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However, if we do not want to use power series and not using the known value for (2) , we 

can proceed as follows. 
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Since a and b are arbitrarily chosen, we have that 

                      
2

1
( )

21
I t

t


 = −

−
 for (0,1)t . 

Therefore, 
1( ) sin ( )

2
I t t C

 −= − + for (0,1)t . 

Note that 
2 2 2

2

1 ln(1 )
( , ) 0

2 1

t t x
f x t

x

− +
= 

−
 for 0 1t   and 0 x with 1x  .  This is 

because 
2 2 21 1t t x− +   if 1x   and 

2 2 21 1t t x− +   if 0 1x   so that 2 2 2ln(1 ) 0t t x− +   if 

1x  and 2 2 2ln(1 ) 0t t x− +   if 0 1x  .  Therefore, 

2 2 2

2

1 ln(1 )
( , ) 0

2 1

t t x
f x t

x

− +
− = − 

−
.    Since 

2 2 2
( , )

1

f t
x t

t t t x


− =
 − +

> 0 for 0 1t   and 

0 x with 1x  , by the Lebesgue Monotone Convergence Theorem,  

2 2 2

200 0

1 ln(1 )
lim ( ) lim 0

2 1t t

t t x
I t dx

x+ +



→ →

 − +
− = − = 

− 
 since 

2 2 2

2

ln(1 )

1

t t x

x

− +

−
 converges pointwise to 

the zero function as t tends to 0 on the right.  Also, we have that 
2 2 2 2

2 2 20 0 01 1

1 ln(1 ) 1 ln( ) ln( )
lim ( ) lim

2 1 2 1 1t t

t t x x x
I t dx dx dx

x x x− −

  

→ →

 − +
− = − = − = − 

− − − 
    since 



2 2 2

2

ln(1 )

1

t t x

x

− +

−
 tends to 

2

2

ln( )

1

x

x−
as t tends to 1 on the left.   It follows that 

0
lim ( ) 0
t

I t
+→

=  and 

201

ln( )
lim ( )

1t

x
I t dx

x−



→
=

− . 

Thus, 
1

0 0
0 lim ( ) lim sin ( )

2t t
I t t C C


+ +

−

→ →

 
= = − + = 

 
.  Hence, 0C = . 

Therefore, 
2

1

20 1 1

ln( )
lim ( ) lim sin ( )

1 2 4t t

x
dx I t t

x

 
− −


−

→ →

 
= = − = − 

−  
 , and so,  

2
1

20 0

ln( ) 2 ln( )

1 3 1 6

x x
dx dx

x x



= = −
− −  . 

  

 

 

 

 


