SECTION A

Question 1

Thistests concept of range of afunction,
continuity, differentiability and integration
over a piece-wise polynomial.

Thefunction f isdefined by

| x?-9, x<-3
: 3,x=-3
|

F(x)=i

L 3X+9, - 3<x<1
T ox3+11, x>1

(@) Forx<-3,
f(x)=x2-9=(-x)?- 9>0.
Also, for x<-3,

X2-9>0e x<-3.

Thus f maps (- oo, - 3) onto (0, +x).
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(Because for any y > 0, we can take
Xx=- /9+y.)
Also,
- 3<x<lifandonlyif 0<3x+9<12
Thus f maps (- 3,1) onto (0, 12).
Finally for x> 1, f(x) =x3+11> 12.
And for any y> 12, we can take
Xx=3y-11>1.
Hence f maps[1, ) onto [12, ).
Therefore, therangeof f is
(0,00) U{3} U(0,12) U[12,0) = (0, ).
(b) (1) From part (a) 3 isin the image of
(- o0, - 3) under f.
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Thus, to find the preimage we need to solve the
equation x2- 9=3for x <- 3. Solving this
gives x=- J12 =-2/3.

Obvioudly f (- 3) = 3. Also 3isin the image
of (-3, 1) under f. Solving 3x + 9 = 3 gives

X =-2. Thusthe desired values of x are
{-2J/3,-3,-2
(i) From part (@) Oisnot in the range of f.
Thus, thereis no value of x for which
f(x) =0.
() Whenx<-3, f(x)=x?- 9,whichisa

polynomial function, therefore f is
continuous on (- «o, - 3), since any polynomial
function is continuous on the real numbers

and so Is continuous on any interval.
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Similarly, f iscontinuous on the interval
(- 3, 1) and on theinterval (1,). Thusit
remainsto check if f Iscontinuousat x = -

3orl Consdertheleftlimitof f aax=- 3,

im f(x) = lim x2- 9=0
X—(-3) - X—(-3)-

and theright limitat x =- 3

lim f(x)=Ilim 3x+9=0.
x=>(-3)* x=>(-3)*

Thusthelimit at x =- 3isegual to 0 but not
equal tof (- 3) =3. Therefore f is

not continuous at x = - 3.
Now consider theleft imitof f at x =1,
)I(Lrln f (x) :)I(Lrln 3x+9=12
and theright limit at x = 1,
)I(Lrln f(X) :)!Lrqu3+11:1+11:12: f(1).
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Thusthe left and theright limitsof f atx =1
are the same and is equal to the value
of thefunction f atx=1andso f is

continuous at x = 1.
Hence f iscontinuous at x for all x = - 3.

(d) f isdifferentiableat x =1. Thisisseen

as follows.

i f(1+h)- (1)
h- 0 h

—lim 3(1l+h)+9- 12

lim n =3 and

- 3 -
im f(1+h)-f(1) —lim (1+h)*+11- 12
h- 0t h h- 0+ h

3 2
= lim p2+3h“+3h _
h- 0t h

3.

Thusf isdifferentidbleatx =1and f “ (1) =
3.
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(e [%, fe)dx =[5 f)dx+[2 f(x)dx

= {2 (3x + 9)dx + [2(x3 + 11)dx

 [ay? 1, [x* 2
=[3x +9x]_1+[ 7 +11x]1

=18+11+4- = =323,

1
A
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Question 2.

41 5
XS +4Ix+5 . (tiatss
(@) WM Tays - 103z +7 14- 18 4 7

NE

_ (+0+0 _1

-~ 14-0+0 2

. 17X +49 - 7
(0) Ix'ﬂ)] 4X

i (V17X +49 - 7)(J17x+49 +7)
X0 AX(J17x +49 +7)
| 17x+49- 49
=lim
x>0 4x(J17x +49 +7)

~lim 17 =i
=0 A(JTTX+49 +7)

im - = o
x> [n(7)7% x> (In(7))27*

(©) hm
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=lim (In(7?)37x =0by L’ Hopital’srule.

o))

Thus, for x>0, - ‘%‘ < cos(exx+1) < ‘%‘

Since |im ‘%‘ = 0, by the Squeeze Theorem,

(e) ForO<x<n/2,0<sin(x)<1 and soO
[sin(x)] =0.

Alsofor -n/2<x<0,-1<sn(x)<0
so that [sin(x)] =-1. Hence,
Xlirp+ [sin(x)] =0 and

lim [sin(x)] =-1.
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Thus the limit IXi m [sin(x)] does not exist.

Question 3

(a)j(x+5)(x+6) j(x+5 x+6)0IX

X + 5|
X + 6]

= In( ) +C.

(b) | x5/x6 + dx—ljy ydx—ljyzdy
=§- yz2 +C=%(x6+8)z +C,

where y = (x°+8).

(©) [ZJ3+Ix- 1|dx

:fé\/3+|x- 1|dx+§f\/3+|x- 1| dx
= [ A= xdx + |2 J2+xdx

=-2l@- 0], + 5@,

..~ 10-
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- %{ (-3% +43)+ (43 - 33))

=243,

In(4)

(@ |, e*(5+eX)%dx =

(5 + eX)3 In(4)
3

0

— %(93 - 63)=81+36+54=171.

- 11-
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Question 4.

3 2
(@) g(x) =X 3§ ++1b< *1on[0,1]. The

function g is continuous on [0, 1] and

3 2
g'(x) = & +(S>§r 1+)§X+1 + 0 on the open

interval (O, 1).
Thus there are no critical pointsin (0, 1).
g(0)=1, g(1) =7/2

Thus the absolute minimum value of g on [0,
1] is 1 and the absol ute maximum
value of g on [0,1] is7/2.

(b) (i) For h(x) =x*- 4x3+2x2- 12x + 2, h(0)
=2 and h(1)=1- 4 +2- 12 +2=-11<0.

- 12-
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Since h isapolynomial function on [0, 1], h
IS continuous on [0, 1]. Therefore,

by the Intermediate Value Theorem, thereisa
point k in (0, 1) such that

h(k) = 0. It followsthat thereisapoint k in
(0, 3) such that h(k) = 0.

(i) ForxinR,
h'(X) =4x3- 12x° +4x - 12 =4(x>+ 1)(x- 3).

If h hastwo distinct rootsin (- o, 3), then
since h is differentiable on the whole of
(-0,3) by Roalle'stheorem, there is a point

cin(-o,3)withh'(c) =0. Butforanycin
(-0,3), c<3sothatc- 3<0andso
h'(c) =4(c®>+1)(c- 3)<0,i.e. h'(c) # 0.

This contradiction shows that h can

.- 13-
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have only oneroot. Thusby (i) h has exactly

one such root kK in (- oo, 3).

Alternatively, sinceh ' (x) <Ofor x<3, his
decreasingon (-0, 3] and so h is
Injective on (- oo, 3]. Therefore by part (i)

there is exactly oneroot k in (- oo, 3).

(c)  Consider thelimit

. fx)- (0 . f(x)
IX'IQ Xx-0 _IX'IQ X
since f (0) =0.
If thislimit exists, then so isthe following
limit 0
. X
ing| )
@‘ does not exist, then
im )= 1O, 100 f(x) does not exist.

x—=0 X - O x—0

- 14 -
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Now by property 2, for x + 0,

‘f(x)‘ el VX _ 1

X[ =X x|
1 f(X)‘
Sincelim—— = dose
SELl X
not exist.
Thus lim = 1O ;. T0) f(x) does not
Xx—0 Xx-0 x—0

exist. Therefore, f isnot differentiable at x =
0.

.- 15-
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Question 5
. I x%-1,x<1
Since f(x)—% AX- x2- 3 x>1°
that f iscontinuouson R because f isa
polynomial function on (- «, 1) and also on
(1, 00) and that
lLrP f (X) :)!Lrllj f(x)=0= f(2).

we note

oy b 3x%, x<1
Then f(X)_,:\4_ 2, x>1
-------------------- (1)
vy b BX, X<1
f(x)_%-Z,x>1
-------------------- (2)

(@) Deducing from (1):
for x <0, x2>0and 3x? > 0 so that
f'(x)>0. Since f iscontinuousat x =0, f
Isincreasing on the interval (- oo, Q].

.. 16-
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ForO<x<1, 3x?>0sothat f'(x)>0.
Hence f isincreasing on [0, 1] since f Is
continuousat x =0and at x = 1.

For 1<x <2, (4- 2x) >0sothat f'(x) > 0.
Thus we have that

f isincreasingon[1,2] since f IS
continuous at x = 2.

Therefore, f isincreasing on (- oo, 2].
Finally for x> 2, 4- 2x <0 and so by (1)
f'(x) < 0and we concludethat f is

decreasing on [2, ).

(b) From (2) whenx <0, f"(x) <0. Hence
the graph of f isconcave downward on
theinterval (- «0,0) . Also from (2), when
1>x>0, f"(x)>0. Thusthe
graph of f isconcave upward on the
interval (0, 1). Againfrom (2), for x > 1,
f"(x)=-2<0andsothegraphof f is
concave downward on (1, o).

(¢) Now lim f(x) =lim - (x- 2)*+1=-oo,

Thus f has no absolute minimum. From part
(@), f isincreasing on (- oo, 2] and decreasing

= 17 -



PAGE 17 MA1102

on [2,). Therefore
f(2)=1
1S the absolute maximum of f.

(d) From part (b),

(0, 1(0)=(0,-1) and (1, 1(1)) =(1,0)
are the points of inflection of the graph of f
sinceat x = 0 and at X = 1 respectively, there
IS a change of concavity before and after the
point X.

Thegraph of f (not drawn to scale)

.- 18-
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Question 6
@ (i)
909 =)-x 552+ sngp O
X2 1 0 1
=lo 2+t2+s,in(2t)dt+j'x2+t2+sin(2t)dt

_ X2 1 - X
=lo 2+t2+sin(2t)dt' Jo 2+t2+sin(2t)dt
= F(x?) - F(-X)

where F(X) = I§ 557 gt

+sin(2t)
Therefore,
g'(x) = F'(x?) - 2¢- F'(-X) - (- 1)
by the Chain Rule

_ 2X N 1
2+Xx4+49n(2x2)  2+x2- sin(2x)
by the FT C.
(i) Sinceh(x) =5°(x3+1),
In(h(x)) =x2In(5) +In(x3 + 1).

.. 19-
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Thus, differentiating the above on both sides
gives

T\((:(()) =In5)2) +3347
Therefore, ,
() = 5 (2 + 1) In(5)(20) + -2

= 5 (2In(5)x(x3 + 1) + 3x2).

(b) (i)
Since f(x)=[}v/1+3t2+t*dt, by the FTC,

f'(X)=V1+3x2+x%>1>0.

Therefore, f Isincreasing on the whole of R.
Thus f isinjective.

(ii) (f'l)’(O):f,(f_ll(O)). So we need to
know the value of f -1(0) . Now
f-1(0=xe f(x)=0

o [1V1+3t2+t4dt = 0.

Since

.- 20-
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f(1)=f;J1+3t2+t*dt=0and f is
Injective, x = 1.

Therefore, .

(f10) =7
e,
f'(1) J/1+3+1 /5

()
X| +4>[x- 1| ----mmmmmmmmee- (1)

For x <0, the inequality (1) becomes
-X+4>-(x-1).
That is4 > 1 which istrue.
So the solution set is (- oo, 0) for this part.
For 0 < x <1, theinegquality (1) becomes
X+4>-(x-1).
Thatis
2x > -3 o0r x > - 3/2. Hence the
solution set is [0, 1).
For x > 1, theinequality becomesx +4>x-1
which is always true.
Therefore the solution set to (1) IsR.
Alternatively,
x- 1 - IxI <l(x- 1)- xI =1<4.

- 21-



