A Note on Partial Fraction Expansion
By Ng Tze Beng
The subject of this note is the following theorem.
Theorem 1. Suppose p(x) and q(x) are real polynomial functions, i.e., functions defined by

polynomial with real coefficients. Suppose the degree of p < degree of g and p(x) and q(x)
have no common factors other than the non zero constants. Then for the partial fraction

expansion of SEX) (i) corresponding to a real factor (x —a)*, k > 1, of g(x) we have an
expansion
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and (ii) corresponding to a real quadratic factor (x >+ ¢ x + d)*, k > 1, where c? < 4d, we

have the expansion
C1X+D1 n C2X+D2 4ot CkX+Dk
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This result is often used in the integration of a rational function offered in almost any
elementary text on the calculus but the proof in general terms is seldom offered and tends to
be glossed over. We shall prove this result using complex analysis.

Proof. Consider the polynomial functions p and g as functions on the complex numbers. Let
L = degree of q(z) and by hypothesis, L(>) degree of p(z). We can write
p(z

@)= 4 = T
Note that | —=| - |bL| £ 0 as z — oo, where by is the coefficient of z " in q(2).

Since L > degree of p(2),
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Suppose  (z)=(X—ay)™ - (X—az)"2 (X — aK)nK c(X2+Cix+dp)tr .-
. -(X2 +CJX+dJ)LJ,

wherea; ,a,, ...,ak,Ct,C2, ..., C3 di,Co, ..., d, are real numbers and c.*<4 d,, n=1,2,

., J. Let X, X; be the two non real roots of z?+c,z+dn,n=1,...,J. Supposef:, f,,

, f« are the principal parts of f(z) ata:, a2, ..., ak respectively. Note that a;is a pole
of f(z) of order nj and x;, X; are polesof f(z)oforderL;, j=1,2,...,J.
Let gj,h;,j=1,2,...,J, be the principal parts of the Laurent series of f at x;, Xj
respectively. Then
g= f—(f1+f2+...+fK)—(g 1+g2+...+0 J)—(h 1+h2+...+h J)

has removable singularities at a: , az, ..., ak, Xj, Xj,j=1,2,...,J.
Hence, by defining appropriate values of g at these points by taking limits, g(z) is an entire
function.
Nowforj=1,2,...,J,|9i(@)|—0,|hj@z)|—>0asz—>wand|f,(z)| >0asz— «, for
n=1,2,...,Kandso |g(z)| - 0asz— o. Therefore, by Liouville’s Theorem, g(z) isa
constant function and so since | g (z) | — 0 as z — o, g(z) is identically zero. (We can aslo

-0- 1 =0asz— w.




deduce this as follows. Because | g (z) | > 0 as z — o, M(s) = sup{|g(z)|: |z| =s} > 0ass —>
. Hence by the Cauchy Inequality, g(z) is identically zero. ) Thus

f=f1+fo+...+fk+Qg1+92+...+g3+ h1+ho+...+hy.

---------------------------------------- (A)
Note that if a is a pole of order k of f, then the Laurent serles of f atais given by
A
f(z)—( R e a)k+2b(z L 1)
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principal part of f ata. Thus (A) is the partial fraction decomposition of f as complex
rational function. We now specialize to real rational function.
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where the Ai’s are complex numbers. In particular, (Zp_‘ a " is the

Since f(z) = 9@ and p and g have real coefficients,
(@=-22 -2 1

9@

Thus from (1) that if al isa pole of order k of f, then
A, Ay
f(z)—( 5 - ;)2+~-- (_a)k+2b<z L 2)
If a isreal thena= a and so (2) becomes .
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This means that if a is real, (3) is also a Laurent series for f at a and so by the uniqueness of
Laurent series, Aj = A; for j =1, ...k. It follows that the principal part of fatz = a for real a
is given by A A A

1 2 Kk

z-a) " (z-ap "t goax T (B)

where Aj,j=1, 2, ...k, are real numbers.
Therefore, f., 2, ..., fkare of the form given by (B).
Note that if a is non real, then (2) is a Laurent series for f ata. Consequently, the sum of
the principal part of f at a and the principal part of f atais

Ay A1 Az Az Ax Ax
((Z a) " (z—a)]{(z—a)”(z—av]* +((z—a%*(z—a?okJ

(Az-D Az | [(Az-B)2+Az-a)? ] (Az-B)f +Az-a)k
| (z2-2Rea+|al?) * (z2-2Rea+|[a]?)? M (z2-2Rea+|a|?)k

Note that because Aja"and A;a" are conjugate pairs, the coefficients of
Ajiz-a)i+Aj(z-a)! arereal. Hence Aj(z—a) | +A j(z—a) ! is a real polynomial of
degree j. Therefore, by successively dividing out by z2 —2Rea +|al?, starting from
Az -3 + Az - a)*
( (z2-2Rea+|a2)k

C12+D1 C22+D2 CkZ+Dk
((z2 2Rea+|a|2)j [(22—2Rea+|a|2)zj+”.+((22—2Rea+|a|2)kJ
where Cjand Dj are real numbers for j =1, 2, ..., k. This then impliesthatg; + hj,j=1,2,
..., J, isof the form

, (4) can be written as




Ciz+Dy Coz+Dp .., _Cyz+4Dy

(22+cz+d)+(22+cz+d)2+ +(22+cz+d)k (©)
wherec,d,Crand D, n=1,2, ..., k=Lj, are real numbers. By specializing to real
variable x this proves the theorem.




