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We shall begin by examining the properties of the image under a function f of a set in
which f has finite derivatives that are bounded by a constant. The first property we
examine is the relation between the measure of such a set and the measure of its
image. We state this property in the next theorem.

This result appears in Saks monograph on the theory of the integral and there are a
number of proofs of the result. But I shall present a proof using some finiteness
argument, a consequence of compactness and the triangle inequality.

Theorem 1. Suppose f: [a, b] - R is a function. Suppose E is a subset of [a, b]
such that at each point x of E, f is differentiable and | f' (x)| < K for some constant K
> 0. Then if m denotes the Lebesgue outer measure,

m(f(E)) <Km(E) -----------mmmmmmmmme- (A)

Proof. Now E={xe[a,b]:|f'(X)|<K}c [a b]andsoE has finite outer
measure. If E is finite or denumerable, then the set f (E) is at most denumerable and
so both m( f (E)) and m(E) are zero and we have nothing to prove since both sides of
the inequality are zero. We shall now assume that E is uncountably infinite. We may
assume that neither a nor b is in E since adding any finite number of points to E will
not alter the inequality (A).

For any & > 0, by the definition of outer measure, there exists an open set U in [a,

b] such that U o> E and m(U) <m(E) +e.

Since foreacheinE, |f' (x)| <K, for € > o there exists a ¢ > 0 such that

0 <lx-el <0 = || =6 -1 @) <o
and so
O<Ix—el<de = ‘f(x) f© <|f'(e)+e<K+e
Thus we have, .
IX—el <de =If(X)—F(@)I <(K+e)Xx—€], oo (1)

Since U is open, we may choose & > 0 such that the open interval (e — e, e + J¢) <
U. Denote (e — de, e+ Jde) by I e. Then inequality (1) says that
Xele=fX)—f@)| <(K+&)X—€| ccomemmeeeeo ).
Then the collection ¢ ={le: e € E} covers E and the unionW=uU{V:V € ¢}=u
{le:e € E} c U. Inparticular the union W is open and so is a disjoint union of
countable number of open intervals, i.e.,
W=_{Ui:ieB},
where B the index set is a subset of the set N of natural numbers and each Ui is an
open interval. We shall show next that for each i in B,
m( f (Ui N E)) < (K+¢&) m(Uj).--------=-=-==-=-m-mmmmm- 3)
Note that Ui=u{lc:e € Uin E }. Observe that each U; is a path component of W.



Plainly fore e UinE, len Ui= Jandsince | e W and Uj is a path component of
W, lec Ui Itfollowsthat u{le:e e UunE} cUi. Forany xin Ui, x € | ¢ for
someeinE,sinceW=uU{le:e eE}andsolenUi= . Itfollows as in the
above argument that | e c Ujand soe e UinE. Thus, X € | forsomee € Ui E,
thatis,x e U{le:e e UynE}andsoUi cu{le:e € UinE}. This proves that
U=u{le:e e UnNE}
Now take any x <y in Uj. Since Ui is an open interval, the closed and bounded
interval [x, y] is contained in Ui . Now plainly the collection 2 ={lc:e e UnE}
is an open cover for [x, y]. Since [X, y] is compact, there exists a finite subcover say
li, 12, ..., In
where i = (ei — 5(ei), ei + d(ei), for some ej in E and 8(e;) is as given in (1). We
assume that the e;'s are ordered in an increasing order. Hence
X ylchul,u ..Ul
ander<ez< ...<en.
We may assume that x € 11. This is seen as follows. If x ¢ 11 x must belong to | j for
somel< j<nandx g lifor for1<i<j. Then[x,y]n li=@ for1<i<j. It
follows that [x,y] < | j U lj+1 U ... Uln and so we can rename if need be I j to be Iy,
lj+1 to be 12 and so on. By a similar argument we may assume thaty € I.. We may
also assume that linli+1 = forl1< i<n-landthat I ¢ ljforj=i. Wecan
deduce this as follows. If Ii < Ij, then the collection of the Ik 's without I still covers
[x, y] and so we can discard l; and rename the Ij 's. Then starting with I1 , suppose Iz
Nl =J. Thensince [x, y] is path connected, I1 N U{ lj: 1<j<n} #J implies for
some2<j<n, linlj=. Thenej —3(ej) <ez2—5(e2) implies that 5(gj) >ej —ex +
d(e2) > 5(e2) and so ej + d(ej) > e2 + 3(e2) and so I < Ij . This contradicts that 1> | .
We can repeat the same argument to show that Ii N li +1 % & for i > 1.
Thus, in this way we may assume that we have a sequence of points xi, X2, ..., Xn-1
such that
e1<X1<e2<X2<... <€p-1<Xn-1<6n
and xi € lin li+1 for 1 < i <n —1. Therefore, by (2) and the triangle inequality.
LT -l < fX) =)l +]f(er)—fx)l +Ifx)—F ()l +]f(e2)—F(x2)l
+ o+ F(Xn2) =T (ena)l +1 F(ena) —F Xn-0)| +1 F (Xn1) =T (en)| +1 T (€n) =T (Y)I
<(K+e){l x—e1l +les —xi| +Ix1 —ezl +lez —Xa| + -+
HXn2 —en-| +len1 —Xnal| +[Xna —enl +len —Y|}
<(K+e){l x—e1l +ler —enl +len—yl}
<K+ m(lrulbu ... uly) < (K+g) m(U).

Hence the diameter of f (Ui) < (K+¢&) m( Uj). It follows that m( f (Ui " E)) < (K+¢)
m(U;). This proves (3).
Then using (3), we see that

m(f(E)) =m(U {f (UiNE):ie B})s%m(f(UmE))

< S (K+am(U) = (K+2)mW) < (K+am(U)
<(K+e(ME)+e),
Since ¢ is arbitrary, we conclude that M(f(E)) <Km(E),

Theorem 2. Suppose f: [a, b] - R is a measurable function. Suppose E is any
measurable subset such that f' (x) exists finitely for every x in E. Then



m( f (E)) ngIf’|1

where m is the Lebesgue outer measure.

Proof. Since f is measurable and finite on [a, b], its Dini derivatives are measurable.
(Banach Theorem).  Consequently, f' is measurable on E andso |f']|is
measurable on E. Suppose now g =|f' | is bounded on E, by a positive integer K, i.e.,
| f'(X)| <K foreach x in E. Forany positivgnilrgteger nand integer i =1,2, ...,2" K, let

E _g—lq' 1 |mE . On= '_nl)(Eni o
ni 2n ’2n// Define <1 2 " for each positive integer n.

Then ( gn) is a sequence of S|mple functions converging pointwise to g on E. In
particular,

§E gn §E g i
) 1 .
By Theorem 1, m(f(Eni) < 2n M(En, i) forintegeri =1,2, ...,2" K, Thus,
2"K 2"K .
m(f(E) =m(f(U Eni)< X 57m(Eni)
2“K . 2"K

Z M(En i)

= fE On+ 20 m(E). _______________________ )

1 1
Therefore, M T (B)) <]im, (Je on+ 20ME) | since, JeOn=Je 9 ang 20ME) - 0
we conclude that

m(f(E) <[ 9,
We now consider the case when g is unbounded. For each integer k > 1, let
Ex=g(k-1,k)NE.
Then it is obvious that E is a disjoint union of the Ex's. Note thaton E«, g is
bounded by k. Hence, by what we have just shown, for each integer k > 0,

m(fE) < e, 9 Therefore.

m(f(E))<2m(f(Ek)<Zj 9=Jg0= jlf’l

This completes the proof of Theorem 2.
We have some easy consequences of the above theorems.

Theorem 3. Suppose f is defined and finite on [a, b]. Suppose E={x € [a, b]: f is
differentiable at x and ' (x) =0}. Then m(f (E)) =0.

Proof. By Theorem 1 m( f (E)) <1/nm(E) for any positive integer n. Therefore,
m( f (E)) = 0.

Recall a set is called a null set if its measure is zero.

Theorem 4. Suppose f: [a, b] & R has a finite derivative at every point of [a, b].
Then f maps null sets onto null sets.

Proof. Suppose E is a null set in [a, b]. Then by Theorem 2,
m(f(E) <[ If'1=0



Hence m(f (E)) =0. This proves the theorem.

Theorem 5. Suppose f: [a, b] — R has a finite derivative at every point of [a, b] and
f' is Lebesgue integrable on [a, b]. Then for every closed and bounded interval [c, d]
in [a, b], )

Jt=1t@-fe)

Proof. Since f is continuous on [a, b], | f (d) —f (c)| < m(f ([c, d])). Since f is
differentiable at every point of [c, d], by Theorem 2,

m(f(e,dD) < J ol f1=[011
It follows that |f(d)—f(c)|gjf|f’|_

We can apply Theorem 5 to the next result.

Theorem 6. Suppose f: [a, b] — R has a finite derivative at every point of [a, b] and
f' is Lebesgue integrable on [a, b]. Then f is absolutely continuous.

Proof. Since f'is Lebesgue integrable, | f'|is also Lebesgue integrable on [a, b].
For each positive integer n, let gn = min( | f'|, n). Then each gn is Lebesgue
integrable on [a, b] and the sequence ( gn ) converges pointwise to | f*|. In particular,
foreach n, |gn |[=gn <|f"| and so by the Lebesgue Dominated Convergence

Theorem,
b b
Joon-J 0801
Hence, given any € > 0, trt}ere existbs a positive integer N such that
n>N=|[1f1-[ gn
It follows that )
n>N=0<|(f- gn) <5

<
<72.

-------------------------- (1)
_ &
Now take 0= 2N. Suppose [ai, bi], i =1, 2, ..., k are non-overlapping intervals in [a,
k
bi —ai| <o
bl. If i;l —ail< , then

k K b
f(bi)—f(ai)|< Ll
El' (b)) —T (@)l iglj ai A by Theorem 5,

Koebi e K\ by
:i;fai (If |—gN)+i§1faigN
b, ., K\ by
<[, (t1-g)+ X JoN
K
= [, (f'1-gn)+N X Ibi-ai
i=
<EiNo=£+£=¢

2 2 2 by (1),
This shows that f is absolutely continuous on [a, b].

Remark. Theorem 6 is Theorem 8.21 in Rudin's Real and Complex Analysis in an
equivalent formulation.



More generally we may relax the requirement of everywhere differentiability but we
need to impose the requirement that f maps null sets to null sets. This is a necessary
condition for absolute continuity.

Theorem 7. Suppose f:[a, b] > R is continuous and f* exists almost everywhere
and is Lebesgue integrable on [a, b]. Suppose f maps null sets to null sets. Then f
is absolutely continuous.

Proof. LetE < [a, b] be the subset where f' exists at each point so that the measure
of [a, b] —E is zero. Then| f' | = g almost everywhere, where g(x) = | f' (x)| for x in
E and g(x) = 0 for x outside E. Then there exists an increasing sequence of simple
functions (gn) converging pointwise to g almost everywhere and

b b, ., b

j‘ag”ﬁjalfl:jag.

Thus, given any ¢ > 0, there exists a positive integer N such that
b b b e

n>N z”ag—ja gn‘ =§a(g— gn)<§

Suppose [ai, bi],i=1, 2, ..., k are non-overlapping intervals in [a, b]. Let

Ei={x € [ai, bi]: f'(X)exists.}. Then since f maps null sets to null sets and m([ai ,
ey e _ m(f(E)) <[ _If'l

bi]-Ei) =0, m( f ([ai , bi]) = m( f (Ei)). By Theorem 2, Ei

each i,

and so for

m(fQas i) < el F'0 @

Since f is continuous, f is also continuous on [ai, bi] and so by continuity,
| f(bi)—f(a) <m(f ([ai, bi]) ))foreachi=1,2, ..., k.
Therefore, by (2) we have

k
2|f<b) f(a.)|<;§ 11=3 Jq o

since m([a. , bi]-Ei)) =0
D (g- gN)+ Z {2 o
g_gN)_'_.Zl jai K’
where K > 0 is an upper bound for g n..

k
<5 +K X |bi-ail
i=1

L Z| i—aij| <o
2K, It follows from (3) that if i=1 , then

i§1|f(b) f@ <% +Kﬁ:g.

This shows that f is absolutely continuous.

Take® =

As a corollary we have the Banach Zarecki Theorem.

Theorem 8 (Banach Zarecki) . Suppose f: [a, b] = R is continuous and is a
function of bounded variation. Suppose f maps null sets to null sets. Then f is
absolutely continuous.



Proof. Since f is of bounded variation, f is differentiable almost everywhere and f'
is Lebesgue integrable. Therefore, by Theorem 7, f is absolutely continuous.

Remark. Itis easy to see that if f is absolutely continuous on [a, b], then f is
continuous and of bounded variation on [a, b]. Any function of bounded variation on
[a, b] is the difference of two increasing functions (see for instance Theorem 13 of
"Monotone functions, function of bounded variation , fundamental theorem of
Calculus™). Since any increasing function on [a, b] is differentiable almost
everywhere on [a, b] and its derived function is Lebesgue integrable on [a, b], any
function of bounded variation is therefore, differentiable almost everywhere on [a, b]
and its derivative is Lebesgue integrable on [a, b]. So if f is absolutely continuous
on [a, b], then f is differentiable almost everywhere on [a, b] and f' is Lebesgue
integrable on [a, b]. If f is absolutely continuous on [a, b], then f maps null sets in
[a, b] to null sets (see for instance Proposition 9 of my article "Change of variable or
substitution in Riemann and Lebesgue Integration™). Thus the converse of Theorem 7
and Theorem 8 are also true.

With a little thought we shall derive the following theorem.

Theorem 9. Suppose f: [a, b] > R is absolutely continuous and f' (x) = 0 almost
everywhere on [a, b]. Then f is a constant function.

Proof. It is enough to show that the range of f has measure zero. Let E = {x € [a, b]
:f'(x)=0}. Thenm([a, b] — E) =0. By Theorem 3, m(f(E)) =0. Since f is
absolutely continuous, it maps null sets to null sets (see Proposition 9 of my article
"Change of variable or substitution in Riemann and Lebesgue Integration™). It
follows that m( f ([a, b] — E)) =0. Therefore, m (f([a, b])) < m(f (E)) + m(f([a, b]
—E)) =0. It follows that m ( f ([a, b])) = 0. Since f is continuous and [a, b] is
compact and connected, f ([a, b])) is compact and connected and so is either a non-
trivial closed and bounded interval or a single point. Since a non-trivial closed and
bounded interval has non-zero measure, f ([a, b])) must be a single point,
consequently f is a constant function.

The next result is a consequence of a function having the property of being a
continuous N function. In particular the result applies to an absolutely continuous
function on [a, b].

Theorem 10. Suppose f: [a, b] — R is continuous and maps null sets to null sets,
i.e., T isacontinuous N function. Then f maps measurable sets to measurable sets.

Proof. Since the Lebesgue measure is a regular measure, for any measurable set E
there is a subset, a Fs set, K in [a, b] such that K < E and m(E — K) =0. By a Fo set
K, we mean K is a countable union of closed sets in [a, b]. Thus
K= U1 Kn
n=.

where each K, is a closed subset in [a, b].

Each K, is closed and bounded and so by the Heine Borel Theorem, is compact.
Since f is continuous, each f (K, ) is compact and so is closed and bounded by the
Heine Borel Theorem. Since f (K, ) is closed, it is measurable.



Therefore,
f(K)= n_U1 f (Kn),
being a countable union of measurable sets, is measurable.
Since f maps null sets to null sets, m(f (E — K)) =0. It then follows that f (E — K)
is measurable. Hence,
f(E)= f(K)uUf(E-K))
is a union of two measurable sets and so is measurable.

Corollary 11. Suppose f: [a, b] — R is absolutely continuous. Then f maps
measurable sets to measurable sets.

Proof. Since f is absolutely continuous on [a, b], f maps null sets in [a, b] to null
sets (see for instance Proposition 9 of my article "Change of variable or substitution
in Riemann and Lebesgue Integration™). Thus f is a continuous N function and so by
Theorem 10, f maps measurable sets to measurable sets.

For functions that are strictly increasing (or strictly decreasing) we have the following
useful result for absolute continuity.

Theorem 12 (Zarecki). Suppose f: [a, b] — R is strictly increasing and continuous.
(@) f isabsolutely continuous if and only if m(f ({x € [a, b]: f'(x) =}))=0.
(b) The inverse function f ! is absolutely continuous if and only if

m({x e [a,b]: f'(x)=0})=0

Proof.

(@) By Theorem 8, f is absolutely continuous if and only if f maps null sets to null
sets. Since f isincreasing, f is differentiable (finitely) almost everywhere on [a, b].
Hence m({x € [a, b]: f' (X) =}) = 0. If f maps null sets to null sets, then m(f ({x €
[a, b]: f* (X) =o0})) =0.

Conversely, suppose m(f ({x € [a, b]: ' (x) = »})) =0. Let E be a set of measure 0
in[a, b]. Let A={xe[a,b]:f'(x) =}, B={x e [a, b]: f'(x) does not exists and
f' (x) #}. By the Theorem of De La Vallee Poussin, m( f (B)) = 0. Write E =
(EnA)u (EnB)u (E-(AUB)). Then m(E) = 0 implies that m(E — (AUB)) = 0.
By the Theorem of De La Vallee Poussin we may assume that f' (x) exists finitely
on E - (AUB). Therefore, by Theorem 2,

m(f(E-(AUB)) <[ p gl f'1=0

Hence M(f(E—(AUB))) =0, Since f(E nB) < f(B)and m(f(B)) =0, m(f(E
mB))=0. SinceENnAcAand m(f(A) =0, m(f(EnA))=0. Thus,

m(f(E)) <m(f(E-(AUB))) +m(f(ENA) +m(f(ENB)=0
It follows that m( f (E ) = 0. This means f maps null sets to null sets and it follows
that f is absolutely continuous.

(b) Suppose f 1 is absolutely continuous. Let C ={x € [a, b]: f'(x) =0}. Then by
Theorem 3, m (f(C)) =0. Thensince f ~Lis absolutely continuous,

m(C)=m(f (f(C))) =0.
As in part (a), note that f ~* is absolutely continuous if and only if f maps null sets to
null sets.
Now assume that m( C) = 0.



Let E be a subset of f ([a, b]) =[c, d] of measure 0. Then E =f (A), where A=f
-1(E). We shall show that m(A) = 0.

By Theorem 15 of "Functions of Bounded Variation and Johnson's Indicatrix",

f' =0 almost everywhere on A.

Write A= (AN C) U (A —C). Since f' =0 almost everywhere on A, m(A —C) =0.
But A~ C = C and m( C) =0 and so m(A~ C) =0. Hence m(A) =m(f *(E))=0.
This completes the proof.

The proof of Theorem 12 (a) word for word with minor modification changing
"increasing" to "of bounded variation" and """ to "+ 0" gives the following theorem.

Theorem 13. Suppose f: [a, b] - R is continuous and of bounded variation.
Then f is absolutely continuous if and only if m(f ({x € [a, b]: f' (X) = xx})) =0.

We shall now give a proof of the Theorem of De La Vallée Poussin.

Theorem 14 (De La Vallée Poussin). Suppose f: [a, b] — R is a function of

bounded variation. Then there is a subset N of [a, b] such that
m(v+(N)) =m (f(N))=m(N) =0,

where v ¢ is the total variation function of f, and for each x in [a, b] = N, f'(x) and

v ' (x) exist (finite or infinite) and that

vit(x)= [ ().
The following elementary proof is due to F. S. Cater.

The following technical lemma is the key to the proof.

Lemma 15. Suppose f: [a, b] - R is a function of bounded variation. Let hand k
be positive numbers such that h <k. Suppose E = { x € [a, b]: there is a derived
number of v ¢ at x greater than k and a derived number of f at x, whose absolute
value is less than h.}. Suppose S ={ x € [a, b]: there is a positive derived number and
a negative derived number of f at x}.
Then

mvi(EuS )=m(f(EuS))=mEuUS)=0.

Proof. We assume that E U S is non-denumerable, otherwise trivially all three sets
have measure zero.

The first step is to choose some anchor partition for [a, b] to approximate the total
variation of f. Recar!l the definition of a function of bounded variation,

vi(b) = sup{ E If (xi)— f(Xi1)l :
(P:a=xo<X1 < <Xp=Dh)Iis a partition for [a, b]}

Then given any € > 0, tq]ere exists a partition P:a@=Uo<U1 <" <Un=Db gych that

vi(b) —¢e < gi If (ui) — f(ui)l < Vf(b). o

vi(b) < Zn; If (ui)— f(Ui—1)|+8. e ~ (A)

Then for any partition Q:@=20<Z1 <" <z = b containing all the points of the
partition P,



t t
vf(b)zi; (Vs (Zi) — Vi (Zi) < I; If (zi)— f(zi)l +¢

Let P denote also the set of points of the partition.P i @=Uo <Uz <***<Up=b,
We may assume also that f is continuous at every point of E U S. Then v+ is also
continuous at every point of E u S. Since f is of bounded variation the set of
discontinuity of f is denumerable and so we may remove these points of
discontinuity from E U S without affecting the conclusion of the lemma.
Let U be an open set containing the image v ¢ ( E ) such that m(U) < m(v ¢ (E)) + .
Since U isopen and v ¢ is continuous at e for each e in E, there exists an £ > 0 so that
(vi(e) =C, vi(e) + ) < Uand corresponding to this £ > 0 there exists 6 > 0 such
that

Xe(e—-06,e+d)= vi(x)e(vi(e)-C, vi(e)+ ().
Thus we can find arbitrary small non trivial intervals [x, y] with x < e <y such that
vi(e) e [vi(X),vi(y)] c(vi(e)—C, vi(e)+ ). Inparticular,since vt hasa
positive derived number > k at e we can find arbitrary such small intervals [x, y] such

that
Vf(ygl - \)/(f (%) Sk

(Note that since v ¢+ has a positive derived number at e, the interval [ v (x), v (y)] is
never degenerate.) Thus we can cover v ( E) by arbitrary such small closed
intervals. Therefore, by the Vitali Covering Theorem, we can cover v ¢ (E) almost
every where by countable mutually disjoint closed interval
{[vi(@i), vs (bi)]}

such that [Vi(@i), Vi (0i)] S U and Vi(bi)— Vs (ai) > K(bi —ai)for each i.
Therefore, the intervals {[2i, bil} are also mutually disjoint and

m(vf (E)) +é&> m(U) > zI:(V f (bi) — Vi (ai)) > Kk Zi:(bi - ai)

and so
2 (bi —aj) < (m(vs (E)) +e)lk e 2)

Without loss of generality we may assume that the set of points of the partition .

P:a=uUo<Ui <" <Un=Db does not contain any points of E. If P contains a point
in E we may just remove this point from E. We may thus remove all the points in P
that are in E from E without affecting the conclusion of the lemma as only a finite
number of points is removed from E. We may take ¢ = 1/N then by passing to the
limit as N tends to infinity only at most a denumerable number of points are removed
from E. Consequently as the measure of a set of denumerable number of points and
its image under f or v+ is of measure zero, the conclusion of the lemma remains
valid.

Now since at each pointe of E —{ai, bi:i=1,2,... } , there is a derived number of f

whose absolute value is less than h , we may pick arbitrary small interval [C. d] such
that e is either one of the end points of the interval,

If (d)—f ()l h
d-c <
[c,d] =UUi[ai, bi] and that P~ [c, d] = @. Note that {ai, bizi=12, ... }is

countable and so its image under v ¢ is also countable and so is of measure zero.
Hence again by the Vitali Covering Theorem we can cover v ¢ (E) almost every where

with countable mutually disjoint closed intervals {[V#(Ci), Vi (di)]} such that P [ci
di]=2, [ci.dil =Uifai,bi],




| f(di)—f (Ci)| <h(dj —cj)
foreachiand

m(vs (E)) < zi:(Vf(di)_Vf cy 3)

But using (1) and the fact that for any x <y, If () =f ([ <Vi(y) — Vi (X), we can show
that

zi:(Vf(di)—Vf (ci) < zll If (di)— f(ci)l+e

---------------- )
(Show this for finite number of the intervals [Ci, diland pass to the limit.)
since Uilci, dil = U;[ai, bi],
§(di—ci)s§(bi—ai) _________________________ 5)

Then from (3) and (4), we arrive at

m(vs (E)) Szi:(Vf(di)—Vf (ci) < z|: If(di)— f(ci)l +e
ShZ(di— Ci)+8£hZ(bi— aj)+e

(M(vs (E)) —e)h < X2 (bi— aj)
Thus, i
and using (2) we get
(m(vs (B)) —e)lh <(m(vs (B)) +e)/k,
Since € = 1/N is arbitrary by passing N to infinity we deduce that,
m(vs (E)h<m(vi (E))k. But since h < k. This is only possible if m(v ¢ ( E )) =0.

Now we proceed to show that m(v ¢ (S )) =0. Using the fact that at each e in S, there
is a positive derived number of f, and as before, we may pick arbitrary small interval

[r,s] such that e is either one of the end points of the interval,

f(s)—f ()

—s-r >0
and PN[r,s]=9. Hence we may cover v ¢ (¢) by arbitrary small intervals
[vi (1), Vi (S)]- Therefore, by the Vitali Covering Theorem we may cover v ¢ (S) almost
everywhere by countable mutually disjoint closed intervals {[Vf (Fi), Vs (Si)]} such that
PA[ri,si]=2, fG)—f(ri)>0foreachiand

m(vs (S)) < ;(vf(si)—vf (r)) < 2 f(si)— f(r)+e

where the last inequality is deduced using (1).

Similarly as before using the negative derived number of f at each of the point e of
S, we may cover V ¢ (E) almost every where with countable mutually disjoint closed

intervals  {[Vr (P1), V (A1)} such that P [pi, gi ] = @, [Pi, @il = Us[ri, s,
f (pi) > f (di) for each i and
m(vs (S)) S;(Vf(Qi)—Vf (pi) < ; f(pi)— f(di)+e
since , Uilpi, ail = Uilri,sil,
; f(pi)— f(qi)S;(Nf(Si)_Nf (ri))
Ei: f(si)— f(ri)SEi:(Pf(Si)_Pf (ri)

where N f and Ps are the negative and positive variations of f. Therefore, because v
=N+ P,
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zil f(pi)— f(Qi)+; f(si)— f(ri)Sg(Vf(Si)—Vf (ri))

This combining with (6) and (7) yields,
Zi‘,(vf(si)—vf (ri)) —8+Zi:(Vf(Qi) —Vvi(pi)) —&< Zi)(vf(si) — Vi (I'))

and so

zi:(V £(Qi) = Vi (pi)) <2¢

Hence, M(Vt (S)) <2¢. Since & = 1/N by passing to the limit as N tends to infinity,
m(v¢(S))=0.
Therefore,

m(vs (SUE)) <m(vs (E)) +m(v¢ (S)) =0
and so M(vi (SUE)) =0,
Now for any € > 0, take an open set U such that Eu Sc Uand m(U)<eg. Since U
is open, U is a countable union of mutually disjoint non-trivial intervals 1. Then the
collection { v (1i)}covers E U S. Therefore,

m(f(SUE) <m(f (vi*(J 1)) = Z m(f (vi'(1) < 2 m(l)=mU)<e

We have used the fact that M(T (ve"(11))) <m(li) for each i. We deduce this as
follows. For any point x, y in Vi (1D, [T~ W] <V (X)—Vvs (y)| < diameter(l;),
Therefore, the diameter of T (Ve*( 1) < diameter of I ; = length of 1;=m(l ) That
means M(T (vi*(11))) <m(l), Since & was arbitrary, m(f (E U S )) =0.

It remains now to show that m(Eu S ) =0.

Since f is of bounded variation, f is differentiable almost everywhere. So we may
assume that f has finite derivative at every pointof E U S. f is obviously not
differentiable at every point of S since each point of S has a positive and negative
derived numbers. Note that since |f'|=v+"' almost every where, we may look only
at points x in E where the derived number for f at x has the same absolute value as
the only derived number of v+ at x. So since points in E do not have this property, E
must have measure 0. It follows that m(E U S) = 0. We may alternatively prove
directly that m(E U S) = 0 by using a Vitali covering argument.

16. Proof of de La Vallée Poussin Theorem (Theorem 14)

Let En,x = { x € [a, b]: there is a derived number of v ¢+ at x greater than k and a
derived number of f at x, whose absolute value is less than h, h <k.}.
Let E=UJ{Enx : h,krational and h <k}. | et N = E US. We have already shown in
the proof of Lemma 15 that m(S) = m(f(S)) =m(v+(S)) =0..
By Lemma 15, m(En, k) = 0 for each pair (h, k), h <k. Thus E is a countable union of
sets of measure zero and so m(N) = m(E US ) = 0. Note that

m( f (E)) < > m(f (Enx)) =0

0<h <k, hand k rational
since the set T (E)={ f(Enx) : h,krational and h <k.}is a countable union of sets
f ( En,« ) each of measure zero by Lemma 15. Thus m(f (E)) =0. It follows that
m(f(N))=0. Similarly, we show that m( vt (N)) = 0.
We now prove the property of N as stated in the theorem. Take any x in [a, b] — N.
Then x isnot in S and not in any En k. Hence f does not have a positive and a

11



negative derived numbers at x. Moreover for any finite derived number DV of v+ at
X,
DV < |Df| forany derived number D f of f atx.
Therefore, for any derived number DV of v ¢ at x, we have
DV<inf{|Df|:Df isaderived number of f atx.}.
Note that if DV is a derived number of vt at X, then there is a sequence ( hn ) such

that hn =0, hn — 0 and
vi(X+hp) = vi(X)

DV =lim h
(Vf( +hn) —vi(X)
Therefore, the sequence hn / is bounded. Since we have for each n,
f(x+hp)—f(Xx) - Vi(X+hp) — vi(X) [f(x+hn)—f(x)\|
hn = hn , the sequence hn /is also
(f X+ hn)—f(x)\|
bounded. Hence by the Bolzano Weierstrass Theorem, hn / has a
(f (X+hp)—f (x)\|
convergent subsequence, hfnk " / a]pd
Df ; =fim L&+ ) 10
K — o0 hnk
[vf(x +hn,) — Vvi(X) \|
is a derived number of f at x. Moreover the subsequence P /
converges to the same value DV and so we have

|IDf1]< DV

ButDV < |[Dfy|andso DV = |Df|. Itfollows that any derived number of vt at
x is equal to INF{|Df|: Dfis a derived number of f at .} Consequently there can be
only one derived number of v atx and so v is differentiable at x. It follows that
for any derived number Df of f atx,

IDf|< vi'(X)
andv¢'(x) <| D f| because vt '(x) is the infimum of all absolute values of the derived
numbers of f atx. Thus|D f|= v¢'(x) for any derived number D f of f atx.
Therefore, any derived number of f has one unique absolute value. Since f has no
derived number of opposite sign at x, it can have only one unique derived number at X.
That is to say, f is differentiable at x.
Suppose now that v ¢ has an infinite derived number at x, then since x isin [a, b] — N,
any derived number Df of f at x must have |Df | = oo . Consequently there is only
one derived number of v ¢ at x, namely +o. Since f does not have derived number of
opposite signs at x, it can have only one derived number at x either +oo or —o.
We have thus proved that f is differentiable (finite or infinite) at every point of [a, b]
- N.

Ng Tze Beng
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