Denjoy Saks Young Theorem for Arbitrary Function
By

Ng Tze Beng

This article 1s the third of a series of articles towards the proof of the
Denjoy Saks Young Theorem. The first two articles are “Arbitrary
Function, Limit Superior, Dini Derivative and Lebesgue Density
Theorem” and “Functions of Bounded Variation and de La Vallée
Poussin's Theorem”. The definition of Dini derivates is given in
“Arbitrary Function, Limit Superior, Dini Derivative and Lebesgue
Density Theorem” and we shall use the notation given there. The
total variation function of a function of bounded variation is defined
in “Functions of Bounded Variation and de La Vallée Poussin's
Theorem” and we shall adopt the notation therein.

Suppose A is an arbitrary subset of R and f:A—R is a finite valued function

defined on A. We shall begin with the case when the right upper Dini derivate
of f is less than oo.

Let B={xeA: ,D"f(x)<o}. For simplicity, we may assume that every point of

A is a two-sided limit point of A, for non-limit points or only one-sided limit
points constitute at most a denumerable set.

We assume that m*(B)>0.

The function f need not be bounded. We shall limit the domain to where f is
bounded and pass to the whole space by extending the domain. To begin this
approach, take a strictly increasing positive sequence of real numbers, (M,) ,

such that M, '« . For each positive integer n, let E, ={xe A:[f(x)|<M,} .

Then plainly, E, c E

n+1

and A= 0 E, . Thus, m*(E,) > m*(A), by the continuity

n=1

from below property of Lebesgue outer measure. For each integer kK> 1, let

= ={X€ B:w< M, ,x+he Am(x,x+&j}

={X€B:w< Mn,0<h<é,x+heA}



={x~e g. 10T M, te Am(x,x+%)}.

t—X

Since M, <M Thus,

En,k < En+l,k and En,k < E

n+l o nk+1 °

En,k - En,k+1 - En+1,k+1 e mEmmm s (*)
We claim that B=[JE,, .
n,k

Suppose xeB. Then ,D*f(x)<M, for some integer n > (0. That is to say,

limsupM = limsup{w: X+he A} <M, .
t—o>x" teA t—x h—0* h

This implies that there exists &, >0 such that

sup{w:0<h<éx,x+heA}< M, .

f(x+h)—f(x)

A <M,, forall x+he A and 0<h<g,. Letkbea

Therefore,

positive integer such that %< S, . Then we have

M<Mn,forall x+heA and O<h<é.

Consequently, xe E,,. Hence, we conclude that B | JE

nk *

Cs

=~

Conversely, suppose x € E,, for some positive n and k. Then

M<Mn,forall x+heA and 0<h<&.

Hence,

n

up{w< Mn:0<h<%,x+heA}£M

and so,



limsup

k—o

{f(x+h)—f(x)
h

<Mn:0<h<%,x+heA}£Mn.

Therefore, ,D"f(x)<M, <o and so xe B. Thus, we can conclude that

B:OEM.

n,k

Observe that | JE,, =| JE,,. This is because ifk <n, then E, cE,, and if k>

n,k

n, then E,, cE,, . Thus, | JE,, | JE,, and so equality follows.

n.k
Thus, by the continuity from below property of Lebesgue outer measure,

m*(B) = limm*(E, ) .

Note that B=Bn A= B(mOEn]zg(BmEn) .

n=1 n=l

We observe that B = G(Emn NE,). We deduce this as follows.

n=1

Take any X in B. Then xeE,, for some integer k and xeE . If, L <k, then

xeE,, so that xe E,, nE and if L >k, then xe E  sothat xeE , nE . It

follows that B ¢ O(Emn NE,). Consequently, B= O(Emn NE,).
n=1 n=l1

Note that E,, nE, cE,,,.,,NE,, - and so we have also that

n+l =

m*(B) =limm*(E,, NE,).

n—o

Suppose that m*(B) < or that the set B is bounded. Hence, for an € > 0 such
that m*(B)—& > 0there exists a positive integer N such that
n>N=0<m*(B)-g<m*(E, NnE,)<m*(B). Thus, taking n =N, we have that

0<m*(B)—s<m*(Ey y NE,)<m*(B).

Suppose m*(B) =, then for any K > 0, there exists integer N such that
n>N=m*E, NE)>K.



Let A=E,NE,. Then A cB. Moreover, for xe A, we have for any

0<5<i R
N

f(x+h)—f(x)
|f(x)|<MN,—h

<M, for 0<h<s and x+he A. -==-----—-- (1)

We have the following technical lemma.
Lemma 1. The function f is locally of bounded variation on A . That is to say,
for any ¢ <d, withc,din A and d-c <ﬁ. The restriction of fon A n[c,d] is

of bounded variation on A n[c,d]. More generally, for any positive integer, n, f

is locally of bounded variation on E , NE, .

Proof.

Take any xe A n[c,d] with c<x<d and d—c=5<ﬁ. For any partition

Q:c=x,<X <:-<X, =X by points in A n[c,d],

The positive variation with respect to the partition Q, by (1), satisfies

PQ) =Y max (F(X) = FX.).0)< X (% X, My = (x=X)M <=M,

i=1

The negative variation with respect to the partition Q is

N = Y min(f04) f(5,,),0)

> —2Zn:(xi X, My ==2(x—Cc)M,,.

Thus, the negative variation is bounded below. It follows that the negative
variation function of the restriction of f to A n[c,d],

n(x) = inf{ N(Q):Q any partition of [C, X] by points in A N[c,d ]} > -2(x-c)M,.

Therefore, with ¢ as the anchor point, the positive variation function, p(X)
of the restriction of f to A N[c,d] satisfies that p(x) < oM with 0< ¢ <ﬁ

and n(x)>-2(d —c)M, (For the definition of positive variation, negative
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variation and total variation, please refer to the definition in the proof of
Theorem 6 in Functions of Bounded Variation and de La Vallée Poussin's
Theorem.) Hence, the total variation function,

ve(X)=p(X)—-n(X) <M +2(d —c)M <35M <3'vl|\|N .

Thus, the restriction of f to A n[c,d] is of bounded variation on A n[c,d].
The proof for E,, NE, is exactly the same.

Remark. In Lemma 1, we need not choose the closed interval to have end
points in A. However, we assume that A n[c,d]=@. We may just pick any

point, 8, in A n[c,d] as anchor point for the definition of total variation function
of f.

Now for X >a withxe A n[c,d], v, ,(X) = p(x)—n(x) < (x—a)M +2(x—a)M, and
fory <awithye A n[c,d],

ve|=lvi @< @-y)M, +2(a-y)M, . Hence, the

total absolute variation for f on (x,y)n A is less than

(X=y)M, +2(x=y)M, <356M <3NILN .

It follows that f is of bounded variation on A n[c,d] with bound 3M, .

It is customary to proceed from finite Dini derivates to possibly infinite ones.
So, our next result will be on set with finite Dini derivates. We shall make
similar definitions of E,, and E, with B replaced by {x eA:—o< ,Df(x)< oo}

f(x+h)—f(x)

and E ={X€ B:-M, < <M ,x+he Am(x,x+&j}. Analogous

properties that have been stated for E,, and E, hold true and that Lemma 1 holds
when B = {x eA:—w< ,D'f(x)< oo} with the corresponding set E,, nE,. Note

that the definition of E, remains unchanged, E, ={xe A:|f()|<M,}|.

We verify these facts below:

Suppose B={xeA:-co< ,D"f(x) <.



Let (M,) be a strictly increasing positive sequence of real numbers, (M,) , such
that M, /"o . As before let E, ={xe A:|f(x)|<M,|. We shall use the same

notation as before. Define

f(x+h)—f(x)

En’kz{XEBZ—Mn< <Mn,x+heAm(x,x+%j}

f(x+h)—

={xeB:—Mn< f(X)<Mn,0<h<%,x+heA}

Z{XEBZ—Mn f(t) f(x) Mn,teAm(x,x+&j}.

Since M, <M E..cE.and E cE It follows that E ,cE

n+l n,k+1 * n+l1, n+1

We can show as before that B=| JE , .

n=1

Suppose xeB. Then —-M, < ,D"f(x) <M, for some integer n > 0. That is to say,

M, <limsupM=Iimsup{w x+he A}< M,
toxt teA t—x h—0" h

5>h>0 h

This implies that sup {M :X+he A} >-M, and for any 0> 0 there

exists &, >0 such that

up{w:0<h<5x,x+heA}< M,.

Therefore, —M PRICSAVERIC))

n

<M,, forall x+he A and 0<h<5,. Letkbea

positive integer such that %< S, . Then we have

M < f(x+h)—f(x)

n

<M, forall x+heA and O<h<é.

0

Consequently, xeE,,. Hence, we conclude that B ¢ U

=

Conversely, suppose x € E,, for some positive n and k. Then



-M, <M< M, for all x+he A and 0<h<%.
Hence,
-M, <sup{w< M, :O<h<%,x+heA}s M,
and so,
-M, Slir;ls§p{w< Mn:0<h<é,x+heA}S M,.

Therefore, —o< ,D"f(x)<o and so xe B. Thus, we can conclude that

BZCJEn,k ZOEn,n'

n,k n=1

Similarly, we deduce that

s

B=|J(E,,NE,).

b=
I

We make the tacit understanding that when B = {x eA:—o< ,D'f(X)< oo} ,

f(x+h)—f(x)

En,k={XEBI—Mn< <Mn,x+heAm(x,x+%j} and when

Bz{XEAI AD+f(X)<OO}5 E.x :{XEB:M< Mn,x+heAm(x,x+éj}.

Moreover, inequality (1) still holds, i.e., for xeE , and for any 0<¢& <% , We

have

<M, for 0<h<¢s and x+he A, -=—---—---- (1)*

f(x+h)—f(x)
|f(x)|<Mn,—h

We have that f is locally of bounded variation on E,, nE,. Thisis a

consequence of Lemma 1.

Lemma 2. Suppose f:A—R is a finite-valued function. Let
B={xeA:—o< ,D"f(x)<w|, {E,,} and {E,}be defined as above. For a fixed



positive integer N, let A =E, , "E, . Then there exists a set, N c A such that
m*(N):m*(f(N))zo and forall xe A-N, ,D"f(x)=, Df (x)= ,D_f(x) and is

finite. Moreover, f is a Lusin functionon A =E_ NE,.

Proof.

By Lemma 1, for any ¢ <d, withc,d in A and d-c <ﬁ, f is of bounded

variations on A n[c,d]. Therefore, by Theorem 15 of Functions of Bounded
Variation and de La Vallée Poussin's Theorem, there is a subset N, ¢ A n[c,d]
of A such that

m(f(Nl)): m(Nl):Oa

and for each xe A n[c,d]-N,, , Df (x) exist and is finite since ,D"f (x)is finite.

1> A
We can cover A by countable number of such closed interval of length strictly

less than ﬁ . In the proof of Lemma 1, we need not use precisely the closed

interval [c, d] with ¢, d in A because the total absolute variation is independent
of the anchor point for the definition of the total variation. (See remark after
Lemma 1.) For instance, if a is the anchor point and X < a <y with

X,y € A N[c,d], the total absolute variation function is given by ‘vf‘a(x)‘ +vi.(Y)
and so it is bounded and so the function is of bounded variation on A N[c,d].
Hence, we can conclude that there is a subset N, < A such that
m(f(N,))=m(N,)=0and that , Df (x) exist and is finite for all X in A —-N,.
Moreover, f is a Lusin function on A. This is because by Theorem 18,

Functions of Bounded Variation and de La Vallée Poussin's Theorem, f is a
Lusin function on A —N, and as m(f(N,))=0, fis a Lusin function on A

Let A, c A be the points of density of A at which , Df (x) exist and is finite.

Then by Theorem 9 of Arbitrary Function, Limit Superior, Dini Derivative and
Lebesgue Density Theorem, A, contains all of A —N, except for a null set. This

means for X in A,,



M LAA) Ly (1)

m(l,)—0,1, an interval containing X m(l )
X

Now xe A, implies that , Df (x) is finite. Suppose x e A, and
AD7f(x)> , Df (x)+7 for some 7 >0. Then, by definition of ,D"f(x), there

exists a sequence (&) such that & >x, & — x and

fE)-T00

& —x A,Df(x)+77- -------------- (2)

We claim that for a fixed integer n in (2) and with & sufficiently close to X, for
any & in (X,§,)NA,

LG RGOy 1 e —— 3)
E—X

for 0<n'<7n.

Proof of this claim.

As xe A s a point of density of A,

k %
lim sup mdnA)_ lim inf mrAnA)

m(1)—0,1 an interval containing X m(l ) m(1)—0,1 an interval containing X m(l )
Therefore, given any &> 0, there exists 5 >0 such that

1_$<w§1’
m(l,)

for all closed interval, 1, containing X with length, m(I,)=5<5. Take & to be

sufficiently small so that we have,
m*(A A1) > M) =Em(1,) = (1=E)m(1,) > 0. -wmemememememememcncnee (4)

By definition of , Df (x), for any 0<7'<7 , there exists ¢' >0 such that

=T O (5)

for all &€ A n(x,¢). Thus, if we choose & <¢ and & —x <& , then we get



f(&-f(x ,
%<ADf(x)+n,

for all £e A n(x,&,). This proves our claim (3)

We note that we can choose & e A n(x,¢) sufficiently close to & and £<¢& so

that ¢ =% can be made as small as we wish. We deduce this below.

n

~

In general, take ¢ closed to &, with x<¢ <& <¢ such that 1-&< é_))((<1—0,

n

with <& and é<0. If (E,fn)mA1 =0 or m*((g“,fn)mAl)zo,then

&< m*([X.&1NA) _m*(X.d1NA) < g—X <1-0
m([xaén]) gn —-X gn —X
and so &> ¢ and we have a contradiction. This means that (£,&)nA =@ .

Thus, there exists a point & (Z,&)nA. This means there exists a point

£e.E)nA such that 1= A Df()+77".

Now we show that for any £e(C,£)NA, ?_2 >L
n = &
Observe that 2%~ %=X We have
gn_é étn_é/

én_gzgn_x_(é’_x)zl_ 2—X <l—(l—€):8
& x '

é:n_x é:n—X -
Hence,
5”_X>§“_§>l _____________________ (6)
g”_g gn_é/ ¢

Indeed, we have that ¢ = hTe

From inequality (2) we get,

F(&)= (0> (&%) \ Df () +7(& =X).. wmmeememsemmeeees (7
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From inequality (3), we get, for any &e(x,&)NA,

F(5) = F(X)<(&=%) A DE(X)+77'(§ = X) . =mmmmmmmmmmmmmees )
Hence, from (7) and (8) we obtain,

f(&)-F(&)>(& &) DI +1(& —X)—1'(£-X)

e _5)ADf(x)+(§n_x){n—f7'(§—xﬂ.

Therefore, for £e(x,&)NA,

(E)-1© | o (ﬁ x]{ (ﬂﬂ _______________ 9
Fer Ul b L e || )
Note that & € A but £€A . <—,
T =T M (10)
& ¢ "

From (9) we deduce that for our choice of &e(x,&)NA,

(&)=

1 ’
P A‘Df(x)+z(77—r7).

Since n—7'>0, we can choose &> 0 as small as we like and we can choose
0 and ¢ to be as small as we like so that

%> Df (X)+— ( n')>M,.

This contradicts inequality (10) and so at points of A,, ,D"f(x)<, Df(x).
Since ,D*f(x)> , Df (x), we conclude that ,D" f(x)=, Df (x).

Now we consider ,D f(x) at point xe A, .

Suppose xe A, and ,D_f(x) < , Df (x)—n for some 7> 0. Then, by definition of

AD_f(x), there exists a sequence (¢&,) such that & <x, & —x and

11



f(&) -

£ _x <A DF(X) =77 —mmmmmmmmoeeee- (11)

By definition of , D f(x)= , Df (x), for any 0<7'<#n , there exists ¢' >0 such
that

TO-T A DE) =1, —mmmmmmmmm - (12)

forall £e AN(<,X).

We claim that for a fixed integer n in (2) and with & sufficiently close to X,
there exists a & in (¢,&,)N A such that

LT LG R S — (13)

for 0<n'<n.
Proof of this claim.

As xe A s a point of density of A,

* *
limsup m*dnA) _ liminf m*(nA) =1.

m(1)—0,! an interval containing X m( I ) B m(1)—0,1 an interval containing x m( I )
Therefore, given any ¢ >0, there exists 6 >0 such that

1_§<w§1,
m(1;)

for all closed interval, 1, containing X with length, m(1,)=6 < 5. Take 0< ¢ <%

to be sufficiently small so that we have,
m*(A A1) > m(1)=Em(1,) = (1=Z)m(1,) > 0. =rmrmemememememmmmneee (14)
Thus, if we take ¢ <x andx—¢ <4 , and choose ¢ <& <x, then
f(&)-fX :
T> A1Df (X)—ﬂ N
forall £e AN(S,é).

12



We note that we can choose &e A N (¢, x) sufficiently close to & so that

§<é<é <xand (= Ll 1 can be made as small as we wish. We deduce this

n

below.

Take ¢ closed to &, such that ¢ <& <& <x and 1- g< Xl ?<1 0, with 9<¢
X_

and £<¢. Asshown above if (£,&)nA =@, then

1 ;;\: *(g X ﬁAl) m*([fnﬂx/]mAl)g X_éi] <1-6
m(é’ X)] X=¢

|
wy

and so &> @ and we have a contradiction. Thus (¢ ,E)NA = and so take
Ee(C,£)nA. Note that as £ gets smaller, we can choose 6 and «to get

smaller, for instance that they may be chosen to be less than 2&.

Note that 2= s X~ a4

é:n_é: §n_é/
fn—g’_x—g“—(x—fn)_ x=¢ 1< ! 1=-% <2 if O<g<l
X—¢&, X—& x—¢ 1-¢ —¢ 2

n X_ n n
Since &, —x and £—X are negative, we have,
F(&)— 00> (& —x) Df 00-7 (&, )

and f(&)-f(x)<(&-x),Df (x)-7'(£-x). Subtracting these two inequalities we

get T(5)-f(&)>(& —&)ADf (X)+(X—é‘n){ﬂ—ﬂ'(%ﬂ and so

n

fE)-F@ | 5{ (X—fﬂ
Pl b [ P

Observe that[x_éJM and so § ~én {77 n’[;_fﬂz X=¢, (n—n")>—
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Note that 7-7'>0. We can choose & to be arbitrary small along with arbitrary
small ¢ and ¢ with £<@<e. It follows that there exist £e A and & in A such

that £ <&, and e = T) > M, . Thus, we arrive at a contradiction. Hence, we

n

must have ,D f(x)> , Df (x). As , Df(x)>D_f(x), we have ,D f(x)= , Df (x).
Suppose A, =(A —N,)-N,, where m(N,)=0. If we now let N =N, UN;, then
m*(N)zm*(f(N))zo and for all xe A-N, ,D*f(x)= ,D_f(x) and is finite. This

completes the proof of Lemma 2.

Corollary 3. Suppose f:A— R is a finite valued function. Let
B={xeA:,D"f(x)<x}, {E,,} and {E,}be defined as above. For a fixed positive

integer N, let A =E, , nE, . Then there exists a set, N c A such that
m*(N):m*(f(N))zo and for all xe A—N, ,D*f(x)=,D_f(x) is finite or —oo.

Moreover, the set K, ={xe A: ,D"f(x)=—o| has measure zero and f is a Lusin

function on A —N-K,.

Proof.

The proof proceeds exactly as for the proof for Lemma 2. This time we have

that except for a null set N,, , Df(x) exists finitely or infinitely for xe A -N,
and m(N,)=m(f(N,))=0. Since ,D"f(x)<, ,Df(x) can take on the value

—oo0, when ,D* f(X)=-o.

In this case we have ,D*f(x)= ,D_f(x)=—w. By Theorem 9, Functions of
Bounded Variation and de La Vallée Poussin's Theorem, the set

Ky ={xeA:,Df(x)=—oof={xeA:,Df(x)=—n} has measure zero. Let

A, < A -N,-K, be the points of density of A at which , Df (x) exist and is
finite. Suppose A, =(A -N,-K,)-N,, where N;c A -N,-K and m(N,)=0.
Let N=N,UN;.

14



Since f is a Lusin function on A - N, -K, , by Theorem 18, Functions of
Bounded Variation and de La Vallée Poussin's Theorem, m( f(N,))=0, as

m(N,)=0. Hence, m*(ﬁ):m*(f(ﬁ)):o and ,D"f(x)= ,D_f(x) finitely or
infinitely.

Theorem 4. Suppose f:A—R is a finite-valued function. Suppose B is a
subset of A such that at each point X of B, ,D* f (x) <o . Then, except for a null

set, NcB,,D"f(x)=,D_f(x), its opposite derivate, and is either finite or -
infinity. Moreover, m*(N) = m*( f (f\])) =0. The set K ={xeB: ,D"f(x)=—|isa

null set and f is a Lusin function on B-K .
Proof.

We shall use the notation used in Corollary 3.

NE  c--- and

n+l =

We note that B=O(En,nmEn), E,,nE, cE

n=l1

n+1,n+1

m*(B) =limm*(E, NE,).

n—oo

For each positive integer, n, let A =E, nE,. Then by Corollary 3, there exists
aset, Ny A such that m*(N,)= m*(f(f\]n))zo and for all xe A —N,,

AD*f(x)=,D_f(x) and is finite or —oo. Let N =| JN.. Then m(ﬁ)zo. Since
n=1

m*(f(ﬁn)):o, for each positive integer, n, m*(f (N)):m*(f (Qﬁnnzo. Let

B"=|JA -(JN:=B-N. Take any xeB". Thenxe A — N, and so

D f(x)=,D_f(x) and is finite or —o0. Observe that
m*(B")=m*(B)=limm*(A,).

Note that for each positive integer, n, N, contains points, X, where X is not a
point of density of A or , Df (x) does not exist finitely or infinitely.

Note that if ,D"f(x) =—o , there exists an integer N, such that xe E_, foralln>
N. This is because if ,D* f (x) = -, then

15



limsup {M, X+he A} =—oo implies that

h—0*

there exists 6 >0 such that sup {w X+heAO<h< 5} <0. It follows

0<5<5

that w<0 forx+he AO<h<5. Thus, x e E,, for all n such that

%< 5. Take any integer N with ﬁ< & and we have xeE,, foralln> N.

Let K ={xeB:,D"f(x)=-o}. Then we claim that K =| JK, where K, is as

given in Corollary 3. Note that xe K= xeE,, = xe K, for some positive

integer n. Therefore, K | JK, . By definition, K, < K for each positive integer
n. Hence, | JK, =K andso K = JK, . Therefore, m*(K)= m*[U KJ:O.

Now, fis a Lusin function on B—K —N by Theorem 5 below. Since
m( f (N)) =0, fis a Lusin function on B-K . This completes the proof of the

theorem.

Theorem 5. Suppose f:A—R is a finite valued function. Suppose B is a
subset of A such that at each point X of B, ,D* f(x) is finite, i.e.,

—0< ,D*f(x)<w. Then, except for a null set, Nc B, ,D*f(x)= ,D_f(x), its
opposite derivate, and is finite. Moreover, m*(N)=m *( f (N)) =0and fis a Lusin

function on B.

Proof.

Now we can apply Lemma 1 and Lemma 2.

For each positive integer, n, let A =E, nE,. Then by Lemma 2, there exists a

set, No» = A such that m*(Nn)zm*(f(Nn))zo and for all xe A, — N,

D f(x)=,D_f(x) and is finite. Let N:UNn . Then m(N):O. Since
n=l1

Nnj}o. Let

Cs

=]
I

m*(f(ﬁn)):o, for each positive integer, N, m*(f (N)):m*( f(
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B"=|JA -(JN:=B-N. Takeany xeB". Thenxe A - N, and so
AD*fr;x)z AInD_f(x) and is finite.
By Lemma 2, f is a Lusin functionon A =E,, nE,. Suppose E < B is s null set
in B. Then m*(EnA)=0. Therefore, m*(f(EnA,))=0. As
m*(f(E)):m*[f(Em{]mjsm*(Of(EmA\)j,it follows that m*( f (E))=0.

nl ni

Thus, fis a Lusin function on B. This completes the prof of Theorem 5.

Corollary 6. Suppose f:A—R is a finite valued function. Suppose B is a
subset of A such that at each point X of B, ,D* f(x) <. Let

K={xeB:,D"f(x)=—}. Suppose m(f(K))=0.Then fisa Lusin function on B.

Proof.
By Theorem 4, f is a Lusin function onB - N - K , where N is given in Theorem
4. Since m*(f(Nu K)):m*(f(ﬁ)u f(K)):Oasm(f(K)):m(f(’l\])):O, fisa

Lusin function on B.
We have corresponding results for similar condition on the Dini derivates.

We shall state these results without proof for the proof involves similar
technique.

Theorem 7. Suppose f:A—R is a finite valued function. Suppose B is a
subset of A such that at each point X of B, ,D_f (x) >-w. Then, except for a null

set, NcB,,D_f(x)= ,D"f(x), its opposite derivate, and is either finite or +
infinity. Moreover, m*(N)= m*( f (N)) =0. The set K={xeB:,D_(x)=w}is a

null set and f is a Lusin function on B-K .

Theorem 8. Suppose f:A—R is a finite valued function. Suppose B is a

subset of A such that at each point X of B, ,D™ f (x) <. Then, except for a null

set, NcB,,D f(x)=,D, f(x), its opposite derivate, and is either finite or
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—infinity. Moreover, m*(N)=m *( f (N)) =0, the set K ={xeB: ,D f(x)=—w}is

a null set and f is a Lusin function on B—K .

Theorem 9. Suppose f:A—R is a finite valued function. Suppose B is a
subset of A such that at each point X of B, ,D, f(x)>-o. Then, except for a null

set, Nc B, ,D, f(x)= ,D f(x), its opposite derivate, and is either finite or +
infinity. Moreover, m*(N)= m*(f(f\]))zo, the set K={xeB:,D,f(x)=w}isa

null set and f is a Lusin function on B—K .

As a result of the above theorems we have,

Corollary 10. Suppose f:A—R is a finite valued function. Then for almost
allxinA, ,D"f(x)>-w0, ,Df(x)>-0,,D, f(X)<wand ,D_f(x)<oo.

Theorem 11. Suppose f:A—R is a finite valued function. Suppose B is a
subset of A such that at each point X of B, f has either both finite Dini derivates
on the same side or finite bilateral derivates aDf (x) or ,Df(x). Then, fis
differentiable almost everywhere on B, i.e., for almost all X in B, ,Df (x) exists
and is finite. Moreover, for the subset E of B, where ,Df (x) does not exists,

m*(E)=m*(f(E))=0. fis a Lusin function on B.

Proof.

Suppose ,D*f(x)and ,D, f(x) are finite for all X in B. Then by Theorem 5, since
AD*f(x) is finite for all X in B, except for a null set, N, < B,,D*f(x)= ,D_f(x),
its opposite derivate, and is finite. Moreover, m*(N,) = m*( f (Nl)) =0 andfisa
Lusin function on B. As ,D, f(x) is finite on B, by an analogue theorem to
Theorem 5, except for a null set, N. =B, ,D, f(x)= ,D ™ f(x), its opposite

derivate, and is finite. We also have that m*(N,)=m *( f (Nz)) =0. Therefore, for
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xeB-(NiUN:), ,D*f(x)=,D f(x)<,D f(x)=,D,f(x) and as
AD, f(x)<,Df(x), ,Df(x)=,D_f(x)=,D f(x)=,D, f(x). This means ,Df (x)
exists and is finite. Let E=N, UN,. Then m(E)=m(N,; UN,)=0. This means f is

differentiable almost everywhere on B. We already knew that f is a Lusin
function on B.

Suppose ,D f(x)and ,D_f(x) are finite for all X in B. Then we can show
similarly that for almost all X in B, ,Df (x) exists and is finite and that the set

where ,Df (x) does not exists is a null set and that f is Lusin function on B.

Suppose —o < aDf(x) <o forall Xxin B. Then ,D*f(x)<w and ,D f(x) <o for
all x in B. Then, except for a null set, N, =B, ,,D* f(x)= ,D_f(x), its opposite

derivate, and is either finite or —infinity. Moreover, m*(N,)=m *( f (Nl)) =0.

Similarly, except for a null set, N> B, ,D f(x)=,D, f(x), its opposite derivate,

and is either finite or -infinity. Moreover, m*(N,)=m *( f (Nz)) =0.
Therefore, for x e B—(Nl UNz), D f(x)=,D f(x) and ,D f(x)=,D, f(x).

Suppose ,D*f(x)=-w. Then ,D*f(x)= ,D_f(x)= ,D f(x)=,D, f(x). But this
contradicts that —oo < ADf (x) =max (,D" f(x), ,D" f(x)) <0 Similarly,
,D™f(x)=—o leads to a contradiction and so for all xeB —(Nl U Nz)

D' f(x)=,D f(x)=,D f(x)=,D, f(x) and is finite. That is to say, fis
differentiable on B —(Nl v Nz)(with finite derivative). Moreover, denoting

E =(N1 U Nz) , m*(E)=m*(f(E))=0. By Theorem 5, f is a Lusin function on
B—E. Therefore, f is a Lusin function on B.

Suppose —o< ,Df(x) < forall Xin B. Then ,D, f(x)> - and ,D_f(x)>-o for

all x in B. We can show similarly that except for a null set E in B, fis
differentiable with finite derivative. Moreover, m*(E)=m*(f(E))=0 and fis a

Lusin function on B.
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Theorem 12. Suppose f:A—R is a finite valued function. Suppose B is a

subset of A such that at each point X of B,

JD f (x)‘ <M for some non-negative

number M. Then m*(f(B))<Mm*(B).

Proof.

We have -M < ,D*f(x) <M for all X in B. By Theorem 5, ,D*f(x)= ,D_f(x)and
is finite for all X in B— N, where N is a subset of B such that

m*(N)=m*( f(N))=0. Therefore, for xin B-N, as|,D*f (x| <M,

-M < ,D_f(x)=,D"f(x). It follows by Theorem 10 of Arbitrary Function, Limit

Superior, Dini Derivative and Lebesgue Density Theorem, that
m*(f(B—N))ng*(B—N). Hence,

m*(f(B))sm*(f(B—N))+m*(f('|\T))=m*(f(B—N))st*(B—i\T)s Mm*(B).

Denjoy Saks Young Theorem

We are now ready to state the Denjoy Saks Young Theorem for arbitrary
function on any subset of R.

Theorem 13. Suppose f:A—R is a finite valued function. Let

N ={XeA:AD+f(X)=—oo or ,D°f(X)=—0or ,D,f(x)=00o0r AD_f(x)=oo} ,

S ={xe A: ,Df (x) exists and is finite} ,

T={xeA:,D"f(x)and ,D_f(x) are finite and equal , ,D, f (x)=— and ,D"f(X) =0},
U={xeA:,D f(x)and ,D, f(x) are finite and equal , ,D"f(x)=c0 and ,D_f (X) =~}
and V ={xeA: ,D'f(x)= ,D f(x)=w0and ,D_f(x)=,D, f(x)=—c0}.

Then A=NuUSUTUU UV UE , where E is a null set and m( f(E))=0.

Moreover, m(N) = 0 and f is a Lusin function on SUT LU .

Proof.
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By Corollary 10, N is a null set. Consider now the set A—N. Thus, for all X in
A-N, ,D f(X)#-0, ,D f(X)=—0, ,D,f(X)=wand ,D_f(x)=w.

Consider the set B, ={xe A-N:,D"f(x)<o|. Then by Theorem 5, except for a
null set, N, = B,, ,D"f(x)= ,D_f(x), its opposite derivate, and is finite.
Moreover, m*(N,) = m*( f(N1))=0. Let B,={xeA-N:,D.f(x)>—=}. By
Theorem 7, except for a null set, N, = B,, ,D, f (x)= ,D ™ f(x), its opposite
derivate, and is finite. We also have m*(N,) = m*( f (Nz)) =0. Let

B,={xe A-N:,D f(x)>-w}. By Theorem 7, except for a null set, N; c B,,
JD_f(x)=,D"f(x), its opposite derivate, and is finite. We also have
m*(NN3)=m*(f(N3))=O. Let B,={xe A—N:,D f(x)<o}. By Theorem 7,
except for a null set, Ny < B,, ,D f(x)= ,D, f(x), its opposite derivate, and is

finite. Moreover, m*(N,) = m*(f(ﬁ4))=0.
Let C, be the complement of B, in A-N, fori=1,2,3 and 4. Then

C,={xeA-N:,Df(x)=}, C,={xe A-N:,D, f(x)=—x},
C

={xeA-N:,D f(x)=—oo} and C,={xe A-N:,D f(x)=cof.

3

The complement of C,uC,UC,UC, is B.nB,nB,nB,. By Theorem 11, fis
differentiable on B, B, nB, N B, except for a null subset E, in B, nB,, where
m(f(E))=0.

First of all,
C,NC,NC,NC,={xeA-N:,D"f(x)=,D f(x)=wand ,D, f(x)= ,D_f (x)=—o}.

Any intersection of three of the C,’s with the complement of the remaining C,’s
gives a null set, E, such that m(f(E))=0. This is because by Theorem 5 and its
analogue, since the complement of the C, is B,, we will have a pair of equal

finite opposite derivates and its intersection with the opposite Dini derivate
being non-finite will result in a null set, whose image under f is also a null set.
For instance, B nC,, B,nC,, B,nC, and B, C, are null sets whose images

under f are also null sets. Similarly, any intersection of three of the B,’s with
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the complement of the remaining B,’s results in a null set, whose image under f

1s also a null set.

Note that C, nC, nB, "B, and C, nC, "B, "B, are null sets with null images

under f.

C,nC,nB,nB,
={X€ A-N: ,D"f(x)=o, ,D f(X)=—00, ,D f(x)= ,D, f(X) and is ﬁnite}

and

C,nC,nB nB,
={xeA=N:,D f(x)=,,D, f(x)=—w, ,D*f(x)= ,D_f(x) and is finite]

Let S=B nB,nB,nB,, T=C,nC,nB NB,, U=C,nC,nB,nB, and
V=C nC,nC,nC,. Thus, A=NuUSUT uUUuV UE, where E is a null subset
with m(f(E))=0.

By Theorem 5 and its analogue, f is a Lusin function on SUT uU . This
completes the proof of the theorem.
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