Lebesgue Measure on The Real Numbers R

And Lebesgue Theorem on Riemann Integrability

By Ng Tze Beng

In this article, we shall construct the Lebesgue measure on the set of real numbers R. We

shall do this via a set function on the collection of all subsets of R . This set function is
called the outer measure on R . We shall show that the Lebesgue measure is translation
invariant and that on interval /, it is equal to the length of /. We shall characterize Riemann
integrability in terms of measure theoretic property.

Definition 1. Let / be an interval with end points @ and b with @ < b. The length A(I) is
defined by A(/)=b—a. IfIis an unbounded interval, then define A(/)=.

We want to extend this notion of length to arbitrary subsets of R .

Let I" be the family of all countable collections of open intervals. Define
2% T > R* ,

by A*(y)= Z/I(I) forany y eI". Hence, 0<A*(y)<o0. Note that as each A(/) is non-

ley

negative, the summation Z A(1) is absolutely convergent (including o) and does not depend
ley

on the order of summation.

Suppose yis a collection of open intervals and V'is a subset of R. We say y is a covering
for Vor ycovers Vit V. UT.

ley

Now, let £ be an arbitrary subset of R. Let C(E) = {7/ el:y covers E } . Note that C(E) #
& . Define u*(E)=inf {/1 *\(y):y e C(E)} eR" . This is called the Lebesgue outer measure

of E. We have thus defined a function from the set of all subsets of R into @ ,

w7 (R)=2% > R".
Then we have:
Proposition 2.
(1) w*(D)=0.

(i) p*({x})=0 forall xeR.



(ii1) For any two subsets 4 and Bof R, Ac B= u*(A)< u*(B).
Proof.

(i) and (ii)

. . 1 1
Take x € R. Then for any integer n > 1, the open interval (x ——,X +—) covers {x}.
n n

Therefore, u*({x})éﬂ((x—l,x+ljj:g . Since z—)O, u*¥({x})=0.
n n n n

As O {x}, @g{x}g(x—l,x+lj, u*(@)=0.
n n

(iii) Suppose 4 < B. Then any countable cover of B is also a countable cover of A.
Hence, C(B) < C(A). Therefore,

,u*(B):inf{/i*(y/):}/eC(B)}Zinf{/i*(y):y/eC(A)}:y*(A).
Let reR. Let 7.:R — R be the translation map given by z.(x)=x+r for xeR.

The next result gives the desirable property of the Lebesgue outer measure on R . It is
translation invariant. Not all outer measures need to be translation invariant but for a
generalization of length on subsets of R, translation invariant is expected as the translated
interval is still an interval and the length of the interval does not change after the translation.

Proposition 3. Forany reR, p*(7,(E))=u*(E) for any subset E of R.

Proof.

If 7 is an open interval with endpoints a < b, then 7, (/) is an open interval with end points a

+rand b+r . Hence, A(7,(I))=A(/)=b—a. Forevery yeT,let

r,(y)={r,(I):1ey}eT.
Suppose E is a subset of R .

If ycovers E, then plainly, 7.(y) covers 7,(E). Observe that

A5(7,(1)= LA(7,(D) = L A1) = 2% (7).

ley ley



It follows that {A*(y):y € C(E)} = {/’t*(fr(y)) ye C(E)} c {/1*(7) 7 e C(Z‘r(E))} :
Hence, u*(z,(E)) =inf{/1*(;/):7 € C(rr(E))} < inf{/”t*(;/):y € C(E)} =u*(E).

As 7, (Tr(E )) = I, by applying the above inequality with 7 (£) in place of £ and 7_, in

place of 7., we get u*(E) = ,u*(rﬁr (rr(E))) < u*(7,(E)). Hence u*(z,(E))=pu*(E).

Next, we show that the outer measure does extend the meaning of length of an interval.
Proposition 4. For any interval I, u*(I)=A().

Proof. We shall establish the proposition for closed and bounded interval I = [a, b] with a <
b.Now,[a,b]c(a—¢&,b+¢) forany e>0andso pu*([)<A((a—¢&,b+&))=b—a+2e. As
g1s arbitrary, we have that u*(I)<b—a = A(l). We want to show that for every yin C(J),
A*(y)=b—a. Since [a, b] is compact, every open covering yin C(/), has a finite sub-
covering, say [, then 1*(y) > A*(f). So, we now assume that yis a finite collection of
open intervals that cover /.

Starting with a, since y covers /, there is an open interval (a,,b,) in ysuch thata € (a,,b,),
ie, a <a<b. If by>b,then A1*(y)2A((a.b))=b—a >b-a. If b <b ,then b el
and there exists an open interval (a,,b,) in ysuch that b, € (a,,b,) with a, <b, <b,. If

b, > b, then

A((a,b))+A((ay,b,))=b —a,+b,—a, =(b—a,)+(b,-b)+(a—a,)—a+b>b-a.

Since y is a finite collection, this process of covering the end point of the next interval must
terminate. Suppose it terminate at the n-th interval (a,,b,)such that b, > b and n > 2.

Then we have a, <b, |, <b,, where we have denoted b, =a for k=1, 2, ...., n—1. Hence, we

have

ﬂ*(y)ziﬂ((ai,bi)): y (b—a,)= y (b, —a)+b,—a,>b,—a,>b—a.
i=l1

i=1 i=2

Therefore, ,u*(l)zinf{i*(}/):}/eC(I)}Zb—a andso u*(I)=b—a=A(1).

. . . : b-
Now let / be any bounded interval with end points a, b with a <b. For any 0< ¢ < Ta ,

[a +&,b— g] clc [a,b] . Then by Proposition 2 (iii),

u*([a+5,b—g])éu*(1)£ ,u*([a,b]) .



It follows that b—a—2¢ < ,u*(]) <b—a. Therefore, as ¢is arbitrary, ,u*(]) =b—a=A().

Finally, let / be an unbounded interval. Then for any real number K > 0, the interval /
contains a bounded interval H of length A(H)> K . Therefore, u*(/)>u*(H)2K. It

follows that x*([)=0=A(1).

Any non-negative set function £ defined on a collection of sets, C, is said to be countably
sub-additive or o sub-additive if for any countably family Q of sets in C,

Aye)eg .

EeQ

It is said to be countably additive or o additive if for any countable family (2 of pairwise
disjoint sets in C,

pU E)= ).

EeQ EeQ
Next, we show that #* is countably sub-additive.

Proposition 5. For any countably family Q of subsets of R ,

s gim

EeQ

Proof.

Let Q= {En :neN } . Let £>0. By definition of the outer measure y*, for each inter n > 1,

there exists a covering y, of £, in C(E,) such that

AARVIATE (1)

Let y =Uy, . Then yis a countable cover of U E . Thatis, y e C( U E)
n=1

EeQ EeQ

Therefore, u *( U E) <A*¥(py) < Z/l *(y,), since any open interval in y is in some y, for
EeQ

n=1

some kand A*(y,) =0 forall n> 1. It follows then from (1) that

y*(ELEJQE)Sgy*(En)+8.

Ee

As this holds for any &> 0, ,u*( U E)SZ,u*(En).
Q n=1



Corollary 6. If E is a countable subset of R, then y*(E)=0.

Proof. Suppose E is countable subset of R andso £=U{x,}. Then

n=1

U*(E)=p *(D {x, }j < i,u *({xn }) =0 by Proposition 5 and Proposition 2(ii).
n=l i=1

Hence, u*(E)=0.
As a consequence,

Corollary 7. Every interval is not countable.

The Lebesgue outer measure on R is countably sub-additive on the collection of all subsets
of R but not countably additive. In order to obtain a countably additive function from it, we
restrict the domain to a subset of the power set of R . In this procedure, we follow
Caratheodory’s restriction method, we call the restricted collection, the Lebesgue measurable
subsets of R or the Lebesgue measure on R .

A subset E of R is said to be Lebesgue measurable if, and only if, for any subset X of R, we
have,

H*X)=pu*(XNE)+u*(X-E).
Since X =(X NE)U(X —E), we have by Proposition 5 that for any subset X of R,
HHX)Sp*(XNE)+u*(X-E).
We have immediately the following:

Lemma 8. A subset £ of R is Lebesgue measurable if, and only if, forall X c R ,

p*(X)2 p* (X NE)+ u*(X -E).

Proposition 9. If E c R is Lebesgue measurable, then its complement R — E = E° is also
Lebesgue measurable.

Proof. Note thatforallX c R, XN(R-E)=X—-FE and X -(R-E)=XNE .

Proposition 9 follows from Lemma 8.



Observe that forany X c R, XN = and X - =X . Trivially we have for any
XcR, p*(X)=pu*(XNO)+u*(X-D)=0+pu*(X)=pu*(X). Thus, @ is Lebesgue

measurable and by Proposition 9, R is Lebesgue measurable. We record our conclusion as:

Proposition 10. & and R are Lebesgue measurable.

Proposition 11. If 4 and B are Lebesgue measurable subsets of R, then AN B 1is also
Lebesgue measurable.

Proof.

Since B is Lebesgue measurable, for any X c R,
p*(XNA)=p*((XNA)NB)+u*((X nA4)-B).
Now X —(ANB)=(X-4)U((X n4)-B) and so by Proposition 5,
p*(X —(A4nB))< pu*(X = A)+p*((X N 4)—-B).
Therefore,
(X = A)+ u*(X N A)=B)=u*(X - A)+u*(X nA)—u*((X " 4) " B)
> u*(X (4N B)).
Hence, p*(X —A)+pu*(XnA)2pu*(X—(AnB))-u*((XnA)NB).
But 4 is Lebesgue measurable and so,
(X)) =p* (X —A)+u*(X N A) = p*(X —(ANB))— u*(X n(ANB)) forall X cR.

It follows by Lemma 8 that 4" B is Lebesgue measurable.

Corollary 12. If 4 and B are Lebesgue measurable subsets of R, then AU B 1is also
Lebesgue measurable.

Proof. Note that R—(4UB)=(R—-A4)n(R-B). Since 4 and B are Lebesgue measurable,
by Proposition 9, (R—4) and (R - B) are Lebesgue measurable and consequently, by
Proposition 11, R—(4U B)=(R-4)n(R - B)is Lebesgue measurable. By Proposition 9,

AU B is Lebesgue measurable.



Let. 7 be the set of all Lebesgue measurable subsets of R .

Lemma 13. If Ei, E», ..., E, are pairwise disjoint Lebesgue measurable sets in . /, then for
any X c R,

[ xA(UE ||=> ux(xAE).
u ( (Ul n LuH(XNE)
Proof. The lemma is trivially true for n = 1.

Let n> 1. We shall prove this lemma by induction. Assume the lemma is true for a

collection of less than » members of pairwise disjoint Lebesgue measurable sets. Let X be any
subset of R .

Since E, is Lebesgue measurable, for any subset Y of R ,

u*(¥)=pu*(YNE,)+u*(Y-E,) . (1)

Take Ysz(U Ei) . Now, YNE =XNE, and as {El.};:l are pairwise disjoint,

i=1

n-1

Y-E =XNUE, . It follows from (1) that
i=1

y*(XmQEij:y*(Y)zy*(XmEn)er*(Xm@lEij

and by the induction hypothesis,

n n-1
y*(XmUEijz,u*(XmEn)Jr u*(XNE)
i=1

i=l1

:Zn:,u*()(mEl.) :

i=l
This completes the proof.

Next, we have:

Theorem 14. Suppose {Ei}il is a countable collection of Lebesgue measurable subsets of

R, i.e., members of . 7, then UE, € . 7.

i=1

Proof.

The first thing that we do is to write U E, as a disjoint union.

i=l1



Let S, =E, , S,=(E UE,)-E =E,—E =E,n(R-E,). Forinteger n>2, let

By Proposition 11, Proposition 12 and Proposition 9, S, is Lebesgue measurable for integer

>2.

Plainly, S, c E, for all integer i > 1. Therefore, US, c UE,. Take xe UE,. Then x € E, for
i=1 i=1 i

some integer n > 1. If n =1, then xe E, = E, =S,. If n> 1, then let k be the least integer
such that xe £, . Then k< n. If k=1, then xe E, = E =S§,. Ifk>1, then x¢ E, forj <k-1.

k-1
Therefore, x€ E, —U E, =S, . It follows that U E c U S.. Hence, U E = U A
i=1

i=1 i=1

k=1

i-1 j-1
Fori# j, §;NS, :EimEim(R—UEkjm(R—UEkj
’ ’ k=1

j-1
ZE"mE-’m(R_HE"j ,1f 1<,
=0.

As i# j= eitheri<jorj<i.lt follows that S;NS, =& fori# j. We conclude that US

i=1
is a disjoint union.
Let D, = US . E=UE, . Then D, is Lebesgue measurable by Corollary 12. Therefore,
i=1 i=1

for X <R,
u(X)=pu*(XND,)+u*(X-D,)2u*(XND,)+u*(X-E),

since X —E < X —D, . It then follows by Lemma 13 that
pEX) 2D u* (X NS+ p*(X-E).
i=1

Since this holds for any integer n > 1, we have

0

1*(X) = Z (XNS)+u*(X—E). =mmemmmmmmeeee (1)

—_

But by Proposition 5 (countable sub-additivity of the outer measure),



i,u*(XmSi)Z,u*(G(XmSl.)j=,u*(XmGSij=,u*(XmE).

i=1

It follows from (1) that *(X) 2,u*(XﬁE)+,u*(X—E) . Hence, by Lemma 8, E = GE,-
i=1

is Lebesgue measurable. Thatis, £ €. /.

We now state our main theorem

Theorem 15. The set. 7, of all Lebesgue measurable subsets of R , is a o-algebra and (R,
. #/) is a measure space. The set function on . / given by the restriction of the Lebesgue

outer measure to. /, u = u* ,:. /7 —>R", isa positive measure. Hence, (R ,. 7, 1) is a
measure space.

. 1s called the Lebesgue measure on R and the set function, x :. 7/ —R" is called the
Lebesgue measure.

Proof. By Proposition 9, Proposition 10 and Theorem 14, . 7 is a o-algebra and so (R, . /)
is a measure space. Since (D)= u*(J)=0, pis non-trivial. It remains to show that s is

countably additive on. /.
Suppose {E,. }Zl is a countable collection of pairwise disjoint Lebesgue measurable sets in. /.

Then for any integer n > 1, by Lemma 13, with X= R, we have

u@&-}u*(QE,-}iﬂ*(Ei):iﬂ(Ei) :

s

1l
—_

Since UE, cUE,, ,U(UE,)=,U*(
i=1 i=1 i=1

1. Therefore,

El.)zy*(OEi):ilu*(Ei):Zn:,u(Ei) for each n >

i=1 i=1

u@ajzgﬂ(a).

But by Proposition 5 (countable sub-additivity),

,u(QEij:y*(gEijﬁgy*(Ei):iy(Ei).

i=1



It follows that ,u(U El.j = Z ,u(E l.) . Hence,  is countably additive on. /7 and so is a
i=1 -1
positive measure on . /.

Proposition 16. Every subset £ of R with #*(E) =0 is Lebesgue measurable. Hence, the

o-algebra . 7/ is p-complete. That is the measure space (R ,. 7, 1) is a complete measure
space.

Proof.

Suppose u*(E)=0. Take any subset X of R. Since X N"E < E, by Proposition 2,
0<u*(XNE)<pu*(E)=0andso u*(XNE)=0. Also,as XD X -E,
u*¥(X)>u*(X—-FE). Therefore, u*(X)>2u*(X-E)=u*(X-E)+u*(XNE). Hence,
by Lemma 8, E is Lebesgue measurable.

Consider the u-completion of . /7,

#*={Ec R :thereexists A,B €./ ,suchthat A c Ec Band u(B—A4)=0}.

Notethat. 7 < .7*. If A,Be ./ issuchthat A c Ec Band u(B—A)=0, then since
E-AcB-A, u*(E-A)<u*(B—A4)=pu(B—A)=0implies that E— A4 € . 7/ and so
E=(E-A)ud €. 7. Itfollows that. /* ./ . Therefore,. 7*=_/ andso./is u-
complete.

Proposition 17. Every open subset of R is Lebesgue measurable. Hence the Borel subsets

of R, . is contained in the c-algebra . /7 of Lebesgue measurable subsets of R . This means
. 1s a sub c-algebra of . 7.

Proof. Any open subset £ of R is a countable union of open intervals. By Theorem 14, it is
sufficient to show that any open interval is Lebesgue measurable.

Since {(a,oo), (—o0,b):a,be R} is a subbase for the topology on R, by Proposition 11, it is

sufficient to show that (a, ) and (—oo, b) for any a and b in R, are Lebesgue measurable.
Note that, for any subset X'in R, X —(a,%0)= X n(—x,a]. If we can show that (a, ») is

Lebesgue measurable, then by Proposition 9, (—o0,a]=R —(a,®) is Lebesgue measurable. It
follows then that for any » in R, by Theorem 14, (—o0,b) = G (—oo,b —l} is Lebesgue
n=1 n

measurable. Hence, it is sufficient to prove that (a, o) is Lebesgue measurable for any a in
R . We shall show that for any subset X c R,

¥ (X) 2 p* (X N(a,0)) + u* (X N (=e0,a]).

If 4*(X)=o00,then we have nothing to prove and so we assume that z*(X) <.

10



Take any ¢> 0. Then by the definition of the Lebesgue outer measure x*, there exists a
countable covering y of X by open intervals with

A*() =2 DS u*(X)+e .

ley
For each open interval I € y , each of the sets 7 N (a,) and I N (-, a] is either empty or an
interval. Moreover, 1 = (1N (a,))U(I N(-»,a])is a disjoint union and so

A =2(I N (a,0))+A(1 N (=0,a]) = w*(1 N (a,0))+ u* (1 N (-w,a]).

As {Im(a,oo):ley/}:}/' covers X N(a,x),

,u*(Xﬁ(a,oo))S,u*(U (Im(a,oo))j

Iey

< Z u* ([ N (a,oo)) , by Proposition 5 (countable sub-additivity). ----- (1)

ley

Similarly, since X N (-c0,a]< U (1N (-x,a]),
ley

u*¥(X N(—0,a]) < u *( U (L N (—0, a])) by Proposition 2(iii),

Iey

<> u*(1 N (~,a]), by Proposition 5. ----—------—— )

Iey
It follows from (1) and (2) that

p* (X N (a,0)) + p* (X N (—0,a])

< (I (a,0))+ D u* (1N (—o,a])= D A(1)

= = =
<u*(X)+e.

Since this is true for any €> 0, u*(X N(a,©))+ u*(X N(-w,a]) < u*(X).
This holds for any subset X < R, by Lemma 8, (a, «) is Lebesgue measurable.

This completes the proof.
In summary, we have

Theorem. (R, 7, y) is a measure space such that. / is g~complete, g is non-trivial and . 7/
contains the Borel subsets of R.

11



Next, we investigate the relation of the Lebesgue integral with the Riemann integral on a
bounded interval.

Definition 18. Suppose E is a Lebesgue measurable subset of R . We say a real valued
Lebesgue measurable function f: E — R is Lebesgue integrable if

[ 1fldu< .

(See Definition 29, Introduction to Measure Theory.)

We recall the following result.

Theorem 19. Suppose E is a Lebesgue measurable subset of R and u(E) <. Suppose
f:E— R isbounded. Then f is measurable if, and only if, the lower and upper Lebesgue
integral of fare the same. The lower Lebesgue integral of fis defined by

M =sup o< f,pe and the upper Lebesgue integral of f is define
Ed E(pd,u(p peS(E d th Lebesg gral of f is defined by
J‘E fdu=inf {J‘E pdu: f<p,pe S(E)} , where S(E) is the set of real-valued simple
measurable functions on E.

(This is Theorem 7 in Positive Borel Measure and Riesz Representation Theorem.)

Proof.

Suppose fis measurable. As f'is bounded, we assume < f < . Let 5, = M, for integer
n

n>1. Define E,, = f'[a+(i-1)5,,a+i8,) for 1<i<n,n=1,2,....

Then E,; are measurable and for each integer n > 1,

U(E)= u(LnJ E, [j , where U E, , is a disjoint union,
i=1 ’ >

i=1
=3 u(E,,) <.
i=1

Let ¢, =D (a+(i-15,)y, and y, =Y (a+id,)y, foreach integer n>1. Thus, 4.y,
i=1 ! i=1 "
are simple measurable functions on £ such that

g, (x)< f(x)<y,(x) forallxinE.

Therefore,

12



Jrduz|,9, dﬂ=i(a+(z‘—l)5n)ﬂ<En,,->

and

L_fdﬂ <| w,du= Zn:(mi@)u(En,i)

Hence, | fdu~[ fdu< 6,u(E,)=08,u(E).
e i=1

But 6, - 0 as n — o and so L_fdySIEfdy. SinceIEfdySL_fdy, it follows that

frau= s

Conversely, suppose I . fdu= L_fd 4. We shall show that f* is measurable or x#-measurable.

Let L(f)={¢peS(E):¢<f} and U(f)={w € S(E): f <y}. Then

[ sdu=sup([ gau:peL(n} and [ rau=int{[ ydu:y cU(S)|. Since f is
bounded and (E) <, [ fdu=] fdu<eoo. Thus, for any integer n> 1, there exists
¢, € L(f) and y, e U(f) such that

1 1
[du>[ fdp——and [y,du<| fdu+—.
2 . .
Hence, J.E(l//n —¢,)du= IE l//nd,u—J.E gdu< — This holds for all integer n > 1.

Define ¢,y : E—R,by ¢=sup{g,}  and w=inf{y,}” . Thenboth ¢ and y are

measurable since each ¢ and y, are measurable for all integer n > 1.

Plainly, ¢, <¢< f <y <y, .

Let D, :{x eE:y(x)—¢(x) >%} .
Obviously, D, < {x eE:y,(x)—¢,(x)> %} =D, , for all integer n > 1.

1 1
Hence, ;ZDM <y,—¢, andso J‘E;;(Dmd,u < IE(W" -9, )d,u. It follows that

13



1 2
H(DL) ], (v =) dp <=

Therefore, u(D, )< ,u(D,m ) < 2k for all integer n > 1. It follows that x(D,)=0.
n

Let D:{er:l//(x)—¢(x)>O}. Then D=6Dk and D,cD,c---cD,c--cD.

k=1

Therefore, u(D)= %im Y7, (Dk) =0. This means y = ¢ almost everywhere with respect to the

Lebesgue measure 1. As ¢< f <y, ¢=f=w on E—D and f =y almost everywhere

with respect to the Lebesgue measure g Since E is measurable and the Lebesgue measure is
complete, £ — D is measurable. Therefore, f'is measurable on £ — D since  is measurable.

Hence, /' is measurable.

Theorem 20. Suppose E is a Lebesgue measurable subset of R and p(E)<oo. Suppose
f:E— R is a bounded measurable function. Then f is Lebesgue integrable and

[, fdu=[,rrdu=| fdu=| fdu=] fdu
(This is Theorem 8 in Positive Borel Measure and Riesz Representation Theorem.)

Proof.

Since f: E — Ris measurable, /" = max{f,O} and [ = —min{f,O} are measurable.
Thus, /= f"—f and |f|:f++f7 is measurable. Note that /™, /™ and |f| are

bounded non-negative functions. Then by definition,

jEfwﬂ:sup{jEsdﬂ:03s3f+,seS(E)}
and JEf_dy:sup{JEsd,u:OSsSf‘,seS(E)}.

Since both {jEs du:0<s< f*,s eS(E)} and {jEs du:0<s< f,se S(E)} are bounded
above by K u(E) for some constant K such that | f (x)| <K forallxinE, IE f"du and

J.Ef‘d,u exist and are finite and so IE|f| du= IEf+d,u +IEf‘d,u <oo. Thus, by definition, f

is Lebesgue integrable on E and
J‘EfdﬂZIEf+d/l—JAEffd/l '
Since f* is measurable,

14



[,/ du=sup|[ ddu:g € L(5 )| =sup{[ ddu:peSE):p< 1|

:sup{jE¢dy:¢eS(E):os¢sf*}:jEfdy.

Similarly, we have JEf’d,u :IEf’dy. By Theorem 19, JEf‘dy = IEf‘d,u :IEf‘dy and

[.rrdu=] rdu =[ fdu.

[ fdu=],rdu=[ rdu=[ 1 du
=inf{[ wdu: 1" <y e SE) -sup{[ ddu:geSE).g<f |
:inf{IEwdp:f+ <y.y eS(E)}+inf{—jE¢dﬂ;¢eS(E),¢sf-}
=inf{jE¢//dﬂ:f+ <ype S(E)}+inf{jE—¢dﬂ:—¢e S(E),—¢2—f’}
=inf{jEy/dy:f* <y,p eS(E)}+inf{'[E¢d,u:—f’ s¢,¢eS(E),}
=inf{[,wdu+ [ gdu: /" <y.~f" <p.y.peSE)
=inf{[ (v +@)du: f* <w,~f <4, v.peSE)

zinf{[ ydu:f=1"~f <y eSE)=] rdu.
Similarly,
J,ridu={ 1 du=] rdu=] 1 du
=sup| [, yduzy < [y e S(B)| ~inf {[ ddu:peS(E).S <)
=sup{ [, wduiy < f*,p € S(E)| +sup{~[ ddu:peS(E).f <g|

{ }
{ |

sup{jEWdy W< ftwe S(E)} +sup{jE—¢dy e S(E),—f > —¢}
{ |

sup IEwdy:w£f+,weS(E) +sup{JE¢dy:¢eS(E),¢£—f_}
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=sup{[,ydu+ [ gduy < . 9<~f " y.$eS(E)
=sup{[ (w+@)du:y <[ <~f", y.9 e S(E)|
<sup{[,wduiy </ = =Sy eSE)| =] fdu.

Thus, we have L_fdy < IE frdu —jE fdu< jE fdu. Now, as fis measurable and

U(E) <o, by Theorem 19, IE_fd u= L fd p and so it follows that

[ rdu=[ rau=[ fau=[ rau.

Suppose f:[a,b] > R is bounded. A step function s on [a, b] is a function that assumes
finite constant values on the open subintervals of [a, b] defined by some partition of [a, b].
More precisely, there is a partition x, =a <x, <x, <---<x, =b and a set of constants,

&,&,,+, &, such that s(x)=¢& for x, , <x<x, for 1 <i<n. Plainly, a step function is a

simple g~-measurable function. We define the Riemann integral on step function s by the
expression,

J.:)S :Rj.absziéfi(xi _xifl)'

This is the usual definition of Riemann integral on step function. Observe that as a step
function s is bounded and measurable, s is Lebesgue integrable and

J‘[a’b]s d/u = J‘[a’b]_{x[};l:o N d/u = ;éﬂ((xi—laxi)) = ;é (xi - xi—l) .

Thus, the Riemann integral of a step function and the Lebesgue integral of a step function are
the same. This is the main lead to showing that Riemann integrals are Lebesgue integrals.

Let S*([a,b]) be the set of all step functions on [a, b]. The lower Riemann integral of f is
defined to be

RJ‘j_f:sup{_[j(p:(pSf,(DES*([aab])}

and the upper Riemann integral of f is defined to be
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Rjj_fzinf{j:’go:fswoeS*([a,b]) .

As fis bounded, the upper and lower Riemann integrals exist. The bounded function f'is said
to be Riemann integrable if

Rjj_f:Rj:’_f.

Now a step function in S *([a,b])is a linear combination of characteristic functions of

subintervals plus a finite number of linear combination of characteristic functions of singleton
sets. So, by Proposition 4, for ¢ € S*([a,b]), j-bqo = j-[ N odp. Now let S([a,b]) be the set

of real-valued measurable simple functions on [a, b]. Then S*([a,b]) = S([a,b]).

Moreover,

Rﬁ_fzinf{ﬁgo:fggo,q)eS*([a,b])} :inf{J-[a’b]gody:ngo,goeS*([a,b])}
Zinf{f(pd,u:fs(o,q)eS([a,b])}.
and Rﬁ_f=sup{jj¢:go£f,(peS*([a,b])}=sup{‘|'[a,b](pd,u:(psf,(peS*([a,b])}

<swl[ pduip= f.peS(ab)|.
The lower Lebesgue integral of f is
J'[a’b]fdﬂ = sup{j[a,b] pdp:p<f,pe S([a,b])}
and the upper Lebesgue integral of f is
- . .
Jo fdu=int{[ pdu: 1 < p.p e S abD)

Thus, we have

R[ /< [, rdu sﬁdﬂ < Rjj_f.

So, if f is Riemann integrable on [a, b], then J‘[ b]fd,u :J‘[ b]fd,u . By Theorem 19, if

J} X f :J‘[ ) f,then f:[a,b] > R is g~-measurable. Therefore, f'is bounded and Lebesgue

measurable and so fis Lebesgue integrable and the Lebesgue integral,
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N — b s o ) .
J‘[a,b]fd,u = J.[a’b]fd,u = J.[a’b]fd,u = RL_f = RL f . Thus, if fis Riemann integrable, then f'is

Lebesgue integrable and the Riemann integral and the Lebesgue integral are the same.

Hence, we have proved the following theorem.

Theorem 21. Suppose [ :[a,b]— R is a bounded and Riemann integrable function. Then f

is Lebesgue integrable (therefore, y~-measurable) and

[, /du=R] " £, the Riemann integral of fon [a, b].

Example. A bounded function, not Riemann integrable but Lebesgue integrable, the Dirichlet
function.

1, if x is rational,

Let f:[0,1] > R be defined by f(x)= { It is easily seen that RJ‘Ol f=1

0, if x is irrational
1
and RJO f =0 so that fis not Riemann integrable. Note that since the rational numbers in [0,

1] is a set of Lebesgue measure zero, / = 0 except on a set of Lebesgue measure zero.
Therefore, by Proposition 39 in Introduction To Measure Theory, [ is Lebesgue measurable.
Since fis bounded and the interval [0, 1] is of finite Lebesgue measure, by Theorem 20, 1" is

Lebesgue integrable and J‘[ ) fdu=0.

We next characterize Riemann integrable function in terms of Lebesgue measure.

Theorem 22. A bounded function f :[a,b] — R is Riemann integrable if, and only if; it is

continuous a.e. [u] on [a, b].

Before we prove Theorem 22. We show that the lower and upper Riemann integrals of a
bounded function as defined above via step functions are the same as the usual ones using
Darboux sums.

Suppose now f: [a, b] = R is a bounded function.

Let P: a=xo<x1<..<Xx,=b be a partition for [a, b].
The upper Darboux sum with respect to the partition P is defined by

U(f,P)= g, Mi(x; —xi1),

where M ; =sup{ f(x) : x € [xi1, xi |}. Note that since /" is bounded on [a, b], f is bounded
on each [x i1, x;] and so the supremum M, exists for each i. Likewise for each i, m; = inf{ f
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(x) : x € [xi1, x; ]} exists since f is bounded on each [x i1, xi]. We define the lower
Darboux sum with respect to the partition P by

L(f,P)= ; mi(xi = Xi-1)
Because for each integer i such that 1 <i<n, m;<M;, L(f,P)<U(f, P).
Since f is bounded, there exist real numbers m and M such that m < f(x) < M for all x in [a,

b]. Hencem < M; <M andm < m; <M fori=1,2, .., n Therefore, for any partition P
the upper Darboux sum

U(f,P)= é Mi(x;i—xi1)>m é(xi —xi1)=m(b—a)

Hence the set of all upper Darboux sums (over all partitions of [a, b]) is bounded below by
m(b — a). Likewise, the lower Darboux sum

L(f,P)= é mi(x; —Xi-1) SMé(xi—xi_l)zM(b—a)

We conclude that the set of all lower Darboux sums (over all partitions of [a, b]) is bounded
above by M(b—a). We may now make the following definition following Darboux.

Definition 23. Suppose f: [a, b] > R is a bounded function. Then the upper Darboux
integral or upper integral is defined to be

U.[bf =inf {U(f,P): P a partition of [a,b]} .
The lower Darboux integral or lower integral is defined to be
ijf =sup{L(f,P): P apartition of [a,b]} .

We say f is Darboux integrable if UJ-bf = LJ-bf.

Note that by the completeness property of the real numbers, the upper integral exists, because
the set of all upper Darboux sum is bounded below and the lower integral exists because the
set of all lower Darboux sum is bounded above.

We shall show that RLbf:LI:f and RE=UEf.

For a partition P : a =xo <xi1<...<x, = b of [a, b], we can associate a step function, g, to the
lower Darboux sum L(f, P), defined by
g(x)=m, forxin (x,_,x),1<i<n, g(x)=f(x)for0<i<n.

Then Lb g=L(f,P). It follows that

{L(f.P): P apartition of [a,b]} < {fgo:(p <fipe S*([a,b])} .

Therefore,
b

LJ‘jf:sup{L(f,P):Papartition of[a,b]}SRLf:sup{f(p:goﬁf,(peS*([a,b])} .

b b
Next, we show that for any step function s< £, J. s<L J. f.
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Suppose the step function s < f* is given by the partition P: x, =a<x, <x, <---<x, =b and
a set of constants, &,¢&,,---,& suchthat s(x)=¢& for x_ <x<x, for1<i<n. Ass<f,
& =s(x)< f(x) for x_, <x<x andso & <inf{f(x):xe(x_,x)}.

K

. . 1
Let K =min|x, —x, 1| Then there exists an integer N such that k> N = P <—.

1<i<n

Using k£ > N, we introduce more partition points into P to give Ok :

X,=a<by<a <x <b<a,<x,<b<---<a <x,<b<--a,  <x ,<b  <a <x =n,
1 . 1 .

where bile.+% for 0<i<n-1and al.:xl.—% forl<i<n.

Note that inf { /(x) €[b, ,,]} =& for 1 <i<n. Notethat a,—b,_ =x,—x,_, —%>O for 1 <

i<n.

L(f,00)
:iinf{f(x)e[b 1,a]} a, 11)+Zlnf f(x)e[xl,b] (b, - x)+21nf f(x)e[al,x]}(x—a)

n—1

>Z§(x - X, ——)+me f(x)elx,b]} +me f(x)e[al,x]}
Hence, %13310 L(f,0,)= Zé(xi -X, )= L s . It follows that

st <sup {L(f, P): P apartition of[a,b]} = Lij .

Therefore, RijSLij and so RijzL_[jf .

Similarly, we can show that ij f=U I ’ f.

We have thus proved:

Proposition 24. Suppose f: [a, b] - R is a bounded function. Then the lower Darboux
integral of f is equal to the lower Riemann integral of £, the upper Darboux integral of f is
equal to the upper Riemann integral of f. The function fis Riemann integrable if, and only

if, f is Darboux integrable.
The next result is a technical result that helps to find a sequence of step functions whose

integrals converge to the lower Riemann integral and also a sequence of step functions whose

integrals converge to the upper Riemann integral.
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Lemma 25. The Refinement Lemma.

Suppose f: [a, b] — R is a bounded function. Suppose Q and P are partitions of [a, b] such
that Q is a refinement of P, that is, every partition point of P is also a partition point of Q.
Then

L(f,P)<L(f, Q) and U(f, Q)< U(f, P).

Proof.
This is a well known result. We prove the result first when Q has just one additional point

than P. Then proceed to the general case by induction.
Suppose Q contains just one additional point y than P. Let P be denoted by P : a = xo < x1<
... <xn=b. Suppose y € (x;.1, xj) for some j between 1 and n. Then Q is the partition Q : a
=x0 <X1< . <X <y<x<..<x,=b Letm/'=inf{f(x):x € [x;1,y]},m" =inf{f(x):
x €[y, x;]}. Then

my=1nf{ f(x):x € [x;a1,x]} <m", m;".
Therefore,

J-1 n

L(f,P)= i mi(x; —xi1) = Z} mi(x;—xi1) +m(y —x;1) +mi(x —y) + 2 mi(xi —xi1)

1=+

y .,
SZ mi(xi = Xi1) +m(y—2x1) +m] (x; —y) + ,-:,Z; mi(x; —x1) = L( f, 0)

Let My =sup{ f(x) : x € [x/1, ¥]} , M/"=sup{ f () : x € [y, x,]}. Then
My=sup{f(x) :x € [xja, 5]} 2 M)', M"
Therefore,

U(fﬁp):iMi(xi _xifl)

1_1 n
:zMi(xi _x[71)+Mj(y_xj—l)+Mj(xj _y)+ z Mi(xi _xifl)
j=1

i=j+1

o J )

2 ZMi(xi _xi—1)+M_;’(y_x_/_1)+M_;”(x_; -+ Z M, (x,—x.,)=U(f,0) .

i=1 i=j+1
This proves the lemma for the case when Q has just one additional partition point than P.
For the general case, if O contains & points not in P, then there is a sequence of partitions, P =
Po, P1,P>, ..., Pr=0 where Q is obtained by adding one point at a time. Thatis Pj+1 , is
obtained by adding one point in QO not in P; to P;. Thus by the special case,

L(f,P)=L(f,Po)<L(f,P1)SL(f,P)X ...2(f, Pr)=L(f, Q)

and

U S, P)=U(f,Po)=2U(f,P1)>2U(f,P)> ... 2U(f, Po)=U(f, O).
This completes the proof.

Proposition 26. Suppose f: [a, b] - R is a bounded function. Then there exists a sequence

of partitions (Px ) of [a, b] such that Py < Pi+1, ]1€1m||Pk|| =0,
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L(/.PY>L[ f and U(S.BY>U[ f .

Proof. By definition of the lower and upper Datboux integral, there exist partitions P;’ and

P1" of [a, b] such that
b ' b b " b
L[ f=1<L(f,B)<L[ f and U[ f<U(f,B)<U[ f+1.

Let Pi be a common refinement of P' and P;" for which ||P1]| < 1. Then by the Refinement

Lemma (Lemma 25),
L f-1<L(f.R)<L] f and U[ f<U(f.R)<U[ f41.
Similarly, there exist partitions P>" and P>" of [a, b] such that
ijf—l<L(f,P2’)sijf and UjbfsU(f,Pz”)<Ujl’f+l .
a 2 a a a’ D
Let P> be a common refinement of P;, P>"and P," for which ||P2|| < 1/2. Then
ijf—%<L(f,P2)sLj:’f and UjijU(f,g)<U_[jf+% .

We now define the sequence {Pi } by repeating the above process. Suppose we have defined
partition Py such that Pr—; < Pr and ||Pi|| < 1/k. By the definition of the lower and upper

Darboux integrals, there exist partitions P+’ and Py+1" of [a, b] such that
ijf—L<L(f PYSL[ f and U[ f<U(f.P, ”)<Ujbf+L
o’ k41 T a” T o’ k4l

Let Pi+1 be a common refinement of P, Pi+1"and Py+1"” for which ||Px+1]| < 1/(k+1). Then by

the Refinement Lemma, we have

L f-mm k(R 1, U r UG R <U[ fes

and that Py < Py+1.
In this way we obtain the sequence of partitions {P; } of [a, b] such that Py < Pi+1 and

llfim”Pk || = 0. In particular, by the definition of convergence of sequence or by the Comparison

Test, L(f,P)— ijf and U(f,F)— Ujbf . This completes the proof.

Proof of Theorem 22.

Suppose f is Riemann integrable.
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By Proposition 26, there exists a sequence of partitions (Px ) of [a, b] such that Py < P+,
lim| 5| =0,

k—o

L(f.B)~> L[ [ and U(f.B)>U[ f.

For each partition Py : a =x0 <x1<...<x, =b. We can associate a step function ¢, to the

lower Darboux sum L(f, Px) and a step function y, to the upper Darboux sum U(f, P)

defined by
@, (x)=m, =inf{ f(x):x €[x_,x]} forxin (x_,x), 1<i<n,

@, (x)=f(x,) for0<i<n
and w,(x)=M, =sup{f(x):xe[x_,x]}forxin (x_,x), 1<i<n,
@ (x)=/f(x) for0<i<ny,(x)=f(x).

Then Jjgpk =L(f,F,) and th//k =U(f,P). It is easily seen that (gok) is a monotonic

increasing sequence of step functions and (l//k ) is a monotonic decreasing sequence.

Note that since ¢, and y, are step functions, they are Lebesgue measurable andg, < f <y,
for all integer k> 1. Since f is bounded, the sequence ((ok) is uniformly bounded and so
converges pointwise in [a, b] to a function @ on [a, b]. Similarly, (l//k) converges pointwise

on [a, b] to a function yon [a, b]. By Corollary 14 of Introduction To Measure Theory, ¢
and y are Lebesgue measurable. Observe that ¢< f <y .

Now, f is Riemann integrable implies, by Theorem 21, that f is Lebesgue integrable and
b
J-[a,b]fdlu - RL /-

By Proposition 26,
b b b b
[, 0du=[ o =LU.R)> L[ fand [  wdu=[ v, =U(/B)->U] .

By the Lebesgue Dominated Convergence Theorem, since both (¢, ) and (v, ) are bounded

by constant function,

J‘[a,b]wkdu_)J‘[a,b](odﬂ and J‘[a,b]l’y"dﬂ_).[[a,b]wdﬂ'

Therefore, J-[a,b](pd,u=LI:f=U‘|':f=La’b]wdy. Hence, J'[a’b](l//—(p)d,u=0. Asy—@=>0,

by Proposition 38 part (1) of Introduction to Measure Theory, w— ¢=0 a.e. [u] on [a, b].
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Hence, there is a set £ —[a,b] such that x#(£)=0 and ¢(x) =y (x)for x €[a,b]—E . Let

L, be the set of partition points of Py for each integer k> 1. Then L= U L, is countable and
k=1

so u(L)=0. Let H=FE UL and u(H)=0since H is the union of two sets of Lebesgue

measure zero. Now we claim that /* is continuous at each point x €[a,b]—H . Take

x, €[a,b]-H and so ¢(x,) = f(x,)=w(x,). As ¢,(x,)” ¢(x,), given &> 0, there exists
an integer N> 1 such that k> N = ¢(x,)—& < ¢, (x,) < 9(x,). Likewise, as v, (x,) \w(x,)
, there exists an integer M > 1 such that k> M =y (x,) <y, (x,) <w(x,)+¢&. Let
Jzmax{N,M}. Let L,be the partition points of the partition P, associated with the lower
and upper sum L(f,P,)and U(f,P,). Hence x, ¢ L, and so x, is in some open interval,
say /, defined by the partition points of P,. Thus, there exists a > 0 such that
(x,—9,x,+0) < 1. Observe that ¢, (x)=¢,(x,) < f(x,) <y,(x,) =y, (x) forall

xe(x,—0J,x,+0). Therefore, for x e(x,-0,x,+9),
S(x)—e=p(x) = <@,(x) =0, (X) S f(X) Sy, (x) =y, (x,) <y(x)+e=f(x)+e.

It follows that | f(x)—-f (x0)| <¢ for xe(x,—3J,x,+0). This means that the function f is

continuous at x, €[a,b]—H . Hence, fis continuous a.e. [¢] on [a, b].

Suppose f is bounded and continuous a.e. ] on [a, b]. By Proposition 40 in Introduction
To Measure Theory, f is Lebesgue measurable. By Theorem 19, f is Lebesgue integrable.
The gist of the proof'is to prove that both the lower and upper Darboux integrals of /" are
equal to the Lebesgue integral of 1.

Recall that (¢, ) and (y, ) converge pointwise respectively to Lebesgue integrable functions

@ and . Moreover,

[a,b](p"d’u / J‘[a,b]wdlu - LJ‘jf and J.[a,b]l//kd'u N J.[a,b]l//d'u - UJ.jf )

We shall show that ¢ = f =y a.e. [¢] on [a, b].

Let F c[a,b] be such that x(F)=0 and f is continuous at x for all x in [a,b]—F .
Let G=FuU G L, . Weshall show that ¢ = f =y on [a,0]-G.
k=1

Take x €[a,b]—G. Then x is not a partition point of any P and f is continuous at x.

Therefore, given any &> 0, there exists 0> 0 such that for all y in [a, b],
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|y—x|<5:»|f(y>—f(x>|<§ .

By definition of the partitions {P},

E|| — 0. Therefore, there exists an integer N such that

k>N= ||Pk|| < ¢ . Take any integer k > N. Suppose the partition Py is given by a = xo < x1<

.. <xn=b. Then x e (x_,x;) forsome 1<i<n. Since |xl. —xH| S||Pk||< o,

|f(y)—f(x)|<§ forall ye[x,,.x]. (1)

Now, ,(x)=sup{f(»):ye[x_,,x]}. Therefore, there exists y, €[x,_,,x,] such that

wk<x>—§<f<yo)smx>.

It follows that

&£
|l//k(x)_f(y0)|:l//k(x)_f(yo)<5 . (2)
Therefore, with this value of yy, it follows from (1) and (2) that

i @)= @I <l @)= FOH ) = F | <5+ =

Since this is true for any k> N, |y (x)— f(x)| = 11{im|y/k (x)— f(x)| <¢&. Asthisis true forall ¢

>0, w(x)=f(x). Hence, w=f on[a,b]-G.

We have ¢, (x)=inf{f(y):ye[x_,,x]}. Therefore, there exists y, €[x

i-1°

x,] such that

m(x)éf(yo)wk(xng.

It follows that

[0 =10l = F O =00 < ©
Therefore, with this value of yy, it follows from (1) and (3) that
[0~ | <l )= £+ 1 0) = | < S+ =

Hence, taking limit, we get |(p(x) —f (x)| <¢&. As ¢is arbitrary, @(x)= f(x). Therefore,
o= f on|[ab]l-G.
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Therefore,
LJ‘jf - -[[a,b]wdlu - -[[a,b]fdlu and U-[:)f - -[[a,b]l//du N ‘[[”ﬂb]fdlu '

It follows that Lj-b f= L X fdu=U I ’ / and consequently fis Riemann integrable.

Non Lebesgue measurable set

We have stated that the Lebesgue outer measure is not countably additive on the collection of
all subsets of R . This presupposes that a non-Lebesgue measurable subset exist. The
restriction of the Lebesgue outer measure on the o-algebra of all Lebesgue measurable
subsets is countably additive. If every subset is Lebesgue measurable, then the Lebesgue
outer measure would be countably additive. The question is: Does non-Lebesgue
measurable set exist?

The answer depends on our system of set theory. If we admit the Axiom of Choice, then it
does. If we don't admit the Axiom of Choice, then every set is Lebesgue measurable, that is,
if we replace the Axiom of Choice by Solovay Axiom (Axiom of Dependent Choice and
every subset of R is measurable). The two systems of axioms for set theory (Zermelo-
Fraenkel plus Axiom of Choice or Zermelo-Fraenkel plus Axiom of Solovay) are mutually
incompatible although they are both consistent. The following is thus of interest to those
ardent supporters of the Zermelo-Fraenkel plus Axiom of Choice.

We shall use the Axiom of Choice to define a non-Lebesgue measurable subset of [0,1].
Indeed, we shall also define a non-Lebesgue measurable subset of R and use this subset to
show the existence of a non-Lebesgue measurable subset of any set with positive Lebesgue
outer measure.

Define an equivalence relation R on [0, 1] by x R y if and only if x — y is a rational number.
This then partitions [0, 1] into disjoint equivalence classes. By the Axiom of Choice, we can
choose a point from each of these equivalent classes to form a subset £ of [0, 1]. Thatis, £
intersects each equivalence class in exactly one point. Then E is not Lebesgue measurable.
We shall prove this by contradiction.

Suppose E is Lebesgue measurable.

To see this, consider the set [0, 1] U — [0, 1]=[-1, 1]. The set of rational numbers in [-1, 1]
is countable. Let {a,:n =1, ...} be an enumeration of the set of rational numbers in [—1, 1].
Then for each integern > 1, E, = {a,+x :x € E } = E + a, is Lebesgue measurable if E is.
Obviously, E. N En =D, if n+m.

We deduce this as follows.

Ifxe E.NnEy,,then x=z+a, forsomezin Eand x =z"+ a, forsomez'inE.
Therefore,0 =z —z' —(am —an)andsoz —z' =(am —an,) andso zRz'. Butifz#z’, then
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z and z ' would come from different equivalence classes and so z R z' cannot hold. Thus z =z’
and so a, = an, contradicting a, # a, .
For x in [0, 1] either x is in £ or x R y for some y in E. Note that £ = E_ = E +a, ,when

a, =0.Ifx Ry for some y in E, then x — y is a rational number in [-1, 1]. Thusx—-y =ga;

for somej. Hence,x=y+a; € E+ {a; } = E;. We have thus shown that [0, 1] UE,.
i=1

Note that each E,, is a subset of [-1,2] and so UE, < [-1, 2].
i=1

Now, for each i, w( Ei)= g E + a;) = E) as uis translation invariant. Since each E; is

measurable and {Ei }Zl are pairwise disjoint, by the countable additivity of s,

o0

%GEJ:ZMEJ: lim np(E) < pt([-1,2]) =3.

n—x0

This is only possible if g E) = 0. Therefore, u(@ E’) =0. But then we have, because [0, 1]
i=l1

cUE,, 1=4[0,1]< ,U(G El.j =0, which is absurd. Therefore, E is not Lebesgue
i=1 i=1

measurable.
Note that 1= x*([0,1]) < ,u*(GEl) <u*([-1,2])=3.
i=1

n—>0

If ﬂ*(gEij = IZ::,u *(E,)=limnpu*(E), then it is only possible if z+(E) = 0 and so by

Proposition 16, E is Lebesgue measurable and we get a contradiction as before. This means

,u*(gEij < i,u*(Ei), +(E)>0and 1< ,u*(gEij < u*([-1,2])=3. Hence, we can

conclude that ‘;he Lebesgue outer measure is not countably additive. It also follows that

there exists an integer n such that *(Lnjl E"j < Zn:y *(E,)=nu*(E). This means that the
= i=1

Lebesgue outer measure is also not finitely additive.

The following is a general way of getting a non-measurable set.

The device we would be using is the algebraic difference of two sets. This time we shall
obtain a non-measurable subset of R . Define the same relation as before but now denote by
~,on Ras follows. x ~ yif, and only if, x — y is a rational number. Plainly, this is an
equivalence relation on R . Denote the set of equivalence classes by R/~. Each equivalence

class has the form

{x+r:re@}.
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Thus, the collection of rational numbers constitutes one equivalence class, {\/5 +r:ire @} is

another equivalence class and {7[ +r:re Q} is yet another. Obviously, each equivalence

class is countable and so since the set of real numbers R is uncountable, the number of
distinct equivalence classes is uncountable. This is because if the number of equivalence
classes were countable then R being the union of countable number of equivalence classes,
each of which is countable, would be countable and thus contradicts the fact that R is
uncountable. By the Axiom of Choice, we can choose a point from each equivalence class to
form an uncountable set . We claim that this set is non-measurable. This is because the set
of algebraic difference

F-F={x-y:x,yeF}
cannot contain an interval. Because any two distinct points of 7 must differ by an irrational
number and since F contains only one rational number, F' — F contains exactly one rational
number namely 0. If ' — F were to contain an interval, it would contain rational number
different from zero which is not possible. Hence by the following lemma, either F is not
Lebesgue measurable or #*(F) = 0 and F is Lebesgue measurable.

Lemma 27. If E is a Lebesgue measurable subset of R with positive measure, i.e., ((E)>
0, then £ — E contains a non-trivial interval centred at the origin.

We shall prove this lemma later. Enumerate the set of rational numbers as {a,:n=1, ...}.
Now define F,={a,+x:x € F} = F+a,. Then by the definition of F, we have

0 A — (A)

n=1
Observe that by the definition of F, F, N F, = for n # m so that R = U F, is a countable
n=1

disjoint union.

If uxF)=0, then F is Lebesgue measurable by Proposition 16 and since g+ is translation
invariant, te(Fy,) = p#(F + a, ) = p<(F) = 0. Thus, by the countable sub-additivity of the
Lebesgue outer measure, x*(R)= u* (G Fnj < Z,u *(F,)=0 implying that #*(R)=0,

1

n=l1
which is not true. Hence p*(F)# 0. Therefore, by Lemma 27, F is not Lebesgue
measurable as ' — F' does not contain an interval.

We have thus produce two non-measurable subsets, one in [0, 1] and one in R . We shall
make use of F to produce other non-measurable set.

Now for the proof of Lemma 27.
Proof of Lemma 27.

Suppose E is a Lebesgue measurable subset of R with positive measure, i.e., ((E)>0,
Firstly, we take a special open set G containing £ such that

28



UG) <(1 + ) u(E).
How can we obtain G? Recall that p(E)=u*(E)= inf{i*(}/) [y € C(E)} .

Now for any £> 0, (1 + €) t(E)>u(E). Therefore, by the definition of infimum, there exists a
countable cover yof E, i.e., y € C(E), by open intervals such that

(I + &) l(E)> Ax(y) 2 (E).

Let G=U . Then G is an open set in R and so is Lebesgue measurable. Since R is
ley

locally path connected, any open set of R is also locally path connected and so G is locally
path connected. Hence, the path components are open sets and therefore, are open intervals.
As R has a countable basis for its topology, these components are disjoint open cover for G
and can at most be countable. Thus, we conclude that G is a countable union of pairwise
disjoint open intervals. Let this collection of pairwise disjoint open intervals be denoted by
B. ThenG = I=U1I2E. By the countable additivity of Lebesgue measure, s,

1 Iey
u*(G>=u(G)=u(U1j=2u(1>=ﬂ*(ﬂ>
Iep =
—ut{ U1 )= St =24 0) <+ ou(E).

ley

by the countable sub-additivity of z7*.
Thus, we have

#(G)=A*(f) <(+&)u(E).
Let {/,: n=1, ...} be an enumeration of the open intervals in . Then G=U I=UI, . Let
Iep n=1
E,=E N1, Wehave,
E:EmG:Em(Glnj: G(Em[n): GEﬂ.
n=l n=l n=l
Since 1, is Lebesgue measurable and E is Lebesgue measurable, E, is Lebesgue measurable
forintegern > 1. As f={I,:n=1, ...} is a countable collection of pairwise disjoint sets, {E,
:n=1, ...} is a countable collection of pairwise disjoint measurable subsets. Therefore, by
the countable additivity of the Lebesgue measure £,

ﬂ(E)=u(gEn]=iu(En)-

Note that u(G) = ,u(@ In] D u(1,). Since u(G)<(1+¢)u(E), we must have that for
n=1

n=1

some integer j > 1,

u(ly) <(I+&)u(E;). (1)
Let/=LandJ=E;. ThenJ=E=Enlcl =1
Take ¢=1/3. Then by (1), w(I) <(4/3) (J). That is,

H(J) > 3 ul) - 2)
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We now claim that if J is translated by any number d with |d| < (1/2) (1), the translated set
Ju has some points in common with J. If this is not the case, i.e., J N Js = &, then since
Julic Tuly,

2u)) = p )+ p(Ja) = p(J WJa )< gl Ola )< pd) + |d] < paD) + (1/2)20) = (3/2) (D).
We would get 4(J) < (3/4) (1) contradicting (2).
Hence, JNJa# O,
This means that for some y =x + d in Jz, where x is in J, y is also in J. Therefore, d =y —x
is inJ —J. This is true for any d with |d| < (1/2)g(I) and so, the open interval

(~(112)dD), (1/2)id D)) = T~ J < E~ E.
This completes the proof of lemma 27.

Theorem 28. For any subset 4 of R with positive outer measure, i.e., 1+(A4) > 0, there is a
non-measurable subset B — A.
Proof. Suppose 1<(4) > 0. Take F; as defined before using the non-Lebesgue measurable

subset Fof R By (A), R= G F and so
n=1

Fj =
1 n
Therefore,

ur (W)= U(AnE)|STut(AnE). e m

Cs
Cs

(ANF,).

n 1

A=AmR=Am(

=1 n=1

If A N F, is measurable, then since 4 N F, —A N F, does not contain a non-trivial interval
(because F, — F,, dose not contain a non-trivial interval, a consequence of the fact that " — F
dose not contain a non-trivial interval), by Lemma 27, t(4 N F,) = 0. Therefore, since zr+(A4)
>0, A N F, cannot be measurable for all integer n. This is because if 4 N F,, were
measurable for all integer 7, then by (1), z#(4 ) < 0 contradicting z#+(4) > 0. Hence, for
some integer j, A N F; is not Lebesgue measurable. Take B=4 N F;.

This completes the proof of Theorem 28.

With this theorem proven, we conclude this modest introduction to the Lebesgue measure on
the real numbers R .
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