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In this article, we shall consider the integrals I: dx for s>0,n>1, We shall present a

we consider its derivative with respect to s, I:

derivatives. We compute the integrals J? dx , for the following cases, 1<n<4 and

0<s<?2, n=5and s=1.
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We list the relation the integral .[: (1+Xex)n dx has with the Eta and Gamma functions below:

For s>-1, A(S) = j:li‘e dx = (s +1)I(s+1). (1)
[ )((1I+néx)) dx = A'(5) = 7'+ DI(s + 1) + (s +DI'(s +1).

Fors>0, G(S):I:ﬁdx:(77(S+1)—77(s))F(s+1), (2

J:o ()flr;(x);z dx=G'(s) = (7' (s +1) —7'(s)) [ (s +D) +(n(s+1) —n(s))I"(s+1) .

For s> -1,

H(s) =] (1+XT)3dX _ %(n(s 1)+ 27(5+1) ~37(8) )T(S +1) , —mmnmmmmeeeereeeee 3)

[ Ay =H

= %(n'(s ~1)+27'(s+1) = 37'(s)) (s +1) +%(n(s ~1)+2n(s+1) = 37(5))T'(s+1) . - 3)*

= In(x = (In(x))?
The above relations have been presented in the article “The Integrals '[0 ( 2 dx ,'fo (1 ( )X) dx,
+ +e
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For s>0 and n>1,

r X gx=| Loyt L I X (— n)e—ldx
o (1+e*)" s+1  (+e")" |, 5410 @+e")"

S+l fAX s+l s+l S+1
04 n J- X" (e +1)—1x dx — n J- X dx— n J» X _x
s+170 @+e*)™ s+1% (1+e*)" s+170 (1+e*)"™
Therefore,
s+1 s+l S
J- X . _J~ dx— S+1J~ X dx
@+e)™ (1+e")" @+e9)"
S S s -1
or for s>1 and n>1, j X—ldx j X ——j
0 (1+e)™ @+e)" (1+¢” )
For s>1and n>2,let H (S) = J.
1+ e)
s (= X S
= dx=H, ,(s)————<H,.(s-1).
Ha(5)= I (1 I (1+e )nl 1IO L+e")"™* r(8) (n-1) (870
- (4
Differentiating (4), for s>1 and n>2,
S s-1 s-1
H(s) = J- x° In(x) dx = .[ X In(x)_ldx_ 1 .[ X k- S J- X In(x_)ldx )
@L+e)" @L+e)" 0 (1+¢€")" n-1/0 (1+¢")"
Or,
x* In(x 1 S '
M=) fryay O O g Hun(s D= S, () ©

(n-1) (n-1)

With n =4, we have

H,(s)=[ (1 dx H(s)——H(s 1)

j (1+e) "J (1

)
_H (s)——[ (n(5-2)+ 2n(s) ~3n(s - 1))r<s)]
— H,(s) —(%(U(S—Z)+277(S)—377(S—1))F(s +1)j

= %(n(s —1)+2n(s+1)-3n(s)) (s +1) - (%(n(s —2)+2n(s)-3n(s-1))T'(s +1)j

=[n(s—1) +n(s+1)—%n(s)—%(n(s—z))jr(su) . L@
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Note that by analyticity we may extend relation (7) to s >—1.

Differentiating (7), we obtain,

[ a'”(j)d x=H, (s)= (77'(5—1)+77’(S+1)—%77'(5)—%(77'(5—2)))”“1)

{n(s—l) Fs+D) -0~ (1s —2))]r'(s +). e (8)

We may proceed in the same manner with H(S).

S

jwme) dx = Hg(s) = H,(s) - —H ,(s-1)

~(nts-0 40t -6 - (62 Jres )
—Z[n(s—2)+n(s)—%n(s—l)—%(n(s—s‘))jf(s)

= (77(5 ~D+n(s+1) —1—6177(8) —%(77(5 —2))jr(S +1)

—%[77(5—2) +7(s) —%177(5 -1 —%(77(5—3))jf(5 +1)

(St (s )-GO -G+ 0(s=2) (5= (s )

_ (%n(s 1) +n(s +1)—f—§77(s) —%(77(5—2))+%77(S—3))F(s +1).

S

o X
jo mdx=H5(s)

(24 (s— 1)+77(s+1)——77(s)—£( (s— 2))+2—77(s 3)jr(5+1) ......

Again, we note that relation (9) is valid for s > —1.

Differentiating (9) we get,

[ X094y 1 (s)
0 (L+e")° °

(24n(s D+ (+) -2 () -0/ (6-2)+ 26 3)jr(s+1)
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[§4n(s 1)+n(s+1)——n(s)——n(s 2)+—n(s 3)]r(s+1) --------------- (10)

The integrals.
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oxIn() o 1o 7 7 -
IOde_/\(l)_2;(2)+12In(2)+12(1 %),

= X* In(x) , 3., 1 3
[ ’ dx:A(Z):Z(Zg (3)+Z|n(2);(3)j+zg(3)(3—270)

0 1+e

3 gy 9 -2 @y - [Linz)s 03 3,
=§§(3)+§|n(2)§(3)+zé"(3)—§§(3)7o—(2|0(2)+4 27ojé”(3)+2§(3)-

Using (4) with s =1 and n =2,
2
[ X[ =2 —in().
0 (1+e%) 0 (1+e%) 10 (1+e%) 12
Using (4) with s =1 and n =2,

G G 20 X 3 75 3 7l
dx = dx—= dx==C@B)-2—==C(3)——.
J (1+e")? J (1+€") 1jo (1+e) 22057240975

I: (1|Jr:(exx))2 dx =G'(0) =(7'M) —77'(0)) T (W) +(17() = 7(0) ) T" (1)

I 2
- In(zm—@_%|n(gj}1+(m<z)—§j(—yo)

= _lm(fj_w]xpriyo
2 2 2 2

:%(70 —|n(9—(|n(2))2j.

Using (5), withs =1 and n =2,

ro xIn(x) dX:Jooxln(x) dx—'foo 1 dX_J'OO In(x) dx
0 (1+€*)? 0 (1+€*) 0 (1+€¥) 0 (1+¢€")

2

1, 7’ 7’
= 5 $'(2)+ T In(2) + ' A-7)—-In(2)+

(In(2))
2

7 In(2))*
_ %g’(z) + 2 (L+In@) = ,)-In()+ ( ”(22)) |

Using (5) withs=2and n =2,

J-oo x? In(sz dx=ro X2 In(i() dx—.[w X : dX—ZJ.OOXIn()i) dx.
0 (1+e") 0 (1+€) 0 (1+e%) o (1+€%)
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9 3 , 7’ 7’
( |n(2)+z—§7o)é”(3)+ 5(3)—5—2[ ((2)+E|n(2)+5(1—70)J

1 9 3 3., 7? , 7 V-
(Gr@+3-3n @ Sc@-T-c@-Tne-T Ty,

2 2 2

(3r@+3-3n @ Sc@-c@- % - T+,

Using (4), taking s = 1, n = 3, we get
2

© X © X 1 pw 1 T 1 1
.[0 (1+ex)3 dx:jo —(1+ex)2 dX_EIO deZE—M(Z)—E(—E—Hn(Z)j

1 7% 3
=—+———In(2
4 12 2 n(2).

Using (4), taking s = 2 and n =3,

ij—zdx=H3(2)=j°° X dx—= [ dx
0 (1+¢)° 0 (1+€)° 270 (1+¢%)°

3 [t 7% 3
254(3)—F—(E—|n(2)J=|n(2)—7+§§(3)-
Using (5) with s =1 and n =3,
ro xIn(x) dx:Jm xIn(x) __J- __J-oo In(x)
0 (1+¢*)° 0 (1+e*)? (1+e )? (1+¢* )
1, 2 In@2)* 1/ 1 1(1 )
:Eg”(2)+71z—2(1+In(2)—70)—ln(2)+@—5(—5+In(2)j—z[§(;/o—In(%)—(ln(Z)) D
17 2 2 1 1,
=@+ —(In(2)) += |n(ﬂ)+f—2(l+|n(2))—[f—2+2)}/0+E§(2).

Using (3)* with s = 2, we get,

x> In(X) ,
[ o e)3d = H'(s)

=21+ 2@ -3 )T+ (10 +20(3) -3

=%£{|n(2)%(ln(22))} ( ')+~ |n(2)§(3)} ( g'(2)+71f_22|n(2)ﬁxz
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For n = 4, recall the relation (7),

dx for n = 4 in terms of the Eta, Gamma functions.

We may express H(S) = I:

j:(1+x;)4 dx = H,(s) = J:(1+X; ——j (1 dx H,(s)— H (s-1)

=(n(s+1)—1—61n(s)+n(s—1)—§n(s—2)jr(s+1)

Hence,

> X 11 1
.[o (1+e")* dx = (77(2) _En(l) +1(0) —EU(—l)jF(Z)

7’ ll 1 11) ~° 11 11
-| D@52 |- ST @+ ;.
12 6 2 64) 12 6

© X 11 1
fo dre) dx =(77(3)—30(2)+f7(1)—677(0)jr(3)

[ ((@‘EE |n(2)——[—D x2=2In(2)+= 4’(3 “%7 "5



Recall (8),

J- x® In(x)

dx = ( '(s+1)— 77(5)+77(s 1)——77(5 2)jl“(s+1)
(L+e)*

+(77(s +1) —%n(s) +n(s-1) —%n(s — 2))1"(5 +1).

Using (8), with s =2,

ro x? In(x)

0(1+e) ( (O 77(2)+77(1)——77(0)Jr(3)

+(77(3)—1—6177(2)+77(1)—%77(0)jf’(3)

|33+ UL oy E (n@)° ) 11, (#
(Zf(3)+Z|n(2)4'(3)—g(§§(2)+Eln(2)j+£ln(2)7o—TJ———In(EijZ

11 72
{ 4(3)—35 |(2)——j(3—270)

:_% Qm(z) (In(2))" - P ; | n(2)+%ﬂ270——|n(ﬂ)+ Yo

1 9 3 3 iy 11,
+(E|n(2)+z—§7o)§(3)+§§(3)_E§(2)'

Using (8) with s =1,

Iw Xln(f) ( (2)- 77(1)+77(0)——77( 1)]r(2)
0 (1+e*)*

+(n(2)—%n(1)+n(0)—%n(—1)jr'(2)

RN 11 (In@2) ) 1, (= 1 In(2)
| 3@+ -2 DT 2 )Y a2

2 11 1
N T S 1
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{12 24} In(2) 0——|n(2) TREY

1., 7? 11 2 1 41 1 (72 11 7
254(2)4_12 In(2)+ﬁ(|n(2)) +§In( )—EM( )——In(A) __(E—i_ﬂ]y +E

Using (8) with s =0,

I}y [(1) SO+ (Y- 2)jr(1)

+(n(1)—1—;n(0)+n(—1)—%n(—Z)jr'(l)

[0 S(0n(5 )} men--12)-4052)

2

(|n(z)__1+ij( 7)

(In(2)) _g,nm ainga)_ L @ ,<@ 2,
12 \ 2

- 2 3 24 23
In(2))° 11 11 1 In(2 3
=_@_E|n(7z)+E|n(2)+3|n(A)—Z— n:(g) 24’4()2 370

In@2)) 11 7 1 3
@_Em(ﬂﬁﬁln(awlnw —726:4()2 37

Recall relation (9),

w X
J. molx = H,(s)

@477@ 1)+n(s+1)——n(s)—%(n(s 2))+2—77(s 3)jl“(s+1).

With s =1, we have,

© X 35 25 5 1
.[o 1+e") dx = (ﬂﬂ(o) +7(2) —Eﬂ(l) _E(U(—l)) +ﬂn(_2)jr(g)

2 2
_|3»®1 2 B In(2 )_EEJFO w12 ”___| nE).
242 12 12 124 8 12

With s =2, we get,
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© X 35 25 5 1
) dX=(ﬂn(1)+n(3)—ﬁf7(2)—E(U(O))Jrzn(—l)jfﬁ)

(1+e*)°
35 3 257° 5(1 11
=[§|n(2)+25(3)—————(—) sz

+__

1212 12\2) 244
35 3 25 19
P +2c@) 222
R N@*5¢@ -2~

Using relation (10) with s =1, we have,

r xln(x)5 dx
0 (1+¢€")

35 , 25 , 5 1,
=(ﬂf7(0)+77(2)—577(1)‘577(‘1)+§’7(_2)jr(2)

35 25 5 1 ,
+(ﬂn(0) +17(2) —En(l) —En(—l) +ﬂf7(—2)jf (2)

35(1, (2N (1, 2 ) 25 _(In@)Y’
_ﬂ(iln(zj}r(ag(2)+Eln(2)j 12£|n(2)70 . ]

+(—3(3|n(A)—1—@j+i(7“?D
7 2 3 ) 24\ ar

5 7[2 25
+(§+E—Eln(2)}(l—7/o)

35, (z) 1., r° 25 2
:4_8|n(5]+§§(2)+Eln(2)+ﬂ(ln(2))

5 5 5 ‘@ 5 22 25 5 12
—=In(A)+—+—1In(2)+7 +—+——-—In(2)—| =+—
2 A+ gt g+ T ot "D gtz |7

1, 2 25 2
:—In(ﬂ)——ln(2)+5§(2)+71[—2In(2)+ﬂ(ln(2))

2 2
—Eln(A)+§+7i3)2+ﬂ—— §+7Z— 7o
4 48 96z° 12 \8 12

35 385 1., 2 25 ,
=2 (LIn(2))= T2 (2) + @)+ T (1+In(@)) + 2 (In(2)

_3 @ (5.7
2 "AH T gg (8+12]7/°
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We list some useful identities below.

rQ=1, rQ)=1r@) =2, ') =-y, ') =1-y,, I'G)=3-2y,.
n(s) = (1—2"°)Z(s) for s >1.

1(0) =%,77(1)=|n(2),77(2)=71[—2, 77(3)=(1—22)é“(3)=%§(3), n(=1) :%, n(=2)=0,

(In(2))’
>

7@ =303 ] 0=y -T20 e -1o@ D),

7@ =1-22)(3) + 27 InR)¢(3) = %c'(s‘) +%In(2);(3) 7'(-1) =3In(A) —%—@ ,

72=755,

5(2)——(7/0+In(27r) ~12In(A)), £'(-2) = 57(:’)

2

c)=2", £(3) ~1.2020569031595942853...

¢'(2) ~—0.93754825431584375370...
¢'(3) =—0.19812624288563685333...

Revised 28/2/2024

11



