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“ Given the cardinal or natural number, it is possible to build up the real and complex number systems, functions, and in fact
all of analysis (calculus).”

Definition 1. A set is a collection of objects, which we call elements or members.

If aisan element of the set A, we say a belongs to A and this is written a € A. If a is not an element of
A, then we say a does not belong to A and this is written a ¢ A.

Activity 1. 1. Give an example of a set with elements chosen from the integers.

2. Make up a statement, from your example, involving "™ or "¢".
Two sets A and B are equal if they have the same elements and we write A = B, otherwise A + B.

3. N =the set of natural numbers = {x : x is a natural number} ={1,2,3, --- }.
Explain the meaning of "---" here.

Food for Thoughts: 1. What is the set of natural numbers? This question is not a simple one from the point of
view of mathematics. It involves a deeper meaning of the concept of numbers. Ref: The Concept of Number , B
Artmann, John Wiley 1982. 2. How do we count the elements of a set? What do we mean by a countable set, an
infinite set? If we have a notion of “size” , then can the ““size of the set of real numbers R be the same as R? ?
(Hint: Cantor’s Theorem.) The set of real numbers is fundamentally important in analysis. But its initial
discovery is somewhat tumultuous. Hippasus was supposedly tossed into the Mediterranean by fellow
pythagoreans for discovering irrational numbers. Readings: Daubney, Journey Through Genius: Chapter 11.

Examples 1.

1. A={1,4,9,16},B=1{9,1,4,16},C={1,2,4,8,16}and D={2":ne {0,1,2,3,4}}.
Then A=Band C=D. But A+ C because 9 Abut9 ¢ C.

2. E={1,5,6,7,9} and F={1,5,7,6,9,5,6}. Then E = F.

Definition 2. A is a subset of B if every element of A is also an element of B. We write A< B or
B 2 A (and we say B contains A). Thus if A has an element which is not an element of B, then A is not a
subset of B and we write A& BorB 2 A.

Activity 2. Give an example of three sets A, B and C suchthat AcBand A CbutB £ C.

Note : A< B ifand only if every element of A is also an element of B, i.e., if and only if the following
statement is true:

xe A=>xeB ( = reads"implies")or ifxeA, thenxeB.

Activity 3. Give examples of three sets A, B and C illustrating the following two statements.

1. ForanysetA,AcCA,¢dcA.
2. fAcBandBcC, thenAcC.

Definition 3. The union of Aand B is defined by AUB={x:xeAorxeB}. Thissetis indicated by

the shaded region in the following Venn diagram.
@b
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Activity 4.
1. Take two finite subsets of the integers and form their union.

2. Take two bounded intervals of the real numbers and form their union. What is the resulting subset? Is
it still a bounded interval?

[A bounded interval is a subset of the real numbers of the following form.
{xeR:a<x<b}jor{xeR:a<x<b}or{xeR:a<x<b}or{xeR:a<x<b} ]

Definition 4. The intersection of A and B is defined by ANB = {x:xe Aandx € B}. Itis denoted by

the shaded region below. { () 2 J

Activity 5.
1. Take two finite subsets of the natural numbers N and form their intersection.

2. Take two bounded intervals and form their intersection. What kind of subset of the real numbers can
we obtain?

Definition 5. The complement of A, A" = {xe# :x ¢ A}. Itis denoted by the shaded region

below. @ »

Activity 6.
1. Letz={1,23,4,---,10} and A={2,5,9}. What is the complement of A?

2. Let z=Rand A={xeR:3<x<9}. FindA".

Definition 6. The relative complementof Bin Ais A—B={x:xeAandx ¢ B}. Itis denoted by the
shaded region below. B
Activity 7.

1. LetA=1{2,34,57} letB={1,57}. Find A—B.

2. Find {xeR:1<x<9}-{xeR:4<x<T7}.
Activity 8. Give examples of sets A, B and C for each of the following statement.
1. IfAcCandBcC, thenAUBCC.

2. fCcAandCc B, thenC< ANB.
Draw a Venn diagram for each statement.
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To know a set we must be able to identify or recognise its elements. Most definitions or statements in
set theory are stated in terms of elements. Therefore in order to answer any question which is set
theoretic in nature, we must first have a good idea of the elements of the sets involved.

1. LetA={2,3,5,8,10},B={2, 3,8} C={2,5,10}and D = {2, 8}.
a. List the elements of A, B, C and D respectively.

b. Which elements of B are also elements of A? Is every element of B an element of A? IsBa
subset of A?

c. Which elements of C are also elements of A? Is every element of C an element of A? IsC a
subset of A?

d. Is D asubset of A? Is it also a subset of B and C? Is C a subset of B?

2. For each of the following statements, state whether it is true or false and give reasons.

a. ¢=0. g {xeR:1<x<6}={1,2,3,4,5}

b. {1,9,2,7} €{1,2,7,9}. h. {xeR:1<x<1}=¢

c. {4,58,54,4,8} {4,5,8}. i. {37} < {{37}}.

d. ¢<{g}.

e. 1173 € {1173}.

f. 4={4}.

Note: Part (a) has surprising answers. They depend on the meaning that you will assign to "0" as
mathematical objects and the meaning of "=". Contrast with part (f) and (i).

3. Theset {xeN:3<x<5}={34,5}. Obtainsimilar identities for
a. {XeN:x?-2x-24=0)}.
b. {xeN:x?-6x+10=0}.
c. {XeN:x?+7x+10=0}.

4. Letthe universal setZ={xeR:0<x<11} and let
A={xeR:3<x<6},B={xeR:4<x<9landC={xeR:5<x<8}.
Find the following sets:

a. AUB.

b. A".

c. AnB.

d. BNC.

e. B-A"

f. AUBNC).
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Note that we may use the interval notation here.
{xe Ria<x<Db}isdenoted by (a,b); {xeR:a<x<Db}by][a,b)

r{ixe R:ia<x<b}by(a b] and {xe R:a<x<b}by[a, b]. Sothesetzis (0, 11]. Try to express your
answer in the interval notation as far as possible.

5. The Cartesian product X xY of two sets X and Y is defined by XxY = {(x,y) : xe Xandy € Y},
where (X, y) is an ordered pair. Let A={neZ:-2<n<2},S={(X,y)e AxA:x2+y?<5}and

T= {(x,y)eAxA:‘%x—y‘ <1}. Listthe elements of AXA,S, T andSNT.

6. Listall the subsets of A= {a, {a}}. (Hint: Recall the meaning of subsets)
Optional Questions

7. Which of the following statements are true? If you think it is false, give a counter-example. If you
think it is true, then prove it.

A. IfAcBandB&C, thenAZLC.

b. FAUB=AUC,thenB=C.

c. fANB=ANC,thenB=C.

d. IfAUB=AUCandANB=ANC, thenB=C.
e. IFACB, thenforanysetC,AxCc<BxC.

f. ForanysetsAandB, AxB=BXxA.

8. For any sets A and B define the 'symmetric sum' A@B=AUB-ANB. Draw a Venn diagram to
represent A & B. Prove that

1. A@B=B®A

2. ABA=¢

3. A®B)®C=A®Ba®C)
4. (A®B)NC=(ANC)®(BNC)

9. Prove that (A u B)x(C u D) = (AxC) u (AxD) u (BxC) u (BxD) .
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