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Note that by analyticity we may extend relation (7) to 1s  − .  
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+ + − − + −   

    
 

( )
2 2ln(2) 3 1 3

(3) ln(2) (3) (2) ln(2)
2 2 2 2 4


  

 
 = − + + − −  

 
 

2
2

0

3 9 3 3
ln(2) (3) (3)

2 4 8 2 4


   

   
+ + − − −   

    
 

( )
2

2 2 2

0 0

ln(2)3 3 1 1 1 9 3 3 3
ln(2) ln(2) ln(2) (3) (3) (2)

2 8 4 2 4 2 4 2 2 2
       

 
 = − − − + + + − + − 

 
 

 

We may express 
0

( )
(1 )

s

n x n

x
H s dx

e



=
+  for n = 4 in terms of the Eta, Gamma functions.  

For n = 4, recall the relation (7), 

1

4 3 34 3 30 0 0
( ) ( ) ( 1)

(1 ) (1 ) 3 (1 ) 3

s s s

x x x

x x s x s
dx H s dx dx H s H s

e e e

−
  

= = − = − −
+ + +        

11 1
( 1) ( ) ( 1) ( 2) ( 1)

6 6
s s s s s   

 
= + − + − − −  + 
 

 

Hence,  

40

11 1
(2) (1) (0) ( 1) (2)

(1 ) 6 6x

x
dx

e
   

  
= − + − −  

+  
  

                       

2 211 1 1 1 11 11
ln(2) ln(2)

12 6 2 6 4 12 6 24

  
= − + − = − + 
 

. 

2

40

11 1
(3) (2) (1) (0) (3)

(1 ) 6 6x

x
dx

e
   

  
= − + −  

+  
  

                       

2
23 11 1 1 3 11 1

(3) ln(2) 2 2ln(2) (3)
4 6 12 6 2 2 36 6


  

  
= − + −  = + − −  

  
. 
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Recall (8), 

40

ln( ) 11 1
( 1) ( ) ( 1) ( 2) ( 1)

(1 ) 6 6

s

x

x x
dx s s s s s

e
   

  
   = + − + − − −  + 

+  
  

                            
11 1

( 1) ( ) ( 1) ( 2) ( 1)
6 6

s s s s s   
 

+ + − + − − −  + 
 

. 

Using (8), with s =2,  

2

40

ln( ) 11 1
(3) (2) (1) (0) (3)

(1 ) 6 6x

x x
dx

e
   

  
   = − + −  

+  
  

                          
11 1

(3) (2) (1) (0) (3)
6 6

   
 

+ − + −  
 

 

( )
22

0

ln(2)3 1 11 1 1 1
(3) ln(2) (3) (2) ln(2) ln(2) ln 2

4 4 6 2 12 2 6 2 2

 
   

     
  = + − + + − −            

  

                  ( )
2

0

3 11 1
(3) ln(2) 3 2

4 6 12 12


 

 
+ − + − − 
 

 

  ( )
2 2 2 2

0 0

1 19 11 11 11 1 1
ln(2) ln(2) ln(2) ln( )

4 6 24 36 36 6 6
     = − + − − − + − +  

      0

1 9 3 3 11
ln(2) (3) (3) (2)

2 4 2 2 6
   

 
 + + − + − 

 
. 

 

Using (8) with s =1, 

40

ln( ) 11 1
(2) (1) (0) ( 1) (2)

(1 ) 6 6x

x x
dx

e
   

  
   = − + − −  

+  
  

                            
11 1

(2) (1) (0) ( 1) (2)
6 6

   
 

+ − + − −  
 

 

( )
22

0

ln(2)1 11 1 1 1 ln(2)
(2) ln(2) ln(2) ln 3ln( ) 1

2 12 6 2 2 2 6 4 3
A

 
 

      
 = + − − + − − −             

  

( )
2

0

11 1 1
ln(2) 1

12 6 2 24




 
+ − + − − 
 

 

( ) ( )
2

2

0

1 11 11 1 1 1 ln(2)
(2) ln(2) ln(2) ln(2) ln ln( )

2 12 12 6 2 2 2 24 18
A

 
 

 
= + + − + − + + 

 
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2 2

0 0

11 11 11 11
ln(2) ln(2)

12 24 6 6 12 24

 
 

 
− + + − + + 
 

 

( ) ( ) ( )
2 2 2

2

0

1 11 1 41 1 1 11
(2) ln(2) ln(2) ln ln 2 ln( )

2 12 12 2 18 2 2 12 24 12
A

  
  

 
= + + + − − + − + + 

 
. 

 Using (8) with s = 0,                      

40

ln( ) 11 1
(1) (0) ( 1) ( 2) (1)

(1 ) 6 6x

x
dx

e
   

  
   = − + − − −  

+  
  

                            
11 1

(1) (0) ( 1) ( 2) (1)
6 6

   
 

+ − + − − −  
 

 

                     
( )

2

0 2

ln(2) 11 1 1 ln(2) 1 (3)
ln(2) ln 3ln( ) 7

2 6 2 2 4 3 6 4
A

 




       
= − − + − − −               

 

                            ( )0

11 1
ln(2)

12 4


 
+ − + − 
 

 

                 
( )

2

02

ln(2) 11 1 ln(2) (3) 2
ln 3ln( ) 7

2 12 2 4 3 24 3
A

 




 
= − − + − − − + 

 
// 

                 
( )

( ) ( )
2

02

ln(2) 11 11 1 ln(2) (3) 2
ln ln 2 3ln( ) 7

2 12 12 4 3 24 3
A


 


= − − + + − − − +  

                
( )

( ) ( )
2

02

ln(2) 11 7 1 (3) 2
ln ln 2 3ln( ) 7

2 12 12 4 24 3
A


 


= − − + + − − + . 

Recall relation (9), 

550
( )

(1 )

s

x

x
dx H s

e



=
+  

                       ( )
35 25 5 1

( 1) ( 1) ( ) ( 2) ( 3) ( 1)
24 12 12 24

s s s s s s    
 

= − + + − − − + −  + 
 

 . 

With s =1, we have, 

( )50

35 25 5 1
(0) (2) (1) ( 1) ( 2) (2)

(1 ) 24 12 12 24x

x
dx

e
    

  
= + − − − + −  

+  
  

 

                         

2 235 1 25 5 1 5 25
ln(2) 0 1 ln(2)

24 2 12 12 12 4 8 12 12

  
= + − − +  = + − 
 

. 

With s = 2, we get, 
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( )
2

50

35 25 5 1
(1) (3) (2) (0) ( 1) (3)

(1 ) 24 12 12 24x

x
dx

e
    

  
= + − − + −  

+  
  

                           

235 3 25 5 1 1 1
ln(2) (3) 2

24 4 12 12 12 2 24 4




  
= + − − +   

  
  

                  
235 3 25 19

ln(2) (3)
12 2 72 48

 = + − − . 

Using relation (10) with s =1, we have, 

50

ln( )

(1 )x

x x
dx

e



+  

35 25 5 1
(0) (2) (1) ( 1) ( 2) (2)

24 12 12 24
    

 
    = + − − − + −  

 
 

35 25 5 1
(0) (2) (1) ( 1) ( 2) (2)

24 12 12 24
    

 
+ + − − − + −  

 
 

( )
22

0

ln(2)35 1 1 25
ln (2) ln(2) ln(2)

24 2 2 2 12 12 2

 
 

    
= + + − −            

  

2

5 1 ln(2) 1 (3)
3ln( ) 7

12 4 3 24 4
A





    
+ − − − +    

    
 

( )
2

0

5 25
ln(2) 1

8 12 12




 
+ + − − 
 

 

( )
2

235 1 25
ln (2) ln(2) ln(2)

48 2 2 12 24

 


 
= + + + 

 
  

2 2

02

5 5 5 (3) 5 25 5
ln( ) ln(2) 7 ln(2)

4 48 36 96 8 12 12 8 12
A

  




 
− + + + + + − − + 

 
 

( ) ( ) ( )
2

235 385 1 25
ln ln 2 (2) ln(2) ln(2)

48 144 2 12 24


  = − + + +   

    

2 2

02

5 35 (3) 5
ln( ) 7

4 48 96 12 8 12
A

  




 
− + + + − + 

 
 

( )( ) ( ) ( ) ( )
2

235 385 1 25
1 ln ln 2 (2) 1 ln(2) ln(2)

48 144 2 12 24


  = + − + + + +   

    

2

02

5 (3) 5
ln( ) 7

4 96 8 12
A

 




 
− + − + 

 
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We list some useful identities below.  

(1) 1 = ,  (2) 1 = , (3) 2 = , 0(1)  = − , 0(2) 1  = − , 0(3) 3 2 = − .   

1( ) (1 2 ) ( )ss s −= − for s >1. 

1
(0)

2
 = , (1) ln(2) = ,

2

(2)
12


 = ,  

2 3
(3) (1 2 ) (3) (3)

4
  −= − = , 

1
( 1)

4
 − = , ( 2) 0 − = , 

1
(0) ln

2 2




 
 =  

 
, 

( )
2

0

ln(2)
(1) ln(2)

2
  = − , 

21
(2) (2) ln(2)

2 12


  = + ,  

2 2 3 1
(3) (1 2 ) (3) 2 ln(2) (3) (3) ln(2) (3)

4 4
    − −  = − + = + , 

1 ln(2)
( 1) 3ln( )

4 3
A − = − − , 

2

(3)
( 2) 7

4





 − = ,  

2

0(2) ( ln(2 ) 12ln( ))
6

A


   = + − , 
2

(3)
( 2)

4





 − = − , 

2

(2)
6


 = , 1.2020569031595942853...(3)   

0.93754825431584375370...(2) −   

0.19812624288563685333...(3) − =  

 

 

Revised 28/2/2024 


