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Dirichlet: vy is a function of x when to each value of x in a given interval there corresponds a unique value of y. It does not
matter whether throughout this interval y depends upon x according to one law or more or whether the dependence of y on x
can be expressed by mathematical operations.

Definition 1. A function f: A— B from A to B is a rule which assigns to each element a € A one and
only one element b of B. We write f (a) for b. The set A is called the domain of f and the set B is called
the codomain of f.

Discuss: In your opinion, Dirichlet's definition and the definition above are the same. Are they precise enough? If not, where
do they fail to be precise?

The set {b B : there existsa e Asuchthat f(a)=b} ={f(a):ae< A}is called the range of f. We say b
=f (a) is the image of a under f. We may write for a subset U < A, f(U)={ f(X) : x € U}and call this
the image of U under f. Thus the range of f isequal to f (A) the image of A.

Activity 1. Consider the expression f (x) =x?+1. What is the largest subset of R for which the
expression determines a function with it as the domain? What would you take as the codomain for such a
function? For what values of y can we solve the equation f (x) = y for x in the domain of f ? Note that
this is preciselly the range of f . How would you describe the range of f ? Is it sufficient to plot the
graph of f and make a deduction for the range of f ? What is wrong in doing this ?

Definition 2. A function f: A — B is said to be injective (or one-one) if and only if the following
statement is true: If f(a)=f(b),thena=nh.

Activity 2. 1. Take the function f:R—R defined by f (x) =3x. Explain why it is injective.
2. Explain why the function f:R—R defined by f(x)=x?+1 is not injective.

Definition 3. A function f: A — B is said to be surjective (or onto) if for each element b in B, there
exists an element a in A such that f (a) = b, equivalently if f(A) =B.

Activity 3. Explain why the function f:R—R given by f (x) = 3x is surjective. (Take any yin R. Show
that we can find an x in R with f (x) =y). Why is it inadequate to plot the graph of f for a finite interval
on a piece of paper and deduce from the graph that f is surjective ?

Definition 4. A function f: A - B is said to be bijective if and only if f is both injective and surjective.
Activity 4. Show that the function f:R—-R defined by f (x) = 3x is bijective.

Definition 5. Let f: B— Candg: A - B be functions. Then their composition (or composite ) is a
function fog:A - Cdefined by fog(x)="f(g(x)) foreachx e A.

Activity 5. Let f:R—»Rand g:R-R be defined by f(x)=2x+3and g(x)=5x? respectively. Find
fog(x)and gof (x).

Definition 6. Suppose f: A — B is a bijection. Then it has an inverse function f~!:B — A defined as
follows. Take any b in B. Since f is surjective, there is an element a in A such that f (a) = b. We define
f-1(b)=a. f~*assignsonly one valuetoband f!isa function with domain B and codomain A.
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Activity 6. Take f:R-R defined by f (x) =x+ 8 which is bijective. Show that its inverse function
f1:R-R isgivenby f-1(y)=y-8.

Definition 7. A function f:D —R is said to be even if f(—x)="f(x) forall x in D. Itis said to be odd if
f(—x) =—f(x) for all x in D.

Activity 7. Give an example of an odd function and an example of an even function.

Definition 8. A rational function is a function h defined by h(x) = I}E_ig where f and g are polynomial

functions and the domain of h is given by Domain(h) = {x eR: g(x) # 0}.

2X+7

Activity 8. What is the domain of the rational function g(x) = m?

Inequalities.
Activity 9. Write the following subsets of R in interval notation.
1. {X:1<x<6} 2. {x:3<x<7} 3 {x:-4<x} 4{x:x<9}

Properties 9. The real numbers R is the only complete totally ordered field (upto isomorphism). It has
exactly one linear ordering determined by R+ which contains the positive rational numbers.

Note that R+ is a distinguished subset of R that does not contain 0 and satisfies the following (1) Any real number x
is either in R+ or its reflection —R+ = {—x : x € R+}or is equal to 0 and (2) a, b in R+ impliesthata + b € R+ and ab
€ R.. Wedefinea>bifandonlyif a—b e R.. Using this definition of " > " and the properties of R-,
convince yourself the truth of the following statements.

. Givena, b € R exactly one of the following is true: a>b,a=b,a<h.

.a>band b>c=a>c. 3. ForanycinR, a>b=a+c>b+c. 4. a>band c>0=ac>bhc

1
2
5 a>band c<0=ac<bc. 6. a>bandc>0:%>% 7. a>bandc<0:>%<%
8
9

. ab>0«< (@a>0andb>0)or (a<0andb<0).
. ab<0s (@a>0andb<0)or(a<0andb>0).

10. Ifa>b>0andneN, thena">b", 11. Ifa>b>0andneN, thena™ >bT.

Definition 10. We say a is greater thanorequalto b ifa>b ora="b. Wewrite a>b (orb<a).

Xifx>0
—Xxifx<0 °

Definition 11. Define the modulus function, | | :R-R., U {0}by [x| :{
Activity 10. Explain x| >0and —x, x <|x| for any real number x.
Properties 9 (Continued).

12. Suppose a>0,then |bl<aeb<aand-b<a & -a<b<a.

13. Ibl>a<ob>aor-bh>a <b>aorb<-a

Activity 11. 1. Show that |al <la—bl +Ibl and |bl <|a— bl +|al and deduce that [lal —|bl| <la—bl
2. Show that [x—3| <2 < 1<x<5.
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10.

5x—19
3X—-6"

a. Find the largest subset D R so that f(x) does determine a function
f : D -»R with domain D and codomain R.

Let f(X) be the expression

b. With the domain D as given in part a, find the range of f.

c. Let E be the range of f found in partb. Let f' be the function obtained from f by replacing the
codomain of f withitsrange E,i.e., f':D - Eisgivenby f'(x)= f(x)forall xin D. Show
that f' is bijective and find an inverseto f'.

1
9x—-2°

Let g :R—{%} —R be the function given by g(x) =

a. Find the range of g .

b. Show that, when considered as a function g :R—{%} — Range g , g is a bijection and find its
inverse.

For each of the following expressions, determine the largest domain on which it defines a function
with values in the real numbers R (= its codomain) and its range. Sketch their graphs.

a. f(x)=v25-x2.
b. g(X)=Ix-3+Ix+2l.

For each of the following functions f :R—R, determine whether it is injective, surjective or bijective.
a. f(x)=7x+5.

b. f(X)=x?-6x+5.
Let g: A—Band h:B - C be functions. Show that

a. if hog issurjective, then h is surjective.
b. if ho g isinjective, then g is injective.
Find the solution set of each of the following inequalities:

a. xX>-x-6>0. b %<1. C. %—42%—10. d. [Xx+2[+|x-5/>6.

a_%c a_a+10lc _c
If b,d>0andb<d,thenshowthatb<b+101d<d.

Solve the following inequalities for x in R.
a. 15x2+9/>4. b ‘%‘27.
Prove that if aj,a, and a3 are positive and a;a,as = 1 then (1+a;)(1+a)(1+az)>8.

(Optional) Show that if P is a subset of Q satisfying 1. Q = P U{0}U(-P), 0 ¢ P, -P = {-a: a P},
Pn(-P)=Yand 2. a,b € Pimplies thata + b, ab € P, then P is precisely the set of positive
rational numbers. Show then that Properties 1 to 10 listed under the Inequalities heading hold for
rational numbers. [Hint for the first part: Start by showing 1 € P.]
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