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Introduction.   Not all integral has a closed form evaluation. We give some typical 

examples where power series, or Fourier series is involved. 
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
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1

20

ln( )

1

t
dt
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
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improper Riemann integral of each 
1
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and the improper Riemann integral 
1
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t
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Therefore,  

         
2 1

1 1
2 2 2 1

2 20 0 0 0

1 1
ln( ) lim ln( ) lim ln( ) lim

(2 1) 2 1 (2 1)

n
n n n

ss s s

s
t t dt t t dt s s

n n n+ + +

+
+

→ → →
= = − − +

+ + +    
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Hence, 
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2

0
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that 
2

0
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

= +
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Hence, 2

0
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n
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

=
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Lebesgue Dominated Convergence Theorem, 
2
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1

t

t+
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1) and the integral  
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It follows that 
4
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(2)  The integrals 
4

0
ln(sin( ))x dx



  and 
4

0
ln(cos( ))x dx



 . 

(a) 
4
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4 4 4 4
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sin(2 )
ln(sin( )) ln(cos( )) ln(sin( )cos( )) ln

2

x
x dx x dx x x dx dx

     
+ = =  

 
     

              ( ) ( ) ( )
4 4 2

0 0 0

1
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2 4
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   
= − = −     

              
1
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2 2 4 2

   
= − − = − 

 
,   --------------------------- (1) 

                                                    since ( )
2

0
ln sin( ) ln(2)

2
x dx

 
= − .          

Now, 
4 4 4

20 0 0
0
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−
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+
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Thus, adding (1) and (2) gives, 
4
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(2 1) 2

n

n
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n

 

=

−
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+
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 (a)  4
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n

n
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 

=

−
= − −

+
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 (b)  
4 4
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n
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2
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(3) The integral  
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
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2

2
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1
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+ +

= + +
+  ,   

                                        letting tan( )x y= , so that 2(1 )dx x dy= + , 

( ) ( ) ( )
2 2 2 2

0 0 0 0
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y y dy dy y dy y dy
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      
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t
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                                  with tan
2

y
t

 
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 
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2

2
sin( )

1

t
y

t
=

+
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=
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               since ( )
4
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8
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 
+ =  (see (5) below) and letting tan( )t y=   
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
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( )2

2

2

20 0

ln 1 1
ln 1 1 tan ( )

1

x
dx y dy

x


+ +

= + +
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                                        letting tan( )x y= , so that 2(1 )dx x dy= + , 
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y
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      
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                                  with tan
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=
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( ) ( )2
1 1

2 20 0

ln 1ln 2
2 2 ln(2)

1 1 2

t
dt dt

t t

+
= − +

+ +    



5 
 

( )2
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1
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t
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t
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+

= − +
+  

( )4 2

0
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2 2
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 
= − + + , letting tan( )t y= , 
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 

 = − = +   
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


 
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= + − + = 
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(5) The integrals
4
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ln(1 tan( ))x dx


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4

0
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
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4
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8
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4
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n
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=

−
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+
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4 4

0 0
ln(1 tan( )) ln 1 tan

4
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+ = + −  

  
   

4 4 44

0 0 0
4

tan( ) tan( ) 1 tan( ) 2
ln 1 ln 1 ln

1 tan( )(tan( ) 1 tan( ) 1 tan( )

x x
dx dx dx

x x x

  



     + − −
= + = + =     

− − + +    
    
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4 4

0 0
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 

= − +  . 

Therefore, ( ) ( )
4 4

0 0

1
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2 8
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  
+ = =  . 
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4 4 4
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x
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x
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+    
    

                      ( ) ( )
4 4 4 4
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ln ln(2) ln tan( ) ln 1 tan( )
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x
dx dx x dx x dx

x

    
= = + − + 

+ 
      
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( 1) ( 1)
ln(2) ln(2) ln(2)
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n nn n

   

= =

− −
= − − = −

+ +
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(6) The integrals 
( )

2
1

20

ln( )

1

x
dx

x+ , 
( )

2

20

ln( )

1

x
dx

x



+ ,  and ( )
4 2

0
ln(tan( ))x dx



 . 

 (a )
2

1

2 30
0

(ln( )) ( 1)
2

1 (2 1)

n

n

x
dt

x n



=

−
=

+ +
 , (b) 

2
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0

(ln( )) ( 1)
4

1 (2 1)

n

n

x
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x n



=

−
=
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(c) ( )
4 2

30
0

( 1)
ln(tan( )) 2

(2 1)

n

n

x dx
n

 

=

−
=

+
  

(a)  and (b) 

By a change of variable, tan( )x t= , 
( )

( )
2

2
2

20 0

ln( )
ln(tan( ))

1

x
dx x dx

x




=
+  . 

Now, 
( ) ( ) ( )

2 2 2
1

2 2 20 0 1

ln( ) ln( ) ln( )

1 1 1

x x x
dx dx dx

x x x

 

= +
+ + +   .   By a change of variable 

1
y

x
= , 

( ) ( )

( )

( )
2

2 21
0 1

22 2 21 1 01

ln( )ln( ) ln( )1

1 11

y

y

x y
dx dy dy

x y y



= − =
+ ++

   .   

Hence, 
( ) ( ) ( ) ( )

2 2 2 2
1 1

2 2 2 20 0 1 0

ln( ) ln( ) ln( ) ln( )
2

1 1 1 1

x x y x
dx dx dy dx

x x y x

 

= + =
+ + + +    .  ---------  (1) 

As with the case of  
20

ln( )

1

x
dx

x



+ ,  we can show that 

          
2

1 1
2 2

20 0
0

(ln( ))
( 1) (ln( ))

1

n n

n

t
dt t t dt

t



=

= −
+

  .  

Now, 

1
1 1

2 2 2 1 2 21 1
(ln( )) (ln( )) 2ln( )

2 1 2 1

n n n

s s
s

t t dt t t t t dt
n n

+ 
= − + + 

     

                   
1

2 1 2 21 1
(ln( )) 2 ln( )

2 1 2 1

n n

s
s s t t dt

n n

+= − −
+ +   

                   

1
1

2 1 2 2 1 2

2 2

1 1 1
(ln( )) 2 ln( ) 2

2 1 (2 1) (2 1)

n n n

s
s

s s t t t dt
n n n

+ + 
= − − + 

+ + + 
  

                   

1

2 1 2 2 1 2 1

2 3

1 1 1
(ln( )) 2 ln( ) 2

2 1 (2 1) (2 1)

n n n

s

s s s s t
n n n

+ + + 
= − + +  

+ + + 
 

                  2 1 2 2 1 2 1

2 3 3

1 1 1 2
(ln( )) 2 ln( ) 2

2 1 (2 1) (2 1) (2 1)

n n ns s s s s
n n n n

+ + += − + − +
+ + + +

. 

Therefore,  

 
1 1

2 2 2 2

0 0
(ln( )) lim (ln( ))n n

ss
t t dt t t dt

+→
=    
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2 1 2 2 1 2 1

2 3 3
0 0 0

1 1 1 2
lim (ln( )) 2 lim ln( ) 2 lim

2 1 (2 1) (2 1) (2 1)

n n n

s s s
s s s s s

n n n n+ + +

+ + +

→ → →
= − + − +

+ + + +
 

 
3 3

1 2 2
0 2 0 2 0

2 1 (2 1) (2 1)n n n
= −  +  −  + =

+ + +
.  

Hence,  

              
2

1 1
2 2

2 30 0
0 0

(ln( )) ( 1)
( 1) (ln( )) 2

1 (2 1)

n
n n

n n

t
dt t t dt

t n

 

= =

−
= − =

+ +
   .  ------------(2) 

 It follows from (1) that  

                 
2

2 30
0

(ln( )) ( 1)
4

1 (2 1)

n

n

t
dt

t n



=

−
=

+ +
 .  

(c) By a change of variable, ( )
( )2

2

2

2 30 0
0

ln( ) ( 1)
ln(tan( )) 4

1 (2 1)

n

n

x
x dx dx

x n

 

=

−
= =

+ +
  .  Also, 

( )
( )4

2
12

2 30 0
0

ln( ) ( 1)
ln(tan( )) 2

1 (2 1)

n

n

x
x dx dx

x n

 

=

−
= =

+ +
  . 

Note that 
( ) ( ) ( ) ( ) ( )

2 2 2 2 2
1 1 1

2 2 2 2 20 0 1 0 0

ln( ) ln( ) ln( ) ln( ) ln( )
0

1 1 1 1 1

x x x x x
dx dx dx dx dx

x x x x x

 

= + = − =
+ + + + +     . 

 

(7)  Use of Known Series and Power Series  

(a) 
2

3
2

0
(ln(tan( ))

8
t dt

 
= , (b) ( )

4
1

2 10 0
0

(ln( )) ( 1)
ln(tan( )) !( 1)

1 (2 1)

k n
k k

k
n

t
dt x dx k

t n

 

+
=

−
= = −

+ +
  , 

(c) ( )
4

3
2

30
0

( 1)
ln(tan( )) 2

(2 1) 16

n

n

x dx
n

 

=

−
= =

+
 , 

(d) ( ) ( ) ( )
2 2

3
2 2 2

0 0
ln(sin( )) ln(cos( )) ln(2)

24 2
x dx x dx

   
= = +  , 

(e) ( )
2

3
2

0
ln(sin( )) ln(cos( )) ln(2)

2 48
x x dx

  
= − . 

(f) 
2

0 sinh( ) 4

x
dx

x



= .  

(g) 
20

0

( 1)
2

cosh( ) (1 2 )

n

n

x
dx

x n



=

−
=

+
 . 
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(h) 
2 3

0 cosh( ) 8

x
dx

x



=  

(i) 
2

30
0

7 1 7
(3)

sinh( ) 4 4n

x
dx

x n




=

= =  

(j) 
10

1
2 ! 1 ( 1)

sinh( ) 2

k

k

x
dx k k

x




+

 
= − + 

 
 , where ( )n  is the Riemann Zeta function 

(k) 
( )

2

2

20

ln( )
2

(1 )

x
dx

x x




=
−

   

(a) The Dirichlet beta function is given by
0

( 1)
( )

(1 2 )

n

k
n

k
n




=

−
=

+
 . 

Recall the well-known series, 
2

2
1

1

6n n



=

= . 

Now 
( ) ( ) ( )

2 2 22 2
1 1 0 1 0

1 1 1 1 1 1

42 2 1 2 1n n n n nn nn n n

    

= = = = =

= + = +
+ +

     .  Therefore,  

( ) ( )

2

2 2 2
1 0 1

1 1 3 1

4 82 1 2 1n n n nn n

  

= = =

= = =
− +

   .  

( ) ( )

1 2 1 2 2

2 22 2 2
1 1 1 1 1

( 1) ( 1) ( 1) 1 1

(2 1) (2 1)2 2

n n n

n n n n nn n nn n

− − −    

= = = = =

− − −
= + = − +

− −
       

2 2 2

2 2
1 1

1 1 1 1

4 (2 1) 4 6 8 12n nn n

   

= =

= − + = − + =
−

  . 

We shall make us of the Fourier series of the function, (see [4]), 

                              
1

( ),  0 2 ,
( ) 2

0,   0

x x
J x

x

 


−  
= 
 =

  , 

1

sin( )
( )

n

nx
S x

n



=

= .   S(x) converges uniformly in any closed interval free from 

multiples of 2  and converges boundedly to J(x).   It is well known that for any 

0 2s   , the formally integrated series of S(x) converges to the integral of J(x) on 

[0, ]s . That is, 
2 2

0 0
1 0

sin( ) 1 1
( )

2 2 2 2

s
s s

n

nx x s
dx J x dx x s

n
 



=

   
= = − = −  

   
   and plainly we can 

also perform the formal integration over the interval [ , ]s   to give   
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2 2 2 2 2

1

sin( ) 1 1 2
( )

2 2 4 2 2 4s s
n s

nx x s s s
dx J x dx x s

n


   

 


=

    + −
= = − = − − =  

   
  . Hence, 

( )
2

2 2 2
1 1

cos( ) cos( ) cos( )

4n ns

snx ns n

n n n


 

= =

−   
− = − =  
   

  . That is,                     

                     
1 2 2

2 2
1 1

cos( ) ( 1) 2

4

n

n n

ns s s

n n

+ 

= =

− + −
+ =  . 

Thus, 
( )

22

2
1

cos( )

12 4n

sns

n



=

−
+ =  and so 

( )
2 2

2
1

cos( )

4 12n

sns

n

 

=

−
= − .   Note that the series 

converges to 
( )

2 2

4 12

s −
−  for any s in [0, 2π].   Note that the function 

( )
2 2

4 12

s −
−  is 

continuous on [0, 2π].  Therefore, 
2

1

cos( )

n

ns

n



=

   is the Fourier series of 
( )

2 2

4 12

s −
− .  

We may now integrate the series 
2

1

cos( )

n

ns

n



=

  formally and the integrated series 

converges to the integral of 
( )

2 2

4 12

s −
− .  That is, for any 0 2s   , 

                  
( )

2 2

2
1

cos( )

4 12s s
n

xnx
dx dx

n

   

=

 −
= − 

 
 

  , 

Hence, 

( )
( )

( )
( )

( )
( )

3 32 2
2 2

3
1

sin( )
( )

12 12 12 12 12n s
s

x s snx
s s s

n




   
   



=

 − − − 
= − − − = − − = − −  

    
 .  

Thus,  
( )

( )2 2

3
1

sin( )
( )

12n

sns
s

n


 



=

−
− = − − .  Taking 

2
s


=  , we get           

2 3

3
1

sin
32

24 4 32n

n

n



  

=

 
    − = − = − 

 
 .   

That is,  

                             
3

3 3
0 1

sin
( 1) 2

(2 1) 32

n

n n

n

n n



 

= =

 
 −  = =

+
  .  -------------------  (1) 

Hence, 
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(a) 
2 3 3

2 30
0

(ln( )) ( 1)
4 4

1 (2 1) 32 8

n

n

t
dt

t n

 

=

−
= = =

+ +
 .  

Thus, 2

3
2

30
0

( 1)
(ln(tan( )) 4

(2 1) 8

n

n

t dt
n

 

=

−
= =

+
 . 

(b) Following the method in (6),  

            
1 1

2

2 10 0
0 0

(ln( )) ( 1)
( 1) (ln( )) !( 1)

1 (2 1)

k n
n n k k

k
n n

t
dt t t dt k

t n

 

+
= =

−
= − = −

+ +
   . 

Hence,  

    ( )
4

10
0

( 1)
ln(tan( )) !( 1)

(2 1)

n
k k

k
n

x dx k
n

 

+
=

−
= −

+
 .  Thus, 

(c)                   ( )
4

3
2

2 10
0

( 1)
ln(tan( )) 2

(2 1) 16

n

n

x dx
n

 

+
=

−
= =

+
  

(d) ( )
2 2

2

2

0 0
ln(sin( )) ln(2sin cos

2 2

x x
x dx dx

      
=     

    
   

                              ( ) ( )( ) ( )( )4 42 2

0 0
2 ln(2sin cos 2 ln(sin 2u u du u du

 

= =  . 

Now, ( )( ) ( )( ) ( )( )2 4 2

4

2 2 2

0 0
ln(sin 2 ln(sin 2 ln(sin 2u du u du u du

  


= +     

             ( )( )4 2

4

2

2

0
ln(sin 2 ln(sin 2

2
u du u du

 



   
= + −   

   
      

            ( )( ) ( )( )( ) ( )( )4 4

4

202 2

0 0
ln(sin 2 ln(sin 2 2 ln(sin 2u du y dy u du

 


= − =   . 

Therefore,  

( ) ( )
2 22 2

0 0
ln(sin( )) ln(sin(2 )x dx x dx

 

=  ( )
2 2

0
ln(2) ln(sin( )) ln(cos( ))x x dx



= + +  

 ( ) ( ) ( )
2 2 22 2 2

0 0 0
ln(2) ln(sin( )) ln(cos( ))dx x dx x dx

  

= + +    

    
2 2 2

0 0 0
2 ln(sin( )) ln(cos( )) 2ln(2) ln(sin( )) 2ln(2) ln(cos( ))x x dx x dx x dx

  

+ + +     

( ) ( )
2 22 2

0 0
ln(2) 2 ln(sin( )) 2 ln(sin( )) ln(cos( ))

2
x dx x x dx

 
= + +   

   ( ) ( )
2 2

ln(2) ln(2) − − ,  
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              since 2 2

0 0
ln(sin( )) ln(cos( )) ln(2)

2
x dx x dx

  
= = −  .                . 

Thus,  

             ( ) ( )
2 22 2

0 0

3
ln(sin( )) 2 ln(sin( )) ln(cos( )) ln(2)

2
x dx x x dx

  
+ =    ------------ (2) 

We also have, 

            ( ) ( )
2 22 2

0 0
ln(tan( )) ln(sin( )) ln(cos( ))x dx x x dx

 

= −   

                                    ( )
2 22

0 0
2 ln(sin( )) 2 ln(sin( )) ln(cos( ))x dx x x dx

 

= −  . 

Thus, by part (a),  

                ( )
2 2

3
2

0 0
2 ln(sin( )) 2 ln(sin( )) ln(cos( ))

8
x dx x x dx

  
− =  .  ---------------  (3) 

From (2) and (3) we have,  ( ) ( )
2

3
2 2

0

3
3 ln(sin( )) ln(2)

8 2
x dx

  
= +   giving 

(d) ( ) ( ) ( )
2 2

3
2 2 2

0 0
ln(sin( )) ln(cos( )) ln(2)

24 2
x dx x dx

   
= = +    and 

(e) ( ) ( )
2 2

3 3 3
2 2

0 0
ln(sin( )) ln(cos( )) ln(sin( )) ln(2)

16 24 2 16
x x dx x dx

     
= − = + −   

                                       ( )
3

2
ln(2)

2 48

 
= −  . 

(f) 
20 0 0

2
2

sinh( ) 1

x

x x x

x x xe
dx dx dx

x e e e

−
  

− −
= =

− −   .   We note that 
21 1

x

x

xe
dx

e

−


−−  is convergent 

since 
21

x

x

xe

e

−

−−
 is non-negative, 

2 21 1

x x

x

xe xe

e e

− −

− −


− −
 for 1x  , 1

11 1
2x x xxe xe e dx e

 
− − − − = − + =  

and 
21

x

x

xe

e

−

−−
 is continuous on [0, 1] with its value 0 taken to be 

1

2
 .  Furthermore, for 

x > 0, 2

2
01

x
x nx

x
n

xe
xe e

e

− 
− −

−
=

=
−

 and so the partial sums of the series 2

0

x nx

n

xe e


− −

=

 converges 

pointwise to 
21

x

x

xe

e

−

−−
.  Since each term 2x nxxe e− −  is non-negative and improperly 

Riemann integrable on [0, ∞) and so is Lebesgue integrable on [0, ∞), by the 

Lebesgue Monotone Convergence Theorem,                                    

                         2

20 0
0

2 2
1

x
x nx

x
n

xe
dx xe e dx

e

−  
− −

−
=

=
−

  . 



12 
 

Note that 

 2 (2 1) (2 1) (2 1)

0 0 0
0

1

(1 2 ) (1 2 )

x nx n x n x n xx
xe e dx xe dx e e dx

n n


  

− − − + − + − + −
= = + 

+ + 
     

       (2 1) (2 1)

2 20
0

1 1 1
0

(1 2 ) (1 2 ) (1 2 )

n x n xe dx e
n n n




− + − + −
= + = = 

+ + + 
 . 

Therefore, 
2 2

2 20 0
0

1
2 2 2

sinh( ) 1 (1 2 ) 8 4

x

x
n

x xe
dx dx

x e n

 −  

−
=

= = = =
− +

  . 

(g) Similarly, 
2 20 0

0

( 1)
2 2

cosh( ) 1 (1 2 )

x n

x
n

x xe
dx dx

x e n

−  

−
=

−
= =

+ +
  . 

(h) 
2 2 3 3

2 30 0
0

( 1)
2 4 4

cosh( ) 1 (1 2 ) 32 8

x n

x
n

x x e
dx dx

x e n

 −  

−
=

−
= = = =

+ +
   

(i) 
2 2

3 30 0
0 0

1 7 1
2 4

sinh( ) 1 (1 2 ) 4

x

x
n n

x x e
dx dx

x e n n

−   

−
= =

= = =
− +

    

(j) 
1 1 10 0

0

1 1 1
2 2 ! 1 2 ! 1 ( 1)

sinh( ) 1 2 2

k k x

x k k k
n

x x e
dx dx k k k

x e n


−  

− + + +
=

   
= = − = − +   

−    
  , where ( )n  is 

the Riemann Zeta function. 

(k) 
( ) 2

2 2

220

ln( )

(1 )(1 )

y

y

x y e
dx dy

ex x

 

−
=

−−
   , by using the substitution ln( )y x= , 

                            
2 2

2 2

2 2
2 2 2

2 22
2 2

cosh( ) sinh( )1 1

4 (sinh( )) 4 (sinh( ))( )

y y

y y

y y

y y

y e y e
dy dy y dy

e e

− −
  

−− − −

 −
= = =  

−  
    

                            2

2 2

2

1 1
coth( )csch( )

4 sinh( )

y y

y
y dy



−

 
= − 

 
  

                            
2

2

2 2

2

1 1
coth( )csch( )

4 4 sinh( )

y y

y

y
y dy dy

 

− −
= −   

                            2

2 2

1
coth( )csch( ) 0

4

y y
y dy



−
= − ,  

                                     since
2

2
sinh( )y

y
 is an odd function and is integrable over [0, ∞), 

                             ( )2

2 2

2

1
2 csch csch( ) 0

4 sinh( )

y y

y

y
y y dy dy

  

− −−

 = − + = +
      
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2

2

0

4
8 8 2

sinh( ) sinh( ) 4

x x
dx dx

x x




 

−
= = = =  . 

(8) The integrals,  

(a) ( )
4

20
0

1 ( 1)
ln cos( ) sin( ) ln(2)

8 2 (2 1)

n

n

x x dx
n

  

=

−
− = − −

+
 , 

(b) ( )
4

20
0

1 ( 1)
ln cos( ) sin( ) ln(2)

8 2 (2 1)

n

n

x x dx
n

  

=

−
+ = − +

+
 ,  

(c) ( ) ( )
4

3
2

0
ln sin( ) ln(cos( )) ln(2)

4 96
x x dx

  
= − , 

(d)
4 2

0
(ln(sin( ))x dx





( )( )
2

2 32 1
1

ln 21 1 3 5 2 1 1 1 ln(2) 1 1

2 4 6 2 2 1 (2 1) (2 1)2 2 2 2 2 2 2n n n
n

n

n n n n



+ −
=

 −
 = +   + +
 + + +
 

 , 

(e) 4 2

0
(ln(cos( ))x dx





( )( )
2

2 3 3
1

ln 21 1 3 5 2 1 1 1 ln(2) 1 2 2
1

2 4 6 2 2 1 (2 1) (2 1) (2 1)2 2 2 2 2 2 2n n n
n

n

n n n n n



=

 
−  

= − +   − − − + + + + +
 
 

 . 

(a) We start with the following relation,  

         
4 4

20 0
0

( 1)
ln(1 tan( )) ln(1 tan( )) ln(2) ln(2)

8 (2 1) 8

n

n

x dx x dx
n

   

=

−
− + + = − +

+
   

                                                              
2

0

( 1)
ln(2)

4 (2 1)

n

n n

 

=

−
= −

+
  . 

Now, 

 
4 4

0 0
ln(1 tan( )) ln(1 tan( ))x dx x dx

 

− + +   

4 4

0 0

cos( ) sin( ) cos( ) sin( )
ln ln

cos( ) cos( )

x x x x
dx dx

x x

    − +
= +   

   
    

( ) ( )
4 4 4

0 0 0
ln cos( ) sin( ) ln cos( ) sin( ) 2 ln(cos( ))x x dx x x dx x dx

  

= − + + −    

( ) ( )
4 4

20 0
0

1 ( 1)
ln cos( ) sin( ) ln cos( ) sin( ) 2 ln(2)

4 2 (2 1)

n

n

x x dx x x dx
n

   

=

 −
= − + + − − + 

+ 
   
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( ) ( )
4 4

20 0
0

( 1)
ln cos( ) sin( ) ln cos( ) sin( ) ln(2)

2 (2 1)

n

n

x x dx x x dx
n

   

=

−
= − + + + −

+
  . 

Let 
2

0

( 1)

(2 1)

n

n

G
n



=

−
=

+
 . We have, 

   ( ) ( )
4 4

0 0
ln cos( ) sin( ) ln cos( ) sin( ) ln(2) ln(2)

4 2
x x dx x x dx G G

   
− + + = − − +   

   ln(2)
4


= − .     ------------------------------------------------------------- (1) 

Note we can derive (1) as follows too. 

( ) ( ) ( )4 4 4 2 2

0 0 0
ln cos( ) sin( ) ln cos( ) sin( ) ln cos ( ) sin ( )x x dx x x dx x x dx

  

− + + = −     

( ) ( )
4 2

0 0

1 1
ln cos(2 ) ln cos( ) ln(2) ln(2)

2 2 2 4
x dx y dy

    
= = = − = − 

 
  . 

Also,  

    
4 4

20 0
0

( 1)
ln(1 tan( )) ln(1 tan( )) ln(2) ln(2)

8 (2 1) 8

n

n

x dx x dx G
n

   

=

−
− − + = − − = −

+
  .  

Hence,  

             ( ) ( )
4 4

0 0
ln cos( ) sin( ) ln cos( ) sin( )x x dx x x dx G

 

− − + = −  .     -------------- (2) 

Adding (1) and (2) gives, 

             ( )
4

0
2 ln cos( ) sin( ) ln(2)

4
x x dx G

 
− = − − . 

and so, 

(a)       ( )
4

20
0

1 ( 1)
ln cos( ) sin( ) ln(2) ln(2)

2 8 8 2 (2 1)

n

n

G
x x dx

n

   

=

−
− = − − = − −

+
 . 

(1) – (2) gives, 

      ( )
4

0
2 ln cos( ) sin( ) ln(2)

4
x x dx G

 
+ = − + . 

It follows that,  

(b) ( )
4

20
0

1 ( 1)
ln cos( ) sin( ) ln(2) ln(2)

8 2 8 2 (2 1)

n

n

G
x x dx

n

   

=

−
+ = − + = − +

+
 . 
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( )( ) ( )( )4 42 2

0 0
ln tan( ) ln sin( ) ln(cos( )x dx x x dx

 

= −   

( )( ) ( )( ) ( )
4 4 42 2

0 0 0
ln sin( ) ln cos( ) 2 ln sin( ) ln(cos( ))x dx x dx x x dx

  

= + −     ------------- (3) 

Now, using the substitution 
2

x y


= −  

( )( ) ( )( ) ( )( )2 4

4 4

0 22 2

2 0
ln sin( ) ln sin( ) ln cos( )x dx y dy y dy

 

 

= − − =    so that  

( )( ) ( )( ) ( )( ) ( )( )4 4 4 2

4

2 2 2 2

0 0 0
ln sin( ) ln cos( ) ln sin( ) ln sin( )x dx x dx x dx x dx

   


+ = +      

                                                       ( )( ) ( )
2

3
2 2

0
ln sin( ) ln(2)

24 2
x dx

  
= = + . 

Hence, it follows from (3) that 

       ( ) ( ) ( )
4 4

3 3
2 2

0 0
ln(tan( )) ln(2) 2 ln sin( ) ln(cos( ))

16 24 2
x dx x x dx

   
= = + −  . 

Therefore, 

( ) ( ) ( )
4

3 3 3
2 2

0
2 ln sin( ) ln(cos( )) ln(2) ln(2)

24 2 16 48 2
x x dx

     
= + − = − + , so that 

(c) ( ) ( )
4

3
2

0
ln sin( ) ln(cos( )) ln(2)

4 96
x x dx

  
= − . 

Alternatively, since                 

( )
4 4

2
0

ln sin( ) ln(cos( )) ln sin ln cos
2 2

x x dx y y dx
 



       
= − − −      

      
  ,  

                                                          using the substitution, 
2

y x


= −   

                                   ( ) ( )
2 2

4 4

ln sin( ) ln(cos( )) ln sin( ) ln(cos( ))y y dy x x dx
 

 
= =   . 

( ) ( ) ( )
4 2

3
2

0 0

1
ln sin( ) ln(cos( )) ln sin( ) ln(cos( )) ln(2)

2 4 96
x x dx x x dx

   
= = −  . 

(d) For the integral 
4 2

0
(ln(sin( ))x dx



 , we shall use a power series approach. 

4 4

2
sin( )

2

20 0

(ln( )
(ln(sin( ))

1

t
x dx dt

t

 

=
−

    with sin( )t x= . 

We shall see if we can use a power series to determine this integral. 
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Newton’s Binomial Series expansion for 
1
22(1 )x

−
− ([2] Theorem 19, Chapter 9) gives: 

        
1
2

1
22 2

0

(1 ) ( )k

k

x x
k


−

=

− 
− = − 

 
    for  

2| | 1x   , 

          
1 1 1 1

22 2 2 2

1

( 1)( 2) ( ( 1))
1 ( 1)

1 2 3

k k

k

k
x

k



=

− − − − − − − −
= + −

 
   

          
3 5 2 11

2 22 2 2 2

1 1

( )( ) ( ) 1 3 5 2 1
1 1

1 2 3 2 4 6 2

k
k k

k k

k
x x

k k

 −

= =

−
= + = +  

 
  . 

Thus, this is a power series of radius of convergence 1 as    

                    
2 11 3 5 2 1 1 3 5 2 1

lim lim 1
2 4 6 2 2 2 4 6 2 2k k

kk k

k k k→ →

++ −
    = =

+
. 

Therefore, by Theorem 11 Chapter 8, for any K such that 0 < K < 1,  

                            
2

1

1 3 5 2 1
1

2 4 6 2

k

k

k
x

k



=

−
+    

converges uniformly to 
1
22(1 )x

−
−  on [−K, K]. 

By the Lebesgue Monotone Convergence Theorem and since each term of the series

( ) ( )
2 22

1

1 3 5 2 1
ln( ) ln( )

2 4 6 2

k

k

k
t t t

k



=

−
+    is non-negative and the series converges pointwise on (0, 

1) to a Lebesgue integrable function 
2

2

(ln( )

1

t

t−
on (0 1), we may thus integrate 

2

2

(ln( )

1

t

t−
 term by term 

from 0 to 
1

2
.  Note that the Lebesgue integral of each term is just the improper integral. 

Now we evaluate the relevant integrals of  
2 2(ln( )nt t  . 

1
1 12
2 22 2 2 1 2 21 1

(ln( )) (ln( )) 2ln( )
2 1 2 1

n n n

s s
s

t t dt t t t t dt
n n

+ 
= − + + 

     

                   ( )( )
1

2
2

2 1 2 21 1 1 1
ln 2 (ln( )) 2 ln( )

2 1 2 1 2 12 2

n n

n s
s s t t dt

n n n

+= − −
+ + +   

 ( )( )
1

2
2 2 1 2 2

2

1 1 1 1
ln 2 (ln( )) 2 ln( )

2 1 2 1 2 12 2

n n

n s
s s t t dt

n n n

+

+
= − −

+ + +  

( )( )
1

2 1

2
2 2 1 2 2 1 2

2 22

1 1 1 1 1
ln 2 (ln( )) 2 ln( ) 2

2 1 2 1 (2 1) (2 1)2 2

n n n

n s
s

s s t t t dt
n n n n

+ +

+

 
= − − + 

+ + + + 
          

 ( )( )
2 2 1 2

2

1 1 1
ln 2 (ln( ))

2 1 2 12 2

n

n
s s

n n

+

+
= −

+ +
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1

22 1 2

2 2 2

1 1 2 1
ln(2) ln( ) 2

(2 1) (2 1) (2 1)2 2

n n

n s
s s t dt

n n n

++ + +
+ + +   

( )( )
2 2 1 2 2 1

2 22

1 1 1 1 1 2
ln 2 (ln( )) ln(2) ln( )

2 1 2 1 (2 1) (2 1)2 2 2 2

n n

n n
s s s s

n n n n

+ +

+
= − + +

+ + + +
 

   

1

2

2 1

3

2

(2 1)

n

s

t
n

+ 
+  

+ 
  

( )( )
2

2 32

1 1 1 1 2 1
ln 2 ln(2)

2 1 (2 1) (2 1)2 2 2 2 2 2n n nn n n+
= + +

+ + +
 

2 1 2 2 1 2 1

2 3

1 2 2
(ln( )) ln( )

2 1 (2 1) (2 1)

n n ns s s s s
n n n

+ + +− + −
+ + +

 

Therefore,  

( )( )
1 1

2 2
22 2 2 2

2 32 10 0

1 1 1 1 1 1
(ln( )) lim (ln( )) ln 2 ln(2)

2 1 (2 1) (2 1)2 2 2 2 2 2

n n

n n nss
t t dt t t dt

n n n+ + −→
= = + +

+ + +    

Hence,  

(d) 
4 4 4

2
sin( ) sin( )

2 2 2

20 0 0
1

(ln( )) 1 1 3 5 2 1
(ln(sin( )) (ln( )

2 4 6 221

n

n

t n
x dx dt t t dt

nt

  

=

−
= = +  

−
    

( )( )
2

2 32 1
1

1 1 3 5 2 1 1 1 1 1 1 1
ln 2 ln(2)

2 4 6 2 2 1 (2 1) (2 1)2 2 2 2 2 2 2n n n
n

n

n n n n



+ −
=

 −
= +   + + 

+ + + 
 . 

Similarly,  

4 4

4 4

2 2
cos( ) 1 1

2 2 2

2 20 1 cos( )1 cos( )
1

(ln( )) (ln( )) 1 1 3 5 2 1
(ln(cos( )) 1 (ln( )

2 4 6 221 1

n

n

t t n
x dx dt dt t t dt

nt t

 

 



=

−
= − = = − +  

− −
     

1 1
12 2
2

1
1 1

2 2 2 1 2 21 1
(ln( )) (ln( )) 2ln( )

2 1 2 1

n n nt t dt t t t t dt
n n

+ 
= − + + 

     

                   ( )( ) 1

2

2 1
21 1 1

ln 2 2 ln( )
2 1 2 12 2

n

n
t t dt

n n
= − −

+ +   

 ( )( ) 1

2

2 1
21 1 1

ln 2 2 ln( )
2 1 2 12 2

n

n
t t dt

n n
= − −

+ +  

( )( ) 1

21

2

1
2 1

2 1 2

2 2

1 1 1 1
ln 2 2 ln( ) 2

2 1 (2 1) (2 1)2 2

n n

n
t t t dt

n n n

+ 
= − − + 

+ + + 
          

 ( )( ) 1

2

2 1
2

2 2

1 1 1 1 1
ln 2 ln(2) 2

2 1 (2 1) (2 1)2 2 2 2

n

n n
t dt

n n n
= − − +

+ + +     
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( )( )
1

2

1
2

2 1

2 3

1 1 1 1 2
ln 2 ln(2)

2 1 (2 1) (2 1)2 2 2 2

n

n n
t

n n n

+ 
= − − +  

+ + + 
 

( )( )
2

2 3

1 1 1 1 2 1
ln 2 ln(2) 1

2 1 (2 1) (2 1)2 2 2 2 2 2n n nn n n

 
= − − + − 

+ + +  
 

 ( )( )
2

2 3 3

1 1 1 1 1 2 2
ln 2 ln(2)

2 1 (2 1) (2 1) (2 1)2 2 2 2 2 2n n nn n n n
= − − − +

+ + + +
 

Therefore,  

( )( )1

2

21
2 2

2 3 3

1 1 1 1 1 2 2
(ln( )) ln 2 ln(2)

2 1 (2 1) (2 1) (2 1)2 2 2 2 2 2

n

n n n
t t dt

n n n n
= − − − +

+ + + + . 

Thus, 

(e) 4

4

1
2 2 2

0 cos( )
1

1 1 3 5 2 1
(ln(cos( )) 1 (ln( )

2 4 6 22

n

n

n
x dx t t dt

n







=

−
= − +     

( )( )
2

2 3 3
1

1 1 3 5 2 1 1 1 1 1 1 2 2
1 ln 2 ln(2)

2 4 6 2 2 1 (2 1) (2 1) (2 1)2 2 2 2 2 2 2n n n
n

n

n n n n n



=

 −
= − +   − − − + 

+ + + + 
   

Therefore, 

4 42 2

0 0
(ln(cos( )) (ln(sin( ))x dx x dx

 

+   

( )
2

3
22

3 0
1

1 3 5 2 1 2
1 (ln(sin( )) ln(2)

2 4 6 2 (2 1) 24 2n

n
x dx

n n

  

=

−
= +   = = +

+
   . 

Thus, we have the following identity, 

                ( )
3

2

3
1

1 3 5 2 1 2
1 ln(2)

2 4 6 2 (2 1) 24 2n

n

n n

 

=

−
+   = +

+
  . 

Use of the Following Fourier series                    

Recall from Theorem 11 of “Riemann Summable Everywhere Series, Two Special 

Cosine Series And Abel Summable series” that the series 

                      
1

cos(2 ) cos(3 ) cos( )
cos( )

2 3 n

n

n

  




=

+ + =      
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is a Fourier series which converges pointwise and dominatedly to the continuous 

function 
( )2

1
ln

2sin 

 
 
 

 for   in (0, 2 ) in the L1 norm.   

That is,  ( )( )2

1

cos( )
ln sin ln(2)

n

n

n




=

= − −  for   in (0, 2 ).  ----------- (C) 

(9) (a) 2

2

0 sin( )

x
dx

x



  , 2

0
ln(sin( ))x x dx



 , 4

0
ln(sin( ))x x dx



  (b) 
2

0
sin( ) ln(sin( ))x x dx



  (c) 

2 2

0
sin ( ) ln(sin( ))x x dx



   

(a)  ( ) ( )
2 22

2
2

00 0
ln(1 cos( )) ln(sin( )) 2 ln(1 cos( )) ln(sin( ))

sin( )

x
dx x x x x x x dx

x

 

 = − − − − −    

( )
2 2

0 0
0 2 ln(sin( )) 2 ln(1 cos( ))x x dx x x dx

 

= + − −   

2 2 2

0 0
2 ln(sin( )) 2 ln 2sin

2

x
x x dx x dx

    
= −   

  
   

 

2 2

2

0 0
2 ln(sin( )) ln(2) 4 ln sin

4 2

x
x x dx x dx

    
= − −   

  
  . ------------------- (1) 

From (C), we get  

                        ( )( )
1

cos(2 )
ln sin ln(2)

n

nx
x

n



=

= − −  ---------------- (2) 

so that by the Lebesgue Dominated Convergence Theorem, 

2 2 2

0 0 0
1

1
ln(sin( )) ln(2) cos(2 )

n

x x dx xdx x nx dx
n

  

=

= − −     

2
2

2

0
1 0

1 sin(2 ) sin(2 )
ln(2)

8 2 2n

nx nx
x dx

n n n


 

=

   
= − − −  

   
   

 
22

2

3
1 10

1 1 cos(2 ) 1 1
ln(2) 0 ln(2) cos( ) 1

8 2 2 8 4n n

nx
n

n n n n




 

 

= =

   
= − − − − = − − −  

   
 

2

3 3
1 1

1 1 1
ln(2) ( 1)

8 4 4

n

n nn n


 

= =

= − − − +   

2 2 2

0 0 0
2 ln(sin( )) 2ln(2) 4 ln sin

2

x
x x dx xdx x dx

     
= − −   

  
  
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21 1 1
ln(2) (3) (3)

8 4 4
  = − + +  ------------------------------------- (2) 

2 2 21 1 1 7 1
(3) ln(2) (1 2 ) (3) (3) ln(2)

4 8 4 16 8
    −= − + − = − .     

2 2 2

0 0 0
1

1
ln sin ln(2) cos( )

2 n

x
x dx xdx x nx dx

n

  

=

  
= − −  

  
     

2
2

2

0
1 0

1 sin( ) sin( )
ln(2)

8 n

nx nx
x dx

n n n


 

=

   
= − − −  

   
   

22

1 0

sin
1 1 cos( )2

ln(2)
8 2n

n
nx

n n n n





 

=

  
     = − − − −  

  
  

  

2

2 3
0 1

1 1
ln(2) sin (2 1) cos 1

8 2 (2 1) 2 2n n

n n
n n

    

= =

    
= − − + − −    

+     
   

( )
2

2 3 3
0 1 1

1 1 1
ln(2) ( 1) cos

8 2 (2 1) 8

n

n n n

n
n n n

 


  

= = =

= − − − − +
+

    

2

3 3
1 1

1 1
ln(2) ( 1)

8 2 8

n

n n

G
n n

   

= =

= − − − − +  , where 
2

0

1
( 1)

(2 1)

n

n

G
n



=

= −
+

 , 

2 1
ln(2) (3) (3)

8 2 8
G

 
 = − − + + .    --------------------  (3). 

It follows from (1) that  

2

2 2 2
2

0

1 1 1 1
ln(2) 2 ln(2) (3) (3) 4 ln(2) (3) (3)

sin( ) 4 8 4 4 8 2 8

x
dx G

x

   
    

  
= − + − + + − − − + +  

   
  

7
2 (3)

2
G = − . 

We may use (C) to compute 
4

20
0

1 ( 1)
ln(sin( )) ln(2)

2 (2 1) 4

n

n

x dx
n

 

=

−
= − −

+
  

4 4 4

0 0 0
1

1
ln(sin( )) ln(2) cos(2 )

n

x dx dx nx dx
n

  

=

= − −     

4

2
1 10

1 sin(2 ) 1
ln(2) ln(2) sin

4 2 4 2 2n n

nx
n

n n n



   

= =

   
= − − = − −   

   
   
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2 2
0 0

1 1 1 1
ln(2) sin (2 1) ln(2) ( 1)

4 2 (2 1) 2 4 2 (2 1)

n

n n

n
n n

   

= =

 
= − − + = − − − 

+ + 
  . 

( )( )2 4

0 0
ln sin 4 ln sin

2

x
x dx u u du

   
=  

  
  , using substitution 

2

x
u =  . 

Therefore,  

4 2

2

0 0

1 1 1
ln(sin( )) ln sin ln(2) (3) (3)

4 2 4 8 2 8

x
x x dx x dx G

   
 

   
= = − − + +   

    
   

21 1
(3) (3) ln(2)

32 4 32 8
G

 
 = + − − . 

(b)    
2

0
2

0 1
sin( ) ln(sin( )) ln( 1x x dx u du



= − −  , using substitution cos( )u x= , 

         ( )
1 1

2

0 0

1 1
ln(1 ) ln(1 ) ln(1 )

2 2
u du u u du= − = − + +   

             ( )1 1

0 0

1
(1 ) ln(1 ) 1 (1 ) ln(1 ) 1

2
u u u u= + + − + − − − −  

         ( )
1

2ln(2) 1 0 1 ln(2) 1
2

= − + − = − . 

(c) ( )
2 22

0 0

1
sin ( ) ln(sin( )) 1 cos(2 ) ln(sin( ))

2
x x dx x x dx

 

= −   

2 2 2

0 0 0

1 1 1 1
ln(sin( )) cos(2 ) ln(sin( )) ln(2) cos(2 ) ln(sin( ))

2 2 2 2 2
x dx x x dx x x dx

   
= − = − − 

 
    

2

0
1

1 1 cos(2 )
ln(2) cos(2 ) ln(2)

2 2 2 n

nx
x dx

n

 

=

  
= − − − −   

   
  

2 2

0 0
1

ln(2) 1 cos(2 )
ln(2) cos(2 ) cos(2 )

4 2 2 n

nx
x dx x dx

n

  

=

= − − +    

2
2 22

0 0
20

ln(2) sin(2 ) 1 1 1
ln(2) cos (2 ) cos(2 )cos(2 )

4 2 2 2 2 n

x
x dx x nx dx

n


  

=

 
= − − + + 

 
   

( )
2 2

0 0
2

1 1 1 1
ln(2) 0 cos(4 ) 1 cos(2 )cos(2 )

4 2 2 2 n

x dx x nx dx
n

  

=

= − − + + +    

ln(2)
4 8

 
= − + , since

2

0
cos(2 )cos(2 ) 0x nx dx



=  for n > 1.  

(10) A recursive formula for the integral 
2

0
sin ( ) ln(sin( ))n x x dx



   
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We note that cos(x) is absolutely continuous on the interval 0,
2

 
 
 

  and that for 2n   

, the function 1sin ( ) ln(sin( ))n x x− is absolutely continuous on 0,
2

 
 
 

.   Since for 2n 

1

0
lim sin ( ) ln(sin( )) 0n

x
x x

+

−

→
= , we may define the function 1sin ( ) ln(sin( ))n x x− to take the 

value 0 at 0.  We may thus regard 1sin ( ) ln(sin( ))n x x− to be absolutely continuous on 

the interval 0,
2

 
 
 

 for 2n  . 

If we let 
2

0
sin ( ) ln(sin( ))n

nI x x dx


=  , then for 2n  , by integration by parts, 

( )2 2 1

0 0
sin ( ) ln(sin( )) sin( ) sin ( ) ln(sin( ))n n

nI x x dx x x x dx
 

−= =   

221 2 1

0 0

cos( )
cos( )sin ( ) ln(sin( )) cos( ) ( 1)sin ( )cos( ) ln(sin( )) sin ( )

sin( )

n n n x
x x x x n x x x x dx

x


− − − 

 = − + − +  
 

  

( )2 2 2 2 2

0
0 ( 1)sin ( )cos ( ) ln(sin( )) sin ( )cos ( )n nn x x x x x dx



− −= + − +  

2 2 22 2 2 2

0 0 0
( 1) sin ( ) ln(sin( )) ( 1) sin ( )cos ( ) ln(sin( )) sin ( )cos ( )n n nn x x dx n x x x dx x x dx

  

− −= − − − +    

2 2 2

2
0

( 1) ( 1) sin ( )cos ( )n

n nn I n I x x dx


−

−= − − − +   

2

2
0

1
( 1) ( 1) sin ( )

1

n

n nn I n I x dx
n



−= − − − +
−  .  ------------------ (1) 

Hence,  
2

2
0

1 1
sin ( )

( 1)

n

n n

n
I I x dx

n n n



−

−
= +

−   for 2n  . 

Using (1), we have another way to compute 
2 2

0
sin ( ) ln(sin( ))x x dx



 without using 

Fourier series. 

22 2 2

2 0
0 0

1 1
sin ( ) ln(sin( )) sin ( )

2 2
x x dx I I x dx



= = +   

( ) ( )
2 2

0 0

1 1 1 1
ln(2) 1 cos(2 ) ln(2) cos(2 )

2 2 2 2 4 8 4
x dx x dx

    
= − + − = − + − 

 
   

ln(2) 0 ln(2)
4 8 8 4

   
= − + − = − . 

Using the formula for 
2

0
sin ( )n x dx



 ,  
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           2

0

1 3 5 2
,   odd,

2 4 3
sin ( )

1 3 5 1
,   even

2 4 2

n

n n n
n

n n n
x dx

n n n
n

n n n



− − −
 − −

= 
− − −

 − −

 , 

we may compute, 
2

0
sin ( ) ln(sin( ))n

nI x x dx


=   recursively for any 2n  . 

For example,  

2 23 3

3 1
0 0

2 1
sin ( ) ln(sin( )) sin ( )

3 6
x x dx I I x dx

 

= = +   

                               ( )
2 1 2 2 2 1 2 5

ln(2) 1 ln(2) ln(2)
3 6 3 3 3 9 3 9

= − + = − + = − . 
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