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Using power series, we can show that W(s) = J' dx S(s+DIr'(s+1)fors>0. Thus,

‘ydy:[— ey +_[ eVdy=0+| € ] =1,
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However, if we do not want to use power series and not using the known value for £(2), we
can proceed as follows.
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dx =¢(2) =—, as it is known that £ (2) =

Using a change of variable u=¢e™, we get
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Now we express
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We can also express with a change of variable, x =u?,
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Hence, from (1),
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With a change of variable u :é , We get
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Therefore, J'
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It then follows from (3) that
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We are going to evaluate J > dx by using differentiation under the integral sign.
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Let I(t) == jo'”(llt—”x)dx Note that 1(0) =Oand 11)= [, " '”(X) ) dx. We shall show
—X
later that that lim 1(®) =0 and lim I (1) = j '”(X)d
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Let f(x, t)_lln(1 1t %) for (x,t) € (0,0)x[a,b], where 0<a<b<1 Then
—X
of 1( 2tx* -2t 1 t
—(x,t)== =— for (x,t) € (0, a,b].
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Now, [—(x,t)|= < for (x,t) € (0, a,b] and —————is
‘at( )‘ ‘1—t2+t2x2| 1-b*+a’x? (%) € (0,0)x[a,b] 1-b*+a’x’

Lebesgue integrable on (0,) and so by Theorem 59 part (ii) of Chapter 14, Mathematical

Analysis, An Introduction in My Calculus Web, we can differentiate under the integral sign.
That is, for t €[a,b] with O<a<b<1,
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Since a and b are arbitrarily chosen, we have that

) =———7 for te(0,1).
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Therefore, 1(t) = —%sin‘l(t) +Cforte(0,1).
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Note that f(x,t):% <0 for 0<t<land 0<x<oowith x=1. Thisis

because 1—t* +t*x*> >1 if x>1 and 1-t* +t*x* <1 if 0<x<1 so that In(1—t* +t*x?) >0 if
x>1land In(1—t*+t*x*) <0 if 0<x<1. Therefore,
2,2
CF(xt)=— 1 In(1—t? +2t X )_ Since —q(x,t):%>0for0<tsl and
1-x ot 1-t7+t°x
0<x <ooW|th X #1, by the Lebesgue Monotone Convergence Theorem,
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the zero function as t tends to 0 on the right. Also, we have that

—I|ml(t)——I| j:[ In(1— t2+t2x2)j 1 ,[ In(x) rolln XZ dx since

e In@Q-t? +t2X : —t? +t2X? .
—lim I(t)——llmJ‘O (— ( +2 x) dx =0since Ind 1t +2t x) converges pointwise to
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In1—t* +t°x° :
( 1t +2t ) tends to 1—2asttends to 1 on the left. It follows that Ilrp I(t)=0 and
—X —X t—>0"

lim 1) =j0°°%dx.

Thus, 0= Iirp I (t) :—Iiron(%sin‘l(t)j+c =C. Hence, C=0.
t—0" t—0"
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'”‘XZ dx=lim1(t) = —Iim(zsinl(t)j =~ andso,
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Therefore, I:
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