}u f((-3, 1))u f ([1,0)) = (-5,
o) U{5}U(-5, 19)U[19, ) =(-5, ©).

By part (a) Range( f) = (-5, «) # R =codomain of f. Therefore, f is not
surjective.

(c) and (d)

(d)

When x < -3, f(X) =x?— 14, which is a polynomial function. Therefore, f is
differentiable on (—o0,—3), since any polynomial function is differentiable on the real

numbers and so is differentiable on any open interval. When -3 <x <1, f(x) =6x +
13 and is a polynomial function and so f is differentiable on (-3, 1). Likewise f is
differentiable on (1, o) since f (x) = 2x* +17 , a polynomial function. Thus we can
conclude that f is differentiable at x for x # —3, 1. Since differentiability implies
continuity we conclude that f is continuous at x in R for x # -3, 1. Thus it remains
to check if f is continuous at x =— 3 or 1. Consider the left limit at x = -3,

Jim £ (x) = lim x2 — 14 = -5 and the right limit at x = -3
xl—![Q+ f(x) :Xu[r?l 6x+13 =-5.

Thus, since XIi[r31_ f(X) =Xli[T31+ f(x), )!ir_ns f(x)=-5. But f(-3) =5and so
Xlir_g f(x) #f(-3) and it follows that f is not continuous at x =-3. Now consider

the left limitof f at x =1,
)!irln f(x) =Xllrln 6x+ 13 =19 and the right limitat x = 1,
Xllrln f(x) :Xllrlr] 2x3+17=19= f(1).
Therefore, !([(Tll f(x)= f(1)andso f iscontinuous at x = 1.
Hence f is continuous at x for all x + 3.

From above since f is not continuous at x = -3, f is not differentiable atx=-3.
Since we have already shown that f is differentiiable everywhere except for x = -3 or
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1, it remains now to check the differentiability of f at x = 1.

— 3
lim M:”m wzxwﬂ 22 +X+1)=6

Uit U a0
i )T i, OX+15—19 s _
XILnZ?- Xx—1 _xllr?- Xx—1 _xILrE.]— 6=6.

Therefore, f is differentiable at x = 1 since lim %

Hence, f is differentiable at x for x not equal to -3 .

fi‘ f (x)dx = fj f(x)dx+f?3 f (X)dx

= [ @ —18ydx+ [, (6x+13)dx

-4
3 -3
- [X? - 14x] L [3x2 +13x]%

-[45% - 14]-27439=1013

=lim

X -1+

MA1102R

fx)—f(1)
x=1
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B TXI49 o BCHTXC+9
2. () ,lim, 49x5 +5x2+1 M. 40x5 1 5x2 + 1
3/X* +7+9/x° 0+7+0 _ 1

=AM, 49 B+ kG 494040 - 7

(b) lim (1+x3)¥. Let y=(1+x?)¥. Since

2
lim In(y) =lim s In(1 +x2) =im ZX/(;;X ) =lim 1+1x2 =0 by L' Hopital's
Rule.
Therefore,
limy = e = e0=1,
. sin(sin(xﬁ)) . cos(sin(x®)) cos(x®)3x? . cos(sin(x®)) cos(x®)3x
() lim SiNG3X2) + X2 8 6XCOS(3X2) + 2X =lim—% cos(3x2)+2 8 0

by L' Hopital's Rule.

J 2 _ 120 + x?)~22x
(d) lim 20X+_X4 6 =lim 2( 1) - Jg_e :% by L’ Hopital’s rule.

. . . InGsin(x?)) . cot(x?)2x . .
m 2 2 =lim ———=~% = _ =lim - 2\ —
xI—I> 0+ sin(x*) Insin(x)) _xl—|> 0+ CSC(X?) o CSC(X2) cot(x2)2x =l 0+ sin(x*) =0

by L’ Hopital’s rule and the last equality is because lim sin(x?) =sin(0) = 0.

Therefore, X'"El (Sin(XZ))sin(XZ) — elim sin(x2) In(sin(x)) _ e0 =1,



3. (a)
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i 15x2e% + sin(2x) - 1 dy @
e5¢ +sin?(x) + 3 e5¢ +sin?(x)+3 dX
where y = e5¢ +sin(x) + 3, % = 15x2e5° + sin(2x),
= f %dy by substitution or change of variable
= Inlyl + C = In(e% +sin?(x) + 3) + C.

(b) f sin(Ix| + 3)dx = j sin(—x+ 3)dx + j sin(x + 3)dx
[cos(—x +3)1% + [~ cos(x+ 3)1g
= 2(cos(3) —cos(4)).
(c)
g(x):{ 23 +4,x>1
x*+5,x<1

Note that lim g(x) =lim (2x®+4)=6=g(1) and
H —h 4 —
Jim 909 =i 0¢*+5) =6,
Therefore, lerq g(x) =9(1) and so g is continuous at x = 1. Since g is a polynomial
function on the open interval (-0, 1) and also on (1, «0), g is continuous on these two
intervals. Thus g is continuous on the whole of R.  Therefore, we can use the

Fundamental Theorem of Calculus to obtain an antiderivative. By the FTC,

G(x) = f)l( g(t)dt is an antiderivative of g(x).

j% gbdt x=1 flx(zt3 +4)dt, x> 1
I amdtx<1 Ji*+5)dtx <1

Now  G(x) =, g(tydt= {

4 X 4
[tz +4t] X>1 X7+4x g,x>l

5 X = 5 .
[t5 +5t] X<1 X5 +5x — 256,x<1

( Any antiderivative of g(x) of the form G(x) + C is acceptable.).

(d)
fé—xgizxiéldx fgx+2d +§O (X+2)2dx [In(x+2)]0+[x+12] =In(2) + 5.

€) | x2cos(2x)dx = x?% sin(2x) - | xsin(2x)dx by integration by parts
= 1x2sin(2x) — (x(—% cos(2x)) + | % cos(2x)dx)
by integration by parts applied to f x2 sin(x)dx

= 5 (x2sin(2x) + X cos(2x)) — 7 sin(2x) +C



(@)

(b)

(©)

5.
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Question 4.

Note that g, being defined by a polynomial, is continuous on the closed interval [0, 5].
Therefore, the Extreme value Theorem says that g has an absolute maximum value and

an absolute minimum value.
Since g(x) = x®—6x* +9x + 12, its derivative is given by

g'(X) =3x?—12x+9=3(x-1)(x—3) ..

Thus g' (x) =0 ifand only if x =1, and x = 3. Therefore, the critical points of g in (0,
5)are 1 and 3. Now g(0) =12, g(1) =16, g(3) =12 and g(5) = 32. Therefore, the
absolute maximum value of g is 32 and the absolute minimum value of g is 12.

(i) h(x) =cos™(sin(2x)). Therefore, for x such that sin(2x) = +1, that is for 2x
#2nm + /2 or equivalently x # nrt + /4 any integer n,

h'(x) = (cos~) (sin(2x))2 cos(2X) = %
-—1i L0820
" o0 (=2C08(2x)) =-27. ¢ 20l = —2 sign(cos(2x)).

The left and right limits of h’(x) at X = nmt + /4 or nt — w/4 exist but are not the same
by the above (one is 2 and the other —2 or the other way round). Therefore, h is not
differentiable at these points. (For the reason for this see the artcle derived function

and derivative. )

(i) joo= |n(f:+e(’§f)j = In(e* +x2) — In(1 + ),

: eX+2x  2xe®™
Therefore, j'(x) = In’z(eX +x2)(e* + 2x)2— In'(1+e®)2xe® = o X2 " 11 a0®"
(1 -2x) +2xeX (1 - x®) + X + 2
B (ex +x2)(1 +e®)

(iii) k() = In(In(e* +2) +x2).
Therefore, k(x)=In'(In(e* +2) +x?)- (Ixn’(eX +2)e* + 2X).
1 +2X)

CEIIS IR
_ eX + 2xe* +4x )
(In(ex+2) +x2)(ex+2)”
Let gx)=f(xX)—x. Then g isa continuous function on the interval [1, 3] since f is
continuous on [ 1, 3] and x is a continuous function and that we know that the
difference of two continuous function is a continuous function.
Because 1< f(x)<3forallxin[1,3], f(3)-3<0and f(1)-1>0.
le. g3)=f(3)-3<0< f(1)-1=g(1). Therefore, by the Intermediate
Value Theorem, there exists a point ¢ in [1, 3] such that g (c) =0. Thatis, f(c)=c.

f (X) =x>—10x?+ 1. Note that f is continuous and differentiable on R.

f/(X) = 5x* — 20x = 5X(X® — 4) = 5X(X — 4M)(x% + 4M3x + 4CR)),
Now we know that the cubic g(x) = x> —4 =0 has a real root. We have used the identy

.. =10 -
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(@®-b® = (a- b)(@+ ab + b?) to obtain the above factorisation Notice that
X2 4+ 4By 4 4@8) = (x + 4W[2)2 1 423 _ 14235 0

Thereofore,
f'(x) = 5x(x — 4X¥)((x + 413)/2)2 + %4(2’?0) (1)

f () = 20x3 — 20 = 20(x3 — 1) = 20(x — 1)(X2 + X+ 1) = 20(X — 1) (X + 3)% + 2) ---- (2).
So f " is given by a cubic polynomial function. Again we know it must have a real
root. The root is easily obtained by the above factorisation.

From (1), f' (x) =0ifand only if x=0and x =4 “*, From (1) the sign of f’(x) is the
same as the sign of x(x—4U3) because (x+4®3/2)2+34@3 > 0. Thus we have:
X<0= x<4W¥ = x—403 < 0= x(x—413) > 0= f'(x) > 0so that f is increasing
on(—o0,0]. Now 0<x <4 = x—-4) < 0= x(x-4)<0= f'(x) <0so that f
is decreasing on [0, 4 @] and x > 43 = x(x-43)>0=f'(x) >0sothat f is
increasing on [4%?), o). Now that the end points of the interval are included by virtue
of continuity there.

From (2), f"(x) =0 < x =1 and that the sign of f “’(x) is the same as that of x —1. Now
X<1=x-1<0=f"(x)<0. Therefore, the graph of f is concave downward on the
interval (—oo, 1). Likewise from (2), x>1=x-1>0sothat f"(x)>0whenx>1.
Thus the graph of f is concave upward on (1, ).

From part a, by the first derivative test, f(0)=1is a relative maximum and
f (4 @) =1-12 *2 " is a relative minimum.

From part b, since at x =1, there is a change of concavity before and after x = 1,
(1, f(1)) =(, —8)isapoint of inflection of the graph of f. There are no other
points of inflection.

. (@

Fundamental Theorem of Calculus.

Let f be a continuous function defined on [a, b]. For the function F defined on [a, b]
by F(x)= f f (t)dt, F is differentiable at each xin [a, b]and F' (x) =f(x). l.e. Fis
a special anti-derivative of f given via the definition of Riemann integral. Moreover,

for any anti-derivative G of f, j: f (Hdt=G(b)-G(a).

o) =["

1
dt+ - dt
In(x) 1+e3t+5|n2(t) IO 1+e3t+3|n2(t) y'”(x) 1+ e3t+sin(t)

j*xz _‘gln(x)
0 1+e3t+sm2(t) 1+e3t+sm (t)

.-11 -



PAGE 11 MA1102R

= F(x?) —F(In(x)) where F(x) = g 1+ed -|1- sin?(t) a

Therefore,
g'(x) = F'(x2) - 2x— F'(In(x)) - (%) by the Chain Rule

2X 1
_ _ _ _ the FTC.
1+e3 +sin?(x2)  x(1+x3 +sin?(In(x))) by the FTC

. . X 1
(b) (i) Since k(x)= ], 5 et by the FTC,
K'(X) =T33 7@ >0 since 1+x%+x° = C+3)2+3>0.
Therefore, k is increasing on the whole of R. Thus k is injective.

(i) (k1H'(0)= W So we need to know the value of k=(0). Now

“100) — _ x_ 1 -
k10)=x< kl(X)—0@§11+t3+tedt—0- Since
k(1)=1 T redt=0and k is injective, x = 1.

3+t6
1 1 1
:I:3.
3

-1y/ — —
Therefore, (k™)'(0)= K'(k10) ~ k'(D)
(©) Try to write the following as2 a Riemann sum
n | ; | n
207 sm[Z + 4(ﬁ) ) = Elf (Xi)AX,
where Xo < X1 < *** < Xp is aregular partition and AX = AXj = Xj — Xj-1.

Therefore, we can take x; = % so that Ax = % Xo=0and x, =1. Thus by
1

comparing  f(x;)Ax with # sin(Z + 4(%)2) = ﬁ sin(z + 4(%)? - 7 we would

want f(x;)=f () =+ sin[z + 4(%)2). Thus £ () = xsin(2 + 4x2).

im % i sin[Z + 4(ﬁﬁ = §é xsin(2 + 4x2)dx = [~ cos(2 + 4x2)](1J
= +(c0s(2) — cos(6)).

Therefore,

I
n=>e 5 N2

. =12 -



