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INSTRUCTIONS TO CANDIDATES

1. Thisexamination paper consists of TWO (2) sections. Section A and Section B. [t
contains atotal of SIX (6) questions and comprises FOUR (4 ) printed pages.

2. Answer ALL questions in Section A. The marks for questions in Section A are not
necessarily the same; marks for each question are indicated at the beginning of the

guestion.

3. Answer not more than TWO (2) questions from Section B. Each question in Section B

carries 20 marks.

4. Candidates may use calculators. However, they should lay out systematically the various
stepsin the calculations.
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SECTION A
Answer ALL questions in this section.
Question 1 [20 marks]|

Let thefunction f be defined on R by

1 x2- 72, x<-m
f(x)=_|l_ snx), -n<x<m .p
1 x2-1, xX>n

(@ Findtherange of the function 1 .

(b) Find thevaluesof x (if any) where
(i) fx)=1,
(i) f(x)=0.

(c) Determineal x in R at which the function 1 is continuous.

(d) Isthefunction fdifferentiable at x=- p ? Justify your answer.

(e) Compute fzz f(x)dx.

Question 2 [20 marks]

Evaluate, if it exists, each of the following limits.

: 6x°+3r+1
(@ M g6 22 +3c45"

(b) lim —2

(©) lim

. Sn(e*+x+1)
() lim X

(&) 1im (et +20) .
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Question 3 [20 marks]

Evaluate the following integrals.
@ yayéﬁﬁd&

(b) [ tan-2(2x)dx

(c) f;(lx- 1l +|x - 2[)dx.

2 +3
@ Jozigerad

SECTION B

Answer not more than TWO (2) questions from this section. Each question in

this section carries 20 marks.
Question 4 [20 marks]|

(@) Determinethe absolute extrema of the function f on [0, 2] defined by
1 x?+1,0<x<1
f“)‘}zu-zy,lsxgz'

(b) Statethe Mean Value Theorem for the function g(x) = In (x) on the

interval [1, 2]. Hence or otherwise, prove that

1<In@d)- In@) < 3.

|x_ 3|6/5
X

(c) Determine whether or not the function i(x) = isdifferentiable at

x=3.

Question 5 [20 marks]
L et the function f be defined on R by
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3[ 2x3- x+10, x<1
Sx)=1 3,3

§ 3- %+ T2 X2 1
(@ Findtheintervalsonwhich f is (i) increasing, (ii) decreasing.
(b) Find the horizontal asymptotes of the graph of f .

(c) Findtheintervals on which the graph of f isconcave upward or
concave downward.

(d) Findtherelative extrema of f .
(e) Findthe points of inflection of the graph of £.

(f) Sketch thegraph of f.

Question 6 [20 marks]

(@) Differentiate each of the following functions.

() g=]_, 1+coszl(2t)+t4dt'

(i) 7(x) =(1+x%)".
(b) Letthefunction f be defined on R by
) =], J1+sin@) +sin() dt.

(i) Without integrating, show that the function f isinjective.
(ii) Determine (f1)'(0).

(c) Findthe areaof the region bounded by the graphs of the functions
f(x) =xJ/2x+3 and g(x) = x2.

END OF PAPER

Answer To MA1102 Calculus

SECTION A (Compulsory)
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x%-72% x<-xm

1
Thefunction f isdefined by f(x)=|l sn(x), - zt<x<m .

1

|

x2-1, x>n

(@ Forx<-m, f(x)=x%-72>0. Also,for x<-n,x?- n?2>0o x<-n1.

Thus /" maps (- «, - ) onto (0, +«). (Because for any y > 0, we can take

- [r2+y.) Also, for-m<x<m, - 1<f(x) < 1,assuming that the sine function

Hencetherangeof f is(0,0)U[-1,1]U[r%- 1,00) =[-1, ).

mapstheinterval [- p, p) ontotheinterval [- 1, 1]. Thus f maps [- p, p) onto the
interval [- 1, 1]. Finally for x>7n, f(x) =
wecantake x= [y+1 >n. Hence f maps|[r,o) onto [7? - 1,00).

-1>7%-1. Andforany y>n2-1,

(b) (i) Frompart (8) 1 isintheimageof (- «,-7z) under /. Thus, to find the preimage

we need to solve the equation x? - 72 =1 for x <-p. Solving this gives

x=- Jn?+1. Also lisintheimageof [- p,p) under f. Solvingsin(x) = 1for

xin theinterval [- p,p) givesx=7. Thusthe desired values of x are

{- Jn?+1,%5}

(i1) From part (8) Oisintheimageof [- p,p) under /. Thus, solving sin (x) = O for

xintheinterval (- p,p)givesx=0or - p.

() Whenx<-r, f(x) =x2- 2, whichisapolynomial function, therefore 1 is

continuous on (- o, - ), since any polynomial function is continuous on the reals and

SO is continuous on any open interval. When - 7 <x <, f(x) =sin(x) and since

sin (x) isacontinuous function, f iscontinuous on thisinterval. Finaly when x >
f(x) isapolynomial function and so it is continuous for x > p. Thusit remains to

P,

check if fiscontinuousatx—- p or p. Consider theleft limitatx =- p,
Em flx)= Imx x?- 7?2=0 andtherightlimitatx=- p

lim f(x)—|lm sin(x) =sin(- 7) = 0.

x-(-n)*
Thusthelimitat x =- pisequa to0andisthesameasf(-p)=sin(-p)=0.
Therefore 1" is continuousat x =- p. Now consider the left limit of f a x =p,
lim f(x) =lim sin(x) = 0 and the right limit at x = p,
lim f(x) =limx*- 1=7%- 1>0.
Thusthe left and the right limits of f at x = p are not the same and so /" is not
continuous & x = p.
Hence f iscontinuous at x for al x + 7.

(d) f isdifferentiableat x =- p. Thisisseen asfollows.

o LERNFER) o Erti)?xf- 0

im =-2r and
f(- 7'L'+h})’ f(-n) —I Sln( 7t+h) cos(-n+h) 1
h m. i h—»O* 1 T

Thus 1 isnot dlfferentlableatx =- p

© 7 f@)de=1", f&)dx+[2 fx)dx =", sin(x)dx + [ 7 (2 - 1)dx

=[- cos(x)]7, + [x -x]z —0+%3-n:7i;_n_
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3 1
6x6+3r+1 6+s+% __6+0+0 _3
2. (a lim 8x6- 4x2+3c+5 !chQS +24+5 7 8-0+0+0 " &
(5 lim 5x?(y6x? +64 +8) i 5x?(y/6x? +64 +8)

. 5(J/6x2+64 +8) 4
=lim 5 =3.

x-0

(|n(x))3 o 3(In(x)? . 6In(x) 6 o a e
© lim—5—=lim =55 =lim—; 5" =lim 55 =0by L' Hopital'srule.

sin(e* +x+1)

(@ lim
+x+ in(e* +x+
For x>0, ‘M Thus for x>0, -| 4| < SN+ D)
. 11 . Sin(e* +x+1)
Since lim ‘y‘ =0, by the Squeeze Theorem, |im ————— =0.

(@) Let y=(") +2x)™) . ThenlIn(y) = 2 In(e® + 2x).

- e 420 o4 042
lim InG) =lip ——— =l 72y =1+0°2

Therefore, limy |Ime|n(”) e3ne) =

3@ [fin e -t 2+1)dx—ln(lxl)-%In(x2+1)+c.

dx=xtan'1(2x)-%j B 1

() [ tani(2)dx =xtan i(2y)- | x5-5= T4 42

=xtan 1(2x) - 2 In(1+4xd)+C.

©  Tolx- 1 +lx- 2D)dx=3(- G- 1) - (x- 2)dx+2((x- 1) - (x- 2))dx
+15(Cc- D+ (x- 2))dx

- [3(2x - B)dx+ [2 1dx + [3(2x - 3)dx

~[x2- 3x]g+1+[x2- 313

-1+1+32- 22

1+42

o

2_ x+3 2 1 _ 5
@ oS an=[ (2 L5 )dr=l2inlx+ 11 - Inlx+ 2113

=2In(3) - 2In(2) +In(2) = 2In(3) - In(2).

SECTION B

i
\/7 8 0 (/6r2+6d - 8)(J6x2 64 +8) 0 6x2+64- 64

<[4



PAGE 7 MA1102

Question 4.
i x2+1, 0<x<1
(a) f(x) I 2( 2)2 1< <2
ontheinterval (1, 2] sinceit isapolynomial function on each of thesesintervals. Now
)Icirlnf(x) :)ICLrlr) x>+1=2 and )Icirlnf(x) :JC'JP 2(x- 2)2=2= f(1). Therefore, f is
continuous at x = 1. Thus £ is continuous on [0, 2].
i 2¢, 0<x<1
S 0= P 4x-2), 1<x<2
Clearly f'(x)#0for0<x<2andx =+ 1 Therefore, there are no critical pointsin
(0,1))andin(1,2). Now f(0)=1, f(1)=2and f(2)=0.
Thus the absolute minimum value of g on [0, 2] is 0 and the absolute maximum
valueof gon [0,2] is2.

on [0, 2]. Thefunction fiscontinuouson [0, 1) and

(b) For g(x) =In(x), applying the Mean Vaue Theorem on the interval [1, 2] gives
apoint cin (1, 2) suchthat < = g'(c) = g(Z%: ﬁ(l) _ In@) X "D _1ne .
Analogously, applying the Mean Value Theorem on the interval [2, 3] gives apoint d

intheinterval (2, 3) such that 1 =g'(d) = 8B)- £2) =In(3) - In(2). Since

d 3-2
2<d<3, %<%<%, therefore1<ln(3) In(2)<%.
_lx- 3|6/5 _
(c) Notethat A(x) =———. h(3)=0. Thus
|x_ 3|6/5 (x_ 3)6/5
- ) = = . Q)15
lim 28 1Q) o = Sim —%— i &7
x-3 X - x—3 X - 3 x-3 X - 3 x—3 X

Therefore, 4 is differentiableat x = 3and #'(3) = 0.

b 2x%- 9x+10, x<1
Smcef(x)—} 3. 3 x3 1

apolynomial function on (- «, 1) and arational function on (1, o) and that

lim /@) =lim /() =3= /().

, wenotethat f iscontinuouson R because 1 is

o} e2-gx<l }66?-3)x<1
Then f'(x)=i 3 6 =] D S (1)
tx2° x3’X>1 % %,x>l
I 12r, x<1 } 12v, x<1
/'@=1_6 18 =i 6(3-x) . - @)

t X3 Ty x>1 b xt yx>1

(@ From (1)

For x < - \/3 x2>%andx2- %>Osothat f'(x) >0. Since £ iscontinuous at

- E,f isincreasing on theinterval (- o, - \/g].
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For - \/g <x<0, %>x2>050thatf/ (x) = 6(x? - %)<0. Hence f isdecreasing
3

on[- \/g,O] since f iscontinuousatx =0and at x =- 5 -

ForO<x<1< g ,0<x2<%sothatf (x) <0on (0, 1). Thuswe have that

f isdecreasingon [0, 1] since f iscontinuousat x = 1. Hence 1 isdecreasing

on |- %,1]. For 1<x<2, x- 2<0andsoby (1) f'(x) <0 andwe conclude that

f isdecreasing on [1, 2]. Therefore, / is decreasing on the interval [- \/g,Z]. Finally
forx>2, f'(x)>0and so f isincreasing ontheinterval [2,).

(b) Nowlim f(x) =lim 3- %er% =3 and sotheline y = 3isahorizontal asymptote of
the graph of /. Next we check the following limit.
Jim_ f() = lim 2% 9c+10= Jim x%2- - +30) =-o0 since

Jim x 8=-wand dim (2- i+—) 2>0 Therefore there is no other

horl zontal asymptote other than the one we have found.

() From(2) whenx <0, f"(x) <0. Hencethe graph of f isconcave downward on
theinterval (- o0,0) . Alsofrom (2), when 1>x>0, f"(x) >0. Thusthe
graph of f isconcave upward on theinterval (0, 1). Againfrom (2), for x1<x <3,
f'(x) = 6 —% > 0and so the graph of f is concave upward on (1,3). Finaly for x >3,

f"(x)=6 x'4x < 0and so the graph of f is concave downward on (3,). It remainsto

check the concavity of f at the point x =1. For astart we need to check if f'is
differentiableat x = 1. Thuswe compute the limit,

1 o3
f(x) f()_nm =N +10-3 i o2 42p- 722+42-7=-3
xAl x—1- X-l x-1-
and thelimit
1 _§+i_3 u
f() f()_| Y X2 " im- 3— X2 _jim-3L =.3 Weseethat
x—>1* x-1 o1+ -1 + Tx2

x—>1+

they are equal and so the derivativeof f atx =11 |s
pAOENA)]
Now there are two approaches to proceed. Thefirst isto get someinformation from the
existence of the second derivative and in particular we need to know if it is non zero; the
second isto show if thereisasmall interval containing x = 1 such that the graph of £ is
above or below thetangent lineat x = 1. We shall try the first approach. We compute:

) 1
Ilm—f() f()—)lclrln#—)lcerGX i =lim6(x+1)=6-2=12 and

x—-1-

3(x - 2) 5
f() f(l) X3 X 24x°%) L 324 x+2
=lim x-1 _)Ichln 3 x3(x- 1) _)Ichln 3 x3 =12

x—>l+ x—>1+

and so Ix'ﬂ‘ % =12. Therefore, f"(1) =12>0and sothegraphof 1 is
concave upward at x = 1. Hence the graph of 7 is concave upward on the interval
(©, 3).
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(d) Now from part (b) lim_f(x)=-c. Thus /" has no absolute minimum. From part
(@), f isincreasing on (- o, - \/g] and decreasing on [- E,Z]. Therefore

f(- \/g):_z.%.\/g+9\/g +10=10+3/6

isarelative maximum of f. Alsofrom part (8) f isincreasing on [2,0). Thus

f(2)=3- %+%:2% isarelative minimum value of f.

(e) From part (c), (O, £(0))=(0, 10) and (3, f(3))=(3, 2 1/3) are the points of inflection of
the graph of f sinceat x = 0 and at x = 3 respectively, thereis a change of concavity
before and after the point x.

()
Thegraph of £ (not drawn to scale)
v (--
{15
18
{5
+
-2 -1 1 2 3
-5
> @0 2 1 2 1 0 1
g0) =1 73 cos2(@) + 240 Trcos @y +a ¥t Lo s cos2(2) + 144
=1y L dt- [ 1 dt
0 1+ cos?(2t) +1t4 O 1+cos?(2f)+¢4™
= F(x?) - F(- 2x) where F(x) = [ 1+C082(2t)+t4dt'
Therefore,
g'(x) =F'(x?)-2x- F'(- 2x) - (- 2) by the Chain Rule
_ 2x 2
~ 1+c0s2(2x2) +x8 1 cos?(- 4x) + 16x4 by the FTC.
(ii)

Since i(x) = (1 +x2)*, In(h(x)) =xIn(1+x?). Thus,
differentiating the above on both sides gives
h'(x) 2x

76 =In(1+x?) +x 1 +2xZ . Therefore,
B = @ a?y(Ind+x?) + 125 )

..~ 10-
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(b) (i)
Since f(x) = [} /1+sin(?) +sin(?) dt, by the FTC,
') = J1+sin(x) +sin?(x) = \/(1+%sin(x))2+%sin2(x) >0 since
1+3sin(x) > 3.
Therefore, f isincreasing onthe whole of R. Thus f isinjective.

(ii)

(f‘l)/(O):lwll(o)). So we need to know the value of /~1(0) . Now

Y0 =xe f(x)=0e [3 /1+sn(:) +sin?(¢) dr=0. Since

f(@=15 J1+sin() + sinz(t)ldt =0 andlf isinjective, x1= 2,

Therefore, (1) (0) = 7+ = sy = :
UDO=FG0) " 7@ ™ [iran@ rsm@

(€ f(x)=gk)ifandonlyif xy/2x+3 =x2<x=00rx=/2x+3. Solving
Nowx=/2x+3 < x?=2+3andx>0< (x- 3)(x+1)=0andx >0 < x=3.
[{xV2x+3dx = 2x(2x +3)32 - [1(2¢+3)32dx by integration by parts

= Sx(2c+3)32- (2 +3)%2+C.
[oxy2x +3dx = 2x(2x +3)32- L(2x +3)52]
=932._ %95/2+1_1535/2:%93/2+%\/§ :10%+%\/§ and

3
0

3.2 _[41.3 3 _
[ox?dx = [gx ]0 =9.
Therefore, the area of the region bounded by the graphs of the functions /" and g
is Jo(f(x)- g())dx = 10¢ +2/3 - 9=1% +2 /3 square units

- 11-



