Integrating Using Power Series Expansion

By Ng Tze Beng

Introduction. Not all integral has a closed form evaluation. We give some typical
examples where power series, or Fourier series is involved.

(1) The integral jfln(tan(x))dx

o0

[/ In(tan(x))dx =

n=0

[/ In(tan(x))x = j:l"l(g

dt by using the substitution t =tan(x) .

By Newton’s Binomial Theorem, 1+1t Z( 1)"t*" with radius of convergence 1.

In(t)

Hence, e =i(—1)”t2n In(t) is convergence for 0 <t <1. Obviously whent=1,

In(t)
1+t?

Z( 1)"t*"In(t) is 0. Therefore, the series Z( 1)"t*" In(t) converges pointwise to

n=0 n=0

forO<t<]1.

Now

S o)< S i = MO for 0 < t <1
<> t2In()] < D_t*"|In(t)) g for :
n=0 n=0 -

Zk:(—l)”tzn In(t)

Note that for 0<t <1, i(—l)”tz“ In(t) sit2“|ln(t)|. Observe that the partial sums of

[In®)]

Zt2”|ln(t)| is @ monotone increasing sequence converging pointwise to ol (O,

1). Therefore, by the Lebesgue Monotone Convergence Theorem, Z J'Otz” |In(t)[dt
n=0

In(t In — 1
converges to f'”()'dt. Note that fim ™l _ i =IO _ & 1
01—t? s 1—t?  tor 1—t? ts 2t 2
_In(?, forO<t<l,
g(t) = 1-t . Then g is continuous on (0, 1]. Moreover
1
> fort=1

<Zt2”|ln(t)| Zt2”||n(t)| | ()| <g(t) fortin (0, 1]. Note that the

Z( ~D)"t2" In(t)

improper Riemann integral of each j0t2"||n(t)|dt is the Lebesgue integral over (0, 1)



and the improper Riemann integral j' |dt Is the Lebesgue integral of in t'over

(0, 1). Now

J'lt"‘“ln(t)dt [ 2””In()} j ___ b ) |
s 2n+ ~ 2n+1 (2n+1)° |,
2n+1
o1 gnm In(s) — ! ~+ > -
2n+1 (2n+1)° (2n+1)

Therefore,

2n+l

[Lt" In(t)dt = lim ["t*" In(t)dit = g™ n(s)+ lim
s—>0" Vs

—lim ——
(2n+1)* >0 N+l 50" (2n+1)°

=— >+0+0= L > -
(2n+1) (2n+1)

Hence, j | jtz" '”(t)dt_Zﬁ By comparing with Z ) , We note
n=0
that Z (2 - IS convergent and so g(t) is a Lebesgue integrable function on [0,1].
n=0

Hence, i(—l)“tz” In(t) is dominated by a Lebesgue integrable function and so by the

n=0

, 1|n(2 [ integrable over (0,
1) and the integral
[0 g =3 [ 2 In(oydt - f: \ e (1)
0] +t? —Jo e~ 2n+1)

It follows that [ In(tan(x))dx = j:l'i(g _ Z e

(2) The integrals [*In(sin(x))dx and | In(cos(x))dx.

I 1 () oz
(a) jo In(sin(x))dx = znz_;(zn+1)2 S In@),

.z (D"
(b) j In(cos(x))dx In(2) nz;(z I



[[Fin(sin(x))dx+ [ *Ineos(x))dx = [ In(sin(x) cos(x))dx = jfm[sm(zzx)jdx

= [FIn(sin(2x))dx [ In(2)dx = %Ijln(sin(x))dx—%ln(z)

1( = T T
ZE(—E"‘(Z))—Z"‘(Z) :—Eln(Z), """""""""""""" (1)

since jo In (sin(x)) dx = —% In(2).

0

Now, [ In(sin(x))dx - [ In(cos(x))dx = [ * In(tan(x))dx = Z{; 2n+1) JE— (2)
Thus, adding (1) and (2) gives, 2[  Insin(x))dx =3
@ | In(sm(x))dx_——no(z( 1)) —%In(Z) and
D"
(b) j In(cos(x))dx_——ln(2) j In(sm(x))dx:——ln(Z) —no(z 7 %In(Z)

o0

VLCH Z (2n+ 1)

n=0

(x+ 1+ x° )
(3) The integral j

wln(x+\/1+7)

[} (_1)n
dx=2 .
0 1+ % nzz(; (2n+1)?

Iow In(X:/;T) dx = I: In (tan(y) +\/1+taT(y))dy

letting x =tan(y), so that dx = (1+x°)dy,

1+sin(y)

= ["In(tan(y) +sec(y))dy = [ 'n( cos(y)

de :jf|n(1+sin(y))dy—jf|n(cos(y))dy

2t
1+t

= Ifln(1+ sin()/))dy+%ln(2) = j:ln(l+ . jﬁdt +%In(2) ’

] . 2t
with t =tan Y so that sin(y) =
(2) In(y) 1+t?

3



1In (1+t) |

dt+—|n(2)

o M o

:4I1Mdt—2jont+—ln(2)

0 14t? 1+t

—4j In(L+ tan(u)) du — 2j )dt+—ln(2)
_ 4%|n(2)—2jf|n(1+tan2(y))dy+§|n(2) ,

since jfln(1+tan(u))du =%In(2) (see (5) below) and letting t = tan(y)
= 7In(2)-2[ In(sec?(y)) dy = zIn(2) + 4 In (cos(y) ) dy

—7rln(2)+4[——ln(2)+ > D j i (=D

25 (2n+1)? (2n+1)?
(4) The integral I (1+—X\/12+_x)dx
I (1+\/1+_x) i
0 1+x° O(2n+1)

letting x =tan(y), so that dx=(1+x*)dy,

1+cos(y)

_ .[02 In (1+SeC(Y))dy - Ioz In[ cos(y)

jdy = J: In(1+ cos(y))dy—jfln (cos(y))dy

z T 1 1—t2 2 T
=j0 In(1+ cos(y))dy+EIn(2) =.[0In(1+m}ﬁdt+aln(2),

with t:tan(g so that cos(y) = itdt,

) 1""(—z)olt—zjlwdu In(2)

0 1+t? 0 1+t



=2In(2)tan"*(1) - 2j (1 )dt+ > In(2)

T % 2 T .
:5'”(2)‘40 In (1+ tan (y))dy+EIn(2), letting t = tan(y),

= 7In(2) - 2| In(sec?(y)) dy = zIn(2) + 4] In (cos(y) ) dy

_ﬂ|n(2)+4£——ln(2) _Z(z(nl)nj i +1)

n=0

(5) The integrals [ In@+tan(x))dx, [ In(1—tan(x))dx.

(@) ], In(1+tan(x)) dx = ZIn(2), (b) [ In(1—tan())dx =% In(2) - 2(% 17

(a) _[; In(1+ tan(x))dx = _[0K In [1+ tan (% - xj} dx

:jﬂn[u tan(3) + tan(~x) jdx:jzln(uin(x)jdx:jzln( 2 de
0 1-tan(%)(tan(—x) 0 1+ tan(x) o {1+tan(x)

=[/In(2)dx~ [ In(1+tan(x)) dx

Therefore, E In(1+tan(x))dx = %J.O“ In(2)dx = % In(2) .

z z z 1—tan(x)
(b) IO In(l—tan(x))dx=j0 In[l—tan (%—dex:L In(l—mjdx

:jjln(lit?:rféi)]dx :fIn(2)dx+jfIn(tan(x))dx—jfIn(l+tan(x))dx

o0

=%In(2)—

- .
=g "3~ Z (2n +1)

n=0 =0

(6) The integrals j (1£XX)) dx, j:(llni—xx)z)dx, and jf(ln(tan(x)))2 dx

(ln(X)) D" (ln(X)) (D"
@ )I at= nz(;(z ()I o= ,Z;‘(Zn+1)3’




(c) j (In(tan(x)))’ Z

= 2n+1)
(@) and (b)

By a change of variable, x = tan(t), j: (Ilnf;)z) dx = J?(In(tan(x)))z dx

1+ x° 0 1+x°

Now, Joo(ln(x)) iy (|n(X)) X+I°°de_ By a change of variable y=1,
0 1o1+X X

I « (In(x))’ X__Io(ln@)) £ J(In(y))

1+x* . 1+(%)2 y 1+y?
(I | =(In(y))’ |
e, | i = G o [ i o= G o 0

As with the case of j In(x ) ~dx, we can show that

(In())* . =51, e ,
.[o 1+12 t_nz_(;jo( D"t (In(t)) dt .

Now,

1

ion 24 2n+1 21_1 1
Lt (In(t)) dt—[—2n+1t (In(t)) } L—2n+1t 2In(t)dt

=- 2”*1(In(s))2 —2 j t2“ In(t)dt

2n
1 1 o1
=——— 5°™(In(5))* -2 2" n@t) | +2 t>"dt
2n+1 (In(s)) {(2n+1)2 ()1 L (2n+1)°

2n+1 1 2n+1 1 2n+1 '
= ona1® )+ 2o st InGs) + Z{Wt }
1

L e ings) 42 O I ML N
2n+1 (2n+1) (2n+1) (2n+1)

Therefore,

_[Oltz”(ln(t))zdt = lim Etzr‘(ln(t))zdt



2

= —L lim s*™*(In(s))? + 2 lim s*™In(s) -2 lim ;32”” +
2n+1s-0° s0"

-0 (2n+1)2 50" (2n+1)° (2n+1)°

=— 1 -0+2-0-2-0+ 2 ;= 2 7

2n+1 (2n+1)° (2n+1)
Hence,

(In(t))® 2n ( D
jo Lo dt= Zj (=D "2 (In(t))%dt = 22 e (2)
It follows from (1) that
(In@®)* & (D'
Io 142 t_4n§‘(zn+1)3'

(c) By a change of variable, j(ln(tan(x)) ) dx = j n(x)) dx=4i(( ?1) Also,

x 2 _ 1(| i
jo (In(tan(x)))” dx = jo = Z +1)

O

Note tha tj '”(X)) dx:j:MdHfde:j:('”(—X»dx jo('”(x)) dx=0.

1+ %° 1+ x° 1+ x° 1+ x?

(7) Use of Known Series and Power Series

-D"
2 (2n+1)

(@) jf(ln(tan(t))zdt—— (b) j (I1n(tt)2) dt = j (In(tan(x)) ) dx = k /(-1)* z
D" _~

(c) j (In(tan(x)))’ dx = 22(2 SR T

3

(d)J In(sin(x)) )" dx = _[ (In(cos(x)))” dx YR

(In(2))

3
T

(e) j; In(sin(x)) In(cos(x))dx = %(In(Z))2 B

) [ 2 ax="

smh(x) 4

_ov (D
(g)j cosh(x) _2§(1+2n)2'



3

() [ X _ax=%

cosh(x) 8

O = dx=zii3=£c(3)

sinh(x) 445n

G [

dx = 2kl(1——jg(k +1), where £ (n) is the Riemann Zeta function
smh(x) 2K+

( )I \/lrg_X)?( dx = 277

00

The Dirichlet function is gi
(a) The Dirichlet beta function is given by B(k) §(1+2n)

Recall the well-known series, Ziz x
na N

Now i%:i ! +i ! =%i%+i;)2. Therefore,

0

© ( 1)n—l B © 1)2n—1 © (_1)2n—2 o LS
2= ;(Zn—l)z_ Z le 2n— 1)

nl 2n

10 = «
e ZQnD VRIS

We shall make us of the Fourier series of the function, (see [4]),

1) = 2(7r X), 0< x< 27, ’
0, x=0

S(x) = i@ . S(x) converges uniformly in any closed interval free from

n=1
multiples of 2z and converges boundedly to J(x). It is well known that for any
0<s<2r, the formally integrated series of S(x) converges to the integral of J(x) on

[0,5]. That is, Zj

2

dx _j J(X)dX=%|:7rX—X—l =%[n5—%} and plainly we can

sm(nx)

2
also perform the formal integration over the interval [s, 7] to give



. . 27" 2 2 2 2 _
> S'”f]”x) dx=[" I (x)dx :%[ﬁx_ﬂ =”__1[;rs-5_J :%25. Hence,
n=1 S

i[— cos(nx) } _ i[cos(ns) . cos(nn)j o ) Thatis,

2 2
=1 n n

n+1

i cos(ns) . i =)™ _ 7t +5%-2s
. :
4

2
N

3 (z-s) S (z=5) =’
Thus, Zcos(ns) 7 _(775) andso 3790(09) _ (7 -2 Note that the series

~ n 12 4 <~ 4

(72'—8)2 7[2 . . (72'—8) 72'2

converges to 5 for any sin [0, 2z]. Note that the function ~——~ o
© _ 2

continuous on [0, 2z]. Therefore, ZCOS(ZnS) Is the Fourier series of Q—f—z.

n=1

We may now integrate the series »_ CO;(ZnS) formally and the integrated series
n=1

2
T

converges to the integral of @——

= cos(nx) (m-x) 7z
ZL x _J.s[ 4 _;_T_z X

n=1

. That is, forany 0<s<2r,

Hence,
0 H T —X 37" 2 _s 3 2 _s 2 2
;{Slnrfanx)l :_{(7[12 ) } _;[_Z(ﬂ—s):(ﬂlz) _f_z(ﬂ_s):(”lz )((ﬂ_s) —7; )

Thus, —ismrf?s):(ﬂl;s)((n—s)z—;zz). Taking s=% , We get

nz
 sin

_z—fj: 24(?) _:_;

=1 n
That is,
sin
- (D" < [ j_”_s ___________________ 1
§(2n+1)3 _le n® 32 @)
Hence,



o0

~(In)* e
(@) Jo 1+t2 Z;' 2n+1) R

) 7
Thus, j (In(tan(t))?dt = 4;(2n+1) =5

(b) Following the method in (6),

(in(t)" . 1y
e o= 2 [ e o) st =kiD 3o

Hence,

In(tan(x)))* dx = k I(— 1) (1) Thus,
( ) 1)k+1

3

" _~
(c) j(ln(tan(x)) ) dx= 22(2 16

(d)j (In(sin(x)))’ dx = I(In(Zsm(zjcos(zD dx

= ij(ln(Zsin (u)cos(u))2 du = 2_"0%(In(sin(2u))2 du.

Now, J‘f(ln(sin(ZU))2 du = If(ln(sin(Zu))z du +I:(In(sin (2u))2 du

= J'f(ln(sin (2u))2 du +I;(In(sin(2(%—ujn2 du

- Ij(ln(sin(Zu))2 du —I;(In(sin (2(y)))2 dy = ZIf(In(sin (2u))2 du.
Therefore,

[/} (In(sin(x)))” dx = [ (In(sin(2x))° dx = [ (In(2) + In(sin(x)) + In(cos(x)) )’ dx
= [} (In@)* dx+ [ (In(sin(x)))” dx+ [ (In(cos(x) )° dx

+2[ In(sin(x)) In(cos())x + 2In(2) In(sin(x))cbx-+ 2In(2) [ In(cos(x0)cdx
= (I))" 7 -+2; (Insin(x)))” d+ 2, In(sin(x)) In(eos(x))d

—z(In(2))" - z(In(2))’,

10



since jo’ In(sin(x))dx = jo’ In(cos(x))dx = —% In2).
Thus,
J (In(sin(x)*dx+ 2 In(sin(x)) In(os(x)ck = 2= (In(2)) <---------- 2)
We also have,
[}/ (In(tan(x)))* dx = [ (In(sin(x)) ~ In(cos(x)))* dx
=2[; (In(sin(x)))" dx ~ 2] In(sin(x)) In(cos(x))dx.

Thus, by part (a),

3

2[*(In(sin(x)))” dx—2[ " In(sin(x)) In(cos(x))cx = g —— (3)

7 3

From (2) and (3) we have, ij(ln(sin(x)))zd :E+—(In(2)) giving

3
77-'

(d)j (In(sin(x))) ? dx = f |n(005(x))) o

(In(2)) and

3 3 3
T T

(e) J~02 In(sin(x)) In(cos(x))dx = J.Oz (Insin(x)))’ dx T _( n(2))’ -

3
T

=2 (@) -7 .

()J' "_2X dx=2[" Xeiz dx. We note that jw%dx is convergent
smh(x) 0 g —g™" L 11-e

o : xe™ —x|® © _-x -1
is non-negative, <= for x=1,[ xe™ =[-xe™ | +[ e dx=2e

since
1- e*2X 1-e? 1-¢?

X — is continuous on [0, 1] with its value 0 taken to be % . Furthermore, for

and

e7X —XA—2NX
I = xe*XZe*2nx and so the partial sums of the series er e”*™ converges
_e n=0

—X

e*zx . Since each term xe*e™*™ is non-negative and improperly

x>0,

pointwise to I

Riemann integrable on [0, ) and so is Lebesgue integrable on [0, «), by the
Lebesgue Monotone Convergence Theorem,

Zj.:l— dx = ZZI xe *e 2™dXx.

11




Note that

J'OC Xe—xe—andX _ J'OO Xe—(2n+1)><dX _ —X e—(2n+l)x n J‘OO 1 e—(2n+1)><dX
0 0 (@+2n) o "% (1+2n)

_ 0+J‘O°° 1 —(2n+1)x — _1 n e_(2n+1)x _ 1 _
(@+2n) (@+2n) , (@+2n)

Therefore, |- dx=2[" xe’; ) Y L
smh(x) 01— “~ (1+2n) 8 4
Similarly, [*—* _dx=2[ & 3 .
(9) Similarly, | cosh() e 1+ §(1+2n)
© 3 72_3
M) |, cosh(x) I 1+e Z;‘(1+2n) 32‘?

= 741
()j smh(x) :2I01 e z(1+2n) Z;F

=0

= 1
(J)-[ smh(x) :2.[ 1_e™* d _Zkl( 2k+lj§nk+1:2k (1__j§(k+1) where £ (n) is

the Riemann Zeta function.

(In(x))’

()f T dx=|[" —dy by using the substitution y =In(x),
ye : y’e : 1 ¢= ,( cosh(¥)—sinh(3)
j‘”(e?— ety L(S,nh( Y= jwy( Sinh(2))?

1= y N
ZLOy (coth(;)csch(z) sinh(g)jdy

2

1 1 y
= j y? coth(£) csch(%)dy j wT()d

= % j”; y? coth(£) esch(%)dy -0,

2
since — {](y) Is an odd function and is integrable over [0, o),

inh(%

_ %[—Zyz cseh(3) ] + [ yosch(ydy =0+ [ sm;’(é) v

12



2

:J"’O -4—X dX=8rO - X dx =87 =22,
—sinh(x) 0 sinh(x) 4

(8) The integrals,

i o .z D"
(a) jo In(cos(x) —sin(x) ) dx = n() n0(2n+1)

% e m o1&
(b) [, In(cos(x) +sin(x))dx =~ In(2) + §<2n+1)

7 . 2 7T3
(c) jo In(sin(x)) In(cos(x))dx =~ (In(2)) %

(d) jo (In(sin(x))?dx

1 e135 .l 1 (M) 1 M@ 11
2 5206 T |20l 22 @nady 242 (n+lY 242 |

(e) _[f(ln(cos(x))de
11 i%;.g..?n—l{_ 1 ('”(ﬁ)) 1 @ 1 2 2 J

—+ - - +
N 2n | 2n+1 2°2  @n+D)? 2" 2 2"2 2n+1)°® (2n+1)°

(a) We start with the following relation,

o0

jo In(1— tan(x))dx + jfln(1+tan(x))dx - ’8’

n=0

i .
=" Z; (2n +1)

Now,

[/ In@~tan(x))dx+ [ ' In@@+tan(x))dx

:IzIn(cos(x)—sin(x)jdXJrIzIn(cos(x)+sin(x)]dx

cos(x) 0 cos(x)

= ['In(cos(x) ~sin(x)) dx+ [ In (cos(x) + sin(x) ) dx - 2" In(cos(x))dx

I In(cos(x) —sin(x)) dx+_[ In (cos(x) +sin(x)) dx — 2(——"1(2) z(z(n?l)j

13



o0

j In(cos(x) —sin(x) dx+j In(cos(x) +sin(x)) dx+ In(2 Z 2n+1)

00

Let G

:0

E In(cos(x) —sin(x)) dx + E In(cos(x) +sin(x))dx = % In2)-G - % In(2) +G

= —%In(Z) O (1)

Note we can derive (1) as follows too.

E In(cos(x) —sin(x) ) dx + E In(cos(x) +sin(x))dx = J? In (cosz(x) —sinz(x))dx

- Ijln(cos(Zx))dx = %JOZ In(cos(y))dy = %(_%In(Z)j B _% In(2).

Also,
[} In~ tan(x))dx [ In@L+ tan(x))dx = i :0 -_G.
Hence,
[/In(cos(x)~sin(x))dx~ [ In (cos(x) +$in(x))dx = -G . =-wmememenenes (2)

Adding (1) and (2) gives,
2["In(cos(x) —sin(x)) dx = -G —%m(z) .

and so,

() ffln(cos(x)—sin(X))OI :_%—fln(Z) ——In(2)——:20(2(;?;)

(1) — (2) gives,

ij In(cos(x) +sin(x) ) dx = —% In(2)+G.

It follows that,

Z . © (—1)"
(b)_[0 In(cos(x) +sin(x) ) dx =——|n(2)+—:——ln(2) _HZ.:(Z(nJr)l) _

14



J, (n(tan())” = [ (In sin() ~ In(cos() ) o
- Jﬁ'n (sin(x))) O'“,ff('”(COS(X)))2 dX—foln B L T e —
Now, using the substitution x = % _y

E(In (sin(x)))" dx = _I;('” (sin(z - y)))"dy = [ (In(cos(y)))’ dy so that

[ (In(sin(x)))’ dx+ [ (in(cos(x))) dx = [ (In(sin(x))) dx + '[f(ln(sin(x)))z dx

3

= [ (In(sin(x)))" dx =255 (@)

Hence, it follows from (3) that

f—; = [ (In(tan(x)))” dx = ﬂ—3+%(ln(2))2 ~2[In(sin(x)) In(cos(x))dx .
Therefore,
2j In( sm(x))ln(cos(x))dx—2—+ (In(2)) —— —4—8+ (In(2)) , SO that
(c) J'O“In(sin(x))ln(cos(x))dx_—(In(2)) %"

Alternatively, since
Jj In(sin(x))In(cos(x))dx = —j: In (sin (% - yj] In (cos (% — yD dx,

using the substitution, y = %— X

= f In(sin(y))In(cos(y))dy = f In(sin(x))In(cos(x))dx .

2 7Z'

[[In(sin(x)) In(cos(x))dx = % [ In(sin(x)) In(cos(x))dx = —(In(2)) %
(d) For the integral L: (In(sin(x))*dx , we shall use a power series approach.

[/ an(sin(o)?dx = [ 3:(%2 dt with t =sin(x).

We shall see if we can use a power series to determine this integral.

15



Newton’s Binomial Series expansion for (1-x?)*([2] Theorem 19, Chapter 9) gives:

(1—x2)‘%:i(_%]( x2)¢ for [x*|1,

k=0

IO e (G o R O

x*(=1)"
- 1.2.3...k
300 $135 K-l
& 1.2.3..k ~2 46 2k

Thus, this is a power series of radius of convergence 1 as

135 2k+1/135 2k-1 . 2k+1

im -2 =lim =1.
k22 4 6 2k+2/ 2 4 6 2k koo 2K

Therefore, by Theorem 11 Chapter 8, for any K such that 0 < K < 1,

1+Z1 35 2k-1,

=2 46 2
converges uniformly to (1- xz)‘% on [-K, K].

By the Lebesgue Monotone Convergence Theorem and since each term of the series

=135 2k-1,

(I (t)) 575 Tk —t (In(t)) IS non-negative and the series converges pointwise on (0,
k=1

. . (In(t)? . (In(t)?
1) to a Lebesgue integrable function =0n (0 1), we may thus integrate - term by term
1-t 1-t
from 0 to % Note that the Lebesgue integral of each term is just the improper integral.

Now we evaluate the relevant integrals of t*"(In(t)” .

jftz“(ln(t)) dt_[ tz“*l(ln(t)) } jjf%”t“zm(t)dt

1 1 2 2n+l 2n
:2n+1m(m(ﬁ)) 2n (In(s))? 2jf St Indt

1 1 2 1 g2+ t2n
:mm(ln(z)) — oSG -2 2 In()dt
_ 1 1 2 1 ona 2 1 2n+1 # 1 2n
_2n+12”*2ﬁ(|n(2)) o1’ (In(s)) 2{—(% 7 t In(t)} +2L —(2n+1)2t dt

1 1 2 1
— I 2 _ 2n+1 I 2
2n+1 2“+2J§( "(2) et (NC)
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1

sZ”+1In(s)+2'f$ L ot
s (2n

(2n+1) 2“\/_ ( 1) +1)2
1 1 2 2n41 2 1 1 2 ot
ZMZ"”\E(In(Z)) “ona1 (In(s) +mmln(zh(mﬂ)ZS In(s)
2 L]
+ t n+1
{(2n+1)3 l
:L 1 ( ( ))2 1 2 1
2n+1 2n+2\/§ (2n 1) on \/_ 1)3 Zn\/_
1 2n+1 2 2n+1 2 2n+l
T MO Gyt MO Gy

Therefore,

[ 7" ango)y?dt = lim [ (in(0) ot Lt 1 1 1 1
s—0" Js n

1 2
2n+12"22 (n(2)) et 2z " ey i

Hence,

(d) j (In(sin(x))?dx _I ”(\l/:(i% t_%

°°135 2n-1
274

------- (" (vt

—i+ 1.5.5...2n -1 1 1 (|n(2))2+ 1 1 In(2) + 1 1
2 5246 20 (2n+12722 (2n+1)? 2"\2 @n+1)° 242 )
Similarly,

cos(3) (I(t))? 1o (n@)? . . 1 &135 2n-1q an
j(ln(cos(x)) dx _—j \/_tdt j( )1ﬁdt—1—$+;§-z-g--- o jm()(l (t)’t>"dt

Loon 2 f2n 1
Lﬁt (In(t))?dt = {Zn (In(t))} - Lmt 2In(t)dt

1
NA

oF

___t 1 (ln(ﬁ)) zj —tz”ln(t)dt

2n+12"\/2

:_2n1+12“1 (n(+2)] ~2f St I

1 L(m(\/i))z_z{ ! t2”+1ln(t)}l coft L gy

41242 (2n+1)° L aeny
1 1 ? 1 1 2n
=_2n+1ﬁ(ln<\/§)) (2n+1) on \/_ In(2) + .[ mt dt
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1 1 2 1 2 ol
:_2n+1ﬁ(ln(\/§)) (2n+1)? sz' n(@+ {(2n+1)3t }

o

1 1 2 1 1
:_2n+1m(m(\/§)) (2n+1)? 2f\/’ ()( +1)° (1_2“\5}

1 1 2 1 2 2
:_2n+1ﬁ('n(ﬁ)) (2n+1)? 2J’ In(2)- 2\/_(2n+1) (2n+1)3

Therefore,
Lon 240 1 1 2 1 2 2
I;Et (In(©)"dt = 2n+12“\/§(ln(ﬁ)) (2n+1)° 2[ (- 2\/_(2n+1) (2n+1)3'
Thus,
% 2 1 &1 35 2n-1p1 on
(e) jo (In(cos(x)) o|x=1—E D n Los”( n(t)t2"dt
1 &135 2n-1 1 1 2 1 2 2
_1_$+n122'€m 2n (_2n+12n\/§(ln(\/§)) 2n+1)? 2\/_ In(2)- 2\/_(2n+1) (2n+1)3j

Therefore,
jf(ln(cos(x))zdm jo (In(sin(x))2dx

=135 2n-1 2
L2546 Ton @2ty

= j (In(sin(x))? dx_£+ Z(In@2))’ .

Thus, we have the following identity,

135 2n-1 2 i
1+ - ... = - - In(2
Z:l:z 46 2n (2n+1)’ 24 2( @) -

Use of the Following Fourier series

Recall from Theorem 11 of “Riemann Summable Everywhere Series, Two Special
Cosine Series And Abel Summable series” that the series

cos(26) N cos(30) _ i cos(nd)

cos(@) +
(9) 2 2

18



Is a Fourier series which converges pointwise and dominatedly to the continuous

function In( J for @ in (0, 27) in the L! norm.

2sin(4)

Thatis, In(sin(4))=-In(2) —iw for 8 in (0, 27). ----------- (C)

n=1

dx , [ xIn(sin(x)x, [ xIn(sin(x))dx (b) [ sin(x)In(sin(x))dx (C)

jfsinz(x) In(sin(x))dx

@ [[= ™ =[(In@@—cos(x)) ~ In(sin(x))) |, - [/ 2 (In(1—cos(x)) ~ In(sin(x)) ) dx

=0+ 2'[: xIn(sin(x))dx — 2.': x(In(L—cos(x)) ) dx

_ZI xIn(sin(x))dx — 2_[ xIn(Zsm [zndx

= foxIn(sin(x))dx—2|n(2)ff xdx—4_ffxln(sin(§j]dx

% : 7’ 5 (X
=2fo xln(sm(X))dx—In(Z)T—4j0 xln(sm(zndx. ------------------- (1)
From (C), we get

In(sin(x)):—ln(Z)—icos(nznx) ---------------- (2)

so that by the Lebesgue Dominated Convergence Theorem,

H , _ VR o e
L xIn(sin(x))dx = In(Z)J0 Xdx ;njo X cos(2nx)dx

e F o L[ sin@m) TF s sin(2nx)
=-In@)7 > {[x o l '[O—Zn dx}

n=1 N

n=1

1 2 £ 1 : v 1
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=2+ (3 + 3 (@) oo @)

(A R D PSR SV
:25(3)—§In(2)7z +Z(1_2 )§(3)—16§(3) 8In(2)7z .

E xIn (sin (ED dx=-— In(2).|.f xdx — g%joz x cos(nx)dx

= —In(Z)%z_il{[x sin(nx) T —J'O;de}

~n n n

~n|2 n n n

2 sin(n”) 5
:—In(Z)%—zl 7 2 _1[_cos(nx)}

P 1 ; 1
=—'”(2)E_Enz_é(zn+1)2Sm[(znw j Z_l:—g(cos( 2}—1}
_ Z—cos i%

:_In(Z)__EG 2_1:8 3( 1) +z_ where G = Z 1) D",

=N ZG 4 2@ +¢(@).  wrrerreeeeeeeeeeeee 3.

It follows from (1) that

2 2

J:Sm(x)dX——In(z)_+2(__|n(2),, +=n(3)+~— 6(3)j [—In(Z)%_%G+%U(3)+§(3)]

zzyzc;—g;(s).

o0

We may use (C) to compute jfln(sin(x))dx _1

n=0

% In(ci _ Ty N1(f
L In(sin(x))dx = In(Z)J'0 dx ; njo cos(2nx)dx

__Z In(2) st : [S'”;Znnx)} - —%In(Z) —i%sin (n%}

n=1

20



0

=1 1 )
R X e G Y e e el

Ifxln[sin(gndx = 4Ifu In(sin(u))du , using substitution u :g
Therefore,

[ xIn(sin(x))ex :%J'ngln[sin(gﬁdx :%[-m(z)%z—ge +%77(3)+§(3)j

1 1 o
=§77(3)+Zg(3)—|n(2)§—§(3-
(b) J'fsin(x)ln(sin(x))dx:—Loln(\/l—uzdu , using substitution u = cos(x),
_ %jolln(l—uz)du _ %Ll(ln(l—u)+ In(L+u))du
=%([(1+u)ln(l+u)—1];+[—(1—u)|n(1—u)—1]2)
:%(ZIn(Z)—1+O—1)=In(2)—1.
(c) Ifsinz(x)ln(sin(x))dx=% jf(l—cos(zx))|n(sin(x))dx
_1 [ *In(sin(x))dx — [* cos(2x) In(sin(x))dx = 1[—1 |n(2)j—3 [ cos(2x) In(sin(x))lx
2o 2o 2\ 2 2o

_ %(_%m(z))—% Ifcos(Zx)(—ln(Z) _gcos(nznx)jdx

cos(2nx)

:——| n(2)- In(2 )J' cos(2x)dx+= J COS(ZX)Z

_——I n(2) - In(Z){sm(ZZX)} _I cos? (2x)dx += iijfcos(Zx)cos(an)dx

0

=——In(2) 0+= _[ (cos(4x)+1)d Z Icos(Zx)cos(an)dx

=2 N

= —%In(2)+%, Since'[fcos(Zx)cos(an)dx =0 forn>1.
(10) A recursive formula for the integral jfsin”(x) In(sin(x))dx
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We note that cos(x) is absolutely continuous on the interval [0,%} and that for n>2

, the function sin"*(x) In(sin(x)) is absolutely continuous on (o,ﬂ . Since for n>2

Iirgl sin"*(x) In(sin(x)) =0, we may define the function sin"*(x)In(sin(x)) to take the
value 0 at 0. We may thus regard sin"*(x) In(sin(x)) to be absolutely continuous on

the interval [o,ﬂ for n>2.

If we let I =fsin“(x) In(sin(x))dx, then for n>2, by integration by parts,
1, = [["sin” () In(sin(x))dx = [ sin(x) (sin"*(x) In(sin(x)) ) dx

[ cos(x)sin” 1(x)|n(sm(x)) +.[ cos(x)[(n ~1)sin™?(x) cos(x) In(sin(x)) +sin"™(x) OS((X))jdx

= O+If((n—l)sin”‘2(x) cos®(x) In(sin(x)) +sin"2(x) cosz(x))dx

—(n-1) fsin“-2 (x) In(sin(x))dx —(n -1) jfsin" (x) cos?(x) In(sin(x))dx + jfsin”-2 (x) cos?(x)dx
=(n-I,_,—(n=-D)I, +J.fsin”‘2(x) cos’®(x)dx

:(n—l)ln2—(n—1)ln+ni_l.[fsin“(x)dx. ------------------ (1)

Hence, | . =——1 for n>2.

n n n—2 ( _)

Using (1), we have another way to compute fsinz(x)In(sin(x))deithout using
Fourier series.

jfsinz(x) In(sin(x))dx = I, = % I +%jfsin2(x)dx

= %(—% |n(2)j +%J.f %(1—008(2x))dx = —% In(2) +%—%J'f (cos(2x)) dx
T T T T
:—Z|”(2)+§—0=§—Zln(2) .

Using the formula for jfsin“(x)dx ,
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n—1n—3n—5'“g'nod¢
n n-2n-4 3

n-1n-3n-5
n n-2n-4

[[Fsin” (x)dx =

1
--+=, neven
2

we may compute, 1 :Ifsin”(x)ln(sin(x))dx recursively forany n>2.
For example,

[[7sin*(x) In(sin(x))dx = | _2 +1j%sin3(x)dx

0 S8 gt gl

- 2.1 2

_g Q) -5+g=3h (2)——

(In(2) 1)+ %

03|H
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