Convergence In Measure

By Ng Tze Beng

Suppose (X, . 7, w) is a measure space, where X is a non-empty set, . / is a G-
algebra of subsets of X and z2:. 7/—[0, o] is a positive measure, i.c., & is a
1S

1

function such that # (@) = 0 and x is countably additive, that is, if {E, }

countable disjoint collection of subsets in. 7, then y(fj Ej => u(E,).
n=l n=1

Suppose {f,: X - R} _ is a sequence of real valued functions. Then we have

o0
n=

the notion of the sequence, {f,: X >R}, converging pointwise to a function

o0
n=

f:X — R and also the notion of the sequence, {f,: X >R}, converging

uniformly to f:X —»R. We said the sequence {f,:X >R}  converges
pointwise almost everywhere if there exists a measurable set £ in X such that
u(E) =0 and the sequence {f,(x)} converges for all x in X— E. We said the

sequence {f,: X - R} converges uniformly almost everywhere if there exists a

measurable set £ in X such that x(E)=0 and the sequence {f,: X-E >R}

converges uniformly on X — E.

For the case of a sequence of extended real valued functions on X,

{/,:X >R|"_, we have the notion of the sequence, {f,: X >R}, converging
pointwise to an extended real-valued function, f: X - R. However, examining
the definition of uniform convergence of a sequence of functions, we do not
have the notion of a sequence of extended real valued functions, { [ X—> I@}il ,
converging uniformly on a subset £ of X, unless each f, is finite valued on E.
{ f:X—> I@}:;l converges pointwise almost everywhere if there exists a

measurable set £ in X such that 4(£)=0 and the sequence {f,(x)} converges for
allxin X-E. { [ X > ]1_%}; converges uniformly almost everywhere, if there

exists a measurable set £ in X such that x#(E)=0, each f :X-E - R is finite



valued and the sequence {f,: X —E ->R|"  converges uniformly on X—E. Note

that in this case the limiting function, f; is necessarily finite valued on X—E.

Note that for convergence in the extended real numbers, we say the sequence,
{a,} converges to an extended real number if limsup{a,} =liminf{q,}. If the

n—0

limit, that is, lima, = limsup{a, } = liminf {a, } is finite, then this coincide with the

n—w n—o0 n—0

usual definition of the finite limit of a sequence. The pointwise convergence
for a sequence of extended real valued functions { f:X—> IT@}: is based on this
meaning of convergence. (For details about lim sup and lim inf see my article,
All About Lim Sup and Lim Inf.) Note that almost everywhere uniform
convergence of a sequence of functions, {/,: X >R}, implies almost
everywhere pointwise convergence of the sequence but not necessarily the
converse.

Suppose { [ X > ]I_Q}j1 1s a sequence of x measurable functions and p is a non-

negative integer. If each

1, eL”(X,y,I@):{g:XaI@;g measurable and IX|g|pdy<w},

and f eI”(X,u,R), then we have the notion of convergence in the p-th mean, if

[,

with respect to . Note that f, /' are necessarily finite valued almost

f-f |pd y)p — 0, in which case, we say f, converges to fin the p-th mean

everywhere with respect to the measure 1. The almost everywhere equivalent
classes of measurable functions in 17 (X, z,R) form a normed vector space with

the p-th norm, | g||M = (J‘X| g|pd u)” . With the metric induced by the p-th norm,

the equivalence classes of measurable functions in 17 (X, z,R) is a complete
metric space, a Banach space. We shall denote these equivalence classes by the

same symbol, Z’(X,x,R). Thus, the sequence {f, : X —>]1_£}: in I’(X, 1, R)

converges in the p-th mean if, and only if, {/,: X >R} is a Cauchy sequence

in (L” (X, u,R), ||M). Note that if {£,: ¥ >R| " is a Cauchy sequence in

(U (X, 1, R),

||M), then there is a function f e I”(X, 1, R) such that f,

2



converges to f in the p-th mean with respect to 1 Note that a sequence

{ [ X—> R}: 1s convergent in the p-th mean does not necessarily imply that
{/,:X >R|"_is convergent almost everywhere. Likewise, {f,: X >R} is
convergent almost everywhere does not necessarily imply that it is convergent

in the p-th mean. However, it is true that if a sequence, {/, : X > R} s

convergent in the p-th mean, then it has a subsequence, { f, X > I@};l , Which
converges pointwise almost everywhere. We can deduce this as follows. Since
each 7 1s measurable and finite valued almost everywhere, we may assume

'

that each f, is real valued and measurable. Hence, {f} is a Cauchy sequence in

4

IP (X, 1,R) = {g : X > R; g measurable and Ix|g|p du< oo} .
The existence of a subsequence { f X - R}j_l , which is almost everywhere
pointwise convergent to a function in 27(X, x,R), is shown in the proof of

Theorem 11, in my article, Convex Function, L? Spaces, Space of Continuous
Functions, Lusin’s Theorem.

Definition 1.

Now we consider the notion of convergence in measure. Suppose (X, . 7, u)is
a measure space. Suppose E is a. /- measurable subset of X. Suppose
f:E—>R,n=12,...,and f:E >R are./- measurable functions. We say

the sequence {f,:E >R} converges in measure (1), with respect to 4, on E, to

f:E—R,if given any € > 0,
lim {x € E:|f,(x)~ f(x)|2 €} =0.

Observe that this definition makes sense only for functions f,: E —R and

f:E - R, which are finite almost everywhere on E.

Note that this definition is equivalent to:

Given any 0> 0, there exists integer N such that



nZN:,u{xeE:|f(x)—fn(x)|28}<5 .

Remark. When f, andf are random variables, convergence in measure

is also known as convergence in probability.

We note that if f, converges in measure to £, then fis unique almost everywhere
with respect to ¢ in X. That is to say, if /, converges in measure to fand f,

converges in measure to g, then /= g almost everywhere in X with respect to z.
We show this below.

Firstly, observe that given any ¢> 0,

{x:|f(x)—g(x)|>e}g{x:

[, = f(x)|> g} U {x :

() —g(x)| >§} .

Hence,

[.(0)— ()] > %}j + ;{{x: f,(x)—g(x)|> g}] .

By definition of convergence in measure, there exists an integer N such that

ﬂ({xrlf(x)—g(x)l>8})S/{{x:

fn(x)—f(x)|z§}<§

nZN:u{er:

And there exists an integer M such that

nZM:>,u{er: 5

f,,(x>—g(x>|z§}<é .

It follows that

n>max(N,M) = ;{{x : f,(x)—g(x)|> %}] <5,

fo(0) = f(x)| >§}]+y[{x:

Hence, for any 6> 0, y({x:|f(x)—g(x)| > e}) <& . Since 9 is arbitrary, we

conclude that x({x:|f(x)-g(x)|>¢})=0 for any &> 0.



Now {x:]f(x)-g(x)|>0} = U {x | f () - g(x)] > l} and so by the continuity from
n=1 n

below property of measure (Proposition 18, Introduction To Measure Theory),
p{x:|f(x)-g(x)|>0}=0. It follows that f= g almost everywhere in X with

respect to fu

In general, convergence in measure does not imply convergence almost
everywhere nor is it implied by convergence almost everywhere. However,
convergence in measure does imply the existence of a subsequence converging
almost everywhere.

Theorem 2. Suppose (X, .7, ) is a measure space. Suppose Eisa. /-
measurable subset of X. Suppose f:E—>R, n=1,2,... and f:E—>R are./
- measurable functions, which are defined and finite almost everywhere on E,

with respect to the measure 1. Suppose { f,} converges in measure to f. Then

there is a subsequence { f } converging to f'almost everywhere with respect to

)7
Proof.

Since f, — f in measure, givenj = 1,2, ..., there exists an integer n; such that
forall n >n;,

1

,u({er:|fn(x)—f(x)|Z%}]<? .

We may assume that the sequence {n j} 1s monotonically increasing. (Having

chosen n; , we can always choose n,,, >n, .)

Jj+l
For each integer j >1, let E, = {x eE: ‘ 1o, (0= f (x)‘ > %} and for each integer m

>1,let H, = E,. Note that ,u(Ej)<%. It follows that

Jj=m




Now, forall xe E-E, ,

fo, ()= f(x) <%. Thus, if j>m , then
fnj(x)—f(x)‘<% forxinE—-H, .
As % — 0, this means that £, () > f(x) for x in E— H, . Therefore,

xeE- f'lem = f, ()= f(0).

Since, y(f’c] Hij,u(Hj)< 2]1.1 for j>1, ,u(ﬂ Hmj:O. It follows that £, (x)

converges to f(x) for x in E except perhaps for x in N H, , which is a set of 1
m=l

measure 0. Thatis, {f,} converges to falmost everywhere on £ with respect to

i

U

We introduce another notion of convergence involving measure.

Definition 3. Suppose (X, . 7, u) is a measure space. Suppose E is a. /-
measurable subset of X. Suppose f,:E—->R, n=1,2,...and f:E—>R are./

- measurable functions, which are defined and finite almost everywhere on E,
with respect to the measure z .

We say f, converges almost uniformly to fon E if given £> 0, there 1s a
measurable subset 4 ¢ £ with u(A4)<e¢ such that f, — f uniformly on £ — 4.

{f,} 1s a Cauchy sequence almost uniformly, if given &> 0, there is a
measurable subset 4 ¢ £ with x(4) <& such that {/ } is uniformly Cauchy on £
—A.

{ .} 1s a Cauchy sequence in measure, if given £> 0, 0> 0, there is an integer N

such that »,m 2N:>,u({x:|fn(x)—fm(x)| >8})<5.

We have immediately,



Proposition 4. Suppose (X, . 7, i) is a measure space. Suppose Eis a. /-
measurable subset of X. Suppose f,:E—>R, n=1,2,...and f:E—>R are./

- measurable functions, which are defined and finite almost everywhere on E,
with respect to the measure z. Then

f, converges to fin measure implies that {f,} is a Cauchy sequence in measure.

n

Proof.

By definition of convergence in measure, given any &> 0, 6> 0, there exists an
integer N such that

nZN:>,u{er: fn(x)—f(x)|2§}<§ .

Next, observe that given any &> 0,
{x:

Hence, for n, m > N,

u({x:|f(xn)—fm(x)| >8})S,u({x:

£~ £,(0] > &} g{x: f,(0)= £ (%) >§}u{x:|fm<x)—f<x)| >§}

[,(0) = f()] > g}j + u[{x 10 (0) = f()] > g}j
<é+é:5.
2 2

Thus, {f,} is a Cauchy sequence in measure.

Proposition 5. Suppose (X, . 7, u) is a measure space. Suppose Eisa. /-
measurable subset of X. Suppose f,:E—->R , n=1,2, ... are. /- measurable

functions, which are defined and finite almost everywhere on E, with respect to
the measure x .

If{ 7.} 1s a Cauchy sequence in measure, then {7, } has a subsequence, { fn,}:
which is a Cauchy sequence almost uniformly.
Proof.

Since {f,}1s a Cauchy sequence in measure, for each integer k > 1, there exists

an integer n, such that



nan:u({er:f,,(x)—f(x>|z§ﬂ<ﬁ. -------------- (1)

We may assume that n,, >n,. Then since

{x:

1t follows that

fn(X)—fm(X)IZTk}g{x:

1.0~ £ (0|2 %}u{x 1) - F ()] > 27} ,

n,mz2n, :>,u({x:

fn(x)—fm(x)|22_k})$ﬂ({x:

<27k

S, (x)— f(x)| 2 %H + U [{x S ()= f(x)| > %}J

For each integer k> 1, let E, = {x:

£, 001, () zz-k} . Then u(E,)<2*.

For each integer m > 1, let H, = G E,. Then

=m

Thus, given any &> 0, we can choose an integer M such that % <¢. Then

u(H,)<¢e . NotethatasE-H,=E-UE =N (E-E), xeE-H, xeE-H,
i=M i=M

implies that xe £-E, for integer i > M. Hence, forall xe E-H,,,

S (=1, (X)‘ <% , fori> M.

It follows that for i> j>M and forall xeE-H,,,

1, ()= 1, (0] < S0 fi )< mlzi ]

—~ 21 :
Now, given any 0 > 0, choose integer N > M such that 5 ;_1 <& . Then
i2j>N=> fnj_(x)—fni(x) < 2./1,_1 < 2,},_1 <6 forall xeE-H,,.



Thus, { / } is uniformly Cauchy on £-H, and u(H, )<e. Thatis, { f} isa

i

Cauchy sequence almost uniformly.

Proposition 6. Suppose (X, . 7, i) is a measure space. Suppose Eisa. /-
measurable subset of X. Suppose f,:E—->R, n=1,2,... and f:E—>R are./

- measurable functions, which are defined and finite almost everywhere on E,
with respect to the measure x .

If{ f,} converges to f'almost uniformly, then {f,} converges to fin measure.

Proof.

If {f,} converges to f'almost uniformly, then by definition, given £> 0, 6> 0,
there exists a measurable set 4 in E such that x4(4)<¢6 and f, — f uniformly on

E—-A. Tt follows that there is an integer N such that

n>N=|f,(x)- f(x)|<e forall x in E-A.
Hence, for n > N, the set {xe E:|f,(x)- f(x)|2 ¢} = 4 and so
u({xeE:|f,(0)— f(x)|2 &))< u(4) <5 forn>N.

This means f, — f in measure.

It is to be expected that almost uniformly convergence implies convergence
almost everywhere.

Proposition 7. Suppose (X, .7, ) is a measure space. Suppose Eis a. /-
measurable subset of X. Suppose f,:E—->R, n=1,2,...and f:E—>R are./

- measurable functions, which are defined and finite almost everywhere on E,
with respect to the measure x.

If{f,} converges to f'almost uniformly, then {f,} converges to f'almost

everywhere in E.

Proof.



If {f,} converges to falmost uniformly, then by definition, given any integer m

> 1, there exists a measurable set 4,, in £ such that u(4,) <l and f, - f
m

uniformly on E—4,, . Let H = G(E—Am). Then for any x e H, x € E— A4,, for
m=1
some integer m so that f, (x) - f(x). Therefore, f, — f pointwise on H. Now

E-H=( A, . Therefore, y(E—H):y(ﬁ Ialmjs;z(/ln)<l for each integer n > 1.
m=1 n

m=1

Since 1+ -0 , u(E-H)=0. It follows that f, — f pointwise almost
n

everywhere in E.

Proposition 8. Suppose (X, . 7, i) is a measure space. Suppose Eis a. /-
measurable subset of X. Suppose f,:E—R , n=1,2, ... are. /- measurable

functions, which are defined and finite almost everywhere on E, with respect to
the measure x .

If{s,} 1s a Cauchy sequence almost uniformly, then {/,} is a Cauchy sequence

1n measure.
Proof.

If { f,} 1s a Cauchy sequence almost uniformly, then by definition, given £> 0, 6
> 0, there exists a measurable set 4 in £ such that x(4)<¢6 and {f,} is a Cauchy

sequence uniformly on £E—A4. It follows that there is an integer N such that

n,m>N=|f,(x)- [, (x)|<e forall xin E-A.

Hence, for n, m > N, the set {xe E:

f,(x)= f,(x)|> &} < 4and so

u({xeE:|f,(0)- 1, (0|2 e})<u(4) <5 forn>N.

This means {,} is a Cauchy sequence in measure.
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Proposition 9. Suppose (X, .7, i) is a measure space. Suppose Eis a. /-
measurable subset of X. Suppose f, :E—R , n=1,2, ... are. /- measurable

functions, which are defined and finite almost everywhere on E, with respect to
the measure x .

If{ 7,} 1s a Cauchy sequence in measure, then there exists a measurable function,

g, finite almost everywhere on E, such that £, converges to g in measure.

Proof.

If{ 7.} 1s a Cauchy sequence in measure, then by Proposition 5, {/,} has a

i

subsequence, { f }, which is a Cauchy sequence almost uniformly.

As in the proof of Proposition 5,

i

{ f} is uniformly Cauchy on £ -H, and u(H,{)<% . Thus, { fn} converges
uniformly to a function g on £ -H, and so it converges pointwise to g on E—-H,

. Let H:ﬁHk. Then H 1s measurable andE—H:E—(w]Hk:G(E—Hk).
k=1

k=1 k=1
Therefore, g is defined and finite on £ — H. Moreover, u(H)=0. Thus, g is
defined and measurable on £ — H. Define g(x ) =0 for x in 4. Then g is
measurable on E. It follows that { f } converges almost uniformly to g on E.

i

Now, take £> 0. Observe that

{x:

£, =gz ef {x:|f,00- 1, = 2 0dx:]f, 0 -g@|2 S - (1)
2 2

Since {f,} is a Cauchy sequence in measure, given £> 0, 6> 0, there is an

integer N such that

o

10, 0]25})<S . e @)

n,mZN:y({x:

Since { f } converges almost uniformly to g on E, there exists an integer M and

i

a measurable subset set E; in £ such that u(E;) <g and

11



JAGE g(x)\<§ for all k> M and for all x in E—E; .

Ji(x)—f,,k(x)\zg}jﬁ.

From (2), if n,n,> N, then ,u[{x: 5

Thus if & > max(N,M) , then by (1),

u({xrlfk(X)—g(X)l28})Su[{x:\ﬁ(ﬂ—fm (x)\zg}jw({x:

£, ()-g(x)|2 g}j

Sy({x:‘fk(x)—fnk(x)‘Z%}j+,u(E5)<g+g:5 .

It follows that f, converges to g in measure.

Remark. The term Cauchy sequence in measure does live up to its
name. By Proposition 4, if f, converges to fin measure, then{/,} is a

Cauchy sequence in measure. Proposition 9 says that if { 7, }is a Cauchy

sequence in measure, then there is a measurable function g such that £,
converges to g in measure. Hence /= g almost everywhere on £. Thus,
with the hypothesis of Proposition 9, {f,} is convergent in measure if,

and only if, {/,} is a Cauchy sequence in measure.

Now we state a relation between convergence in the pth mean and convergence
in measure.

Theorem 10. Suppose (X, .7, u) is a measure space. Let I (X, u,R) be the
collection of all . / measurable extended real valued functions g: X >R ,

which are finite almost everywhere on X and fX| g|pd <o,

If {#,} is a Cauchy sequence in the 17 (X,x,R) norm, then {f,} is a Cauchy

sequence in measure. Suppose f'1s a measurable extended real valued function,
which is finite almost everywhere. If f, — f in the p-th mean, i.e., in the

I’(X,u,R) norm, then f, — f in measure.

12



Proof. Recall that the 17 (X, z,R) norm is given by, ||g||p = ( L| g|pd,u); for g in
L’(X,u,R). Suppose {f,}is a Cauchy sequence in the 2”(X, ., R) norm. Then

given any 77> 0, there exists an integer N such that

nm>N=

ﬂ—fm||p=(fxlﬂ—fm|”)L<n ———————————————————————— 1)

For any £>0, 6> 0, let E,, ={x:

jEH m

Choose 77> 0 such that r” <¢”. It follows then from (1) and (2) that for n, m >
N, &'u(E,,)< IE fo=fo| du< IX|fn — /.| du<n” implying that

f,(x)- f,(x)| 2 ¢} . Then E,, is measurable and

m

AR IE efdu=g"u(E,,) - (2)

fi=fldus],

,u(En,m)<J'Em fn—fm|”dy<z—j<5.

Hence, for any £> 0, 6> 0, there exists an integer N such that

n,mZN:>,u({x:

1) = f,(x)] 2 5}) <5,
This means that { f,}1s a Cauchy sequence in measure.

Suppose f, — f inthe 17(X,u,R) norm. Then given any 7> 0, there exists an
integer N such that

T 1 3)

n>N=

For any £>0, 6> 0, let H, ={x:

J‘HH

Thus, taking any 7> 0 such that »” < d¢”, we have that

f,(x)= f(x)|2¢&} . Then H, is measurable and

So=lduz ] e'du=e"u(H,). —mmrmrmmmmeeeees 4)

nZN:>,u({x:

1
L= 1@z el)< 2]

1 P
fo= AV dus [ 1f =1 du< <.

n

13



This proves that f, — f in measure.

Theorem 11 (Egoroff’s Theorem). Suppose (X, . 7, u) is a measure space.
Suppose E is a. /- measurable subset of Xand u(E)<w. Suppose f,:E >R,

n=1,2,...,and f:E—>R are./-measurable functions, which are defined

and finite almost everywhere on E, with respect to the measure 1 .

If{ s} converges to falmost everywhere on E, then {f,} converges to f almost

uniformly in £.
Proof.

By omitting a subset of zero measure, we may assume that f, and f'are finite on
E and that f,(x) > f(x) forall x in E.

For integers, m, n > 1, let

E) = ﬁ{xrlﬁ(x)—f<x>|<l} .
m

Then plainly, for each integerm>1, E" cE" c E", <--- 1s an increasing
sequence of measurable sets. Since f,(x) - f(x) for all x in E, this sequence
converges to E£. That is to say, GE;" = E. Hence, by continuity from below

i=1
property of positive measure, lim u(E" )= u(E) (see Proposition 18, Introduction

to Measure Theory). Therefore, since u(E)< o, there exists an integer, N,
depending on m such that
i2N, = u(E) - pu(E') < 2= u(E-E") <.
m i 2m i 2m

Let F, = GI(E—EN) Then ,u(Fg):,u(G (E-E}; ))giy(E—Egm)<zi:g.

m
m=1 m=1 m=1 2

Observe that E-F, = E— ) (E-E} )= N E" . Therefore, forall xin E-F, ,
m=1 " m=1 "

xe Ey forall integer m > 1. Given any 6> 0, choose integer M such that

ﬁ<5. Hence, for all integer i> N, |fi(x)—f(x)|<ﬁ<5 forall x in E-F, as

14



E-F,cE, . Itfollows that f, - f uniformly on E-F,. Hence, {f,} converges

to f'almost uniformly in E.

Remark. If (X,. 7, u)is a finite measure space, 1.e., u(X)<x, then by
Theorem 11, {f,} converges to f almost everywhere on E, implies that

{f,} converges to f'almost uniformly in £ and by Proposition 7, {1, }
converges to f'almost uniformly in £ implies that {f,} converges to f

almost everywhere on E.

Thus, when u(E) <, under the hypothesis of Egoroff’s Theorem, convergence

almost uniformly in £ is equivalent to convergence almost everywhere in E.
Thus, for a probability measure, these two notions coincide.

Corollary 12. Suppose (X, . 7, u) is a measure space. Suppose Eis a. /-
measurable subset of Xand u(E)<w. Suppose f,:E—-R, n=1,2,...,and

f:E—>R are. /- measurable functions, which are defined and finite almost

everywhere on E, with respect to the measure 1 .

If{ s} converges to falmost everywhere on E, then {1} converges to f in

measure in E.

Proof. This is a consequence of Theorem 11 and Proposition 6.

Theorem 13. Suppose (X, .7, u) is a measure space. Suppose E is a
measurable set and { /, : E > R} is a sequence of measurable functions defined on

E. Suppose f, converges almost everywhere to a measurable function f: £ >R

. Suppose there exists a Lebesgue integrable function g: E —[0,) such that,
|/, (x)|< g(x) for all integer n >1 and for almost all x in £. Then f, and fare

Lebesgue integrable, and f, converges almost uniformly to /. Consequently, £,
converges in measure to f.

Proof.

15



By omitting a subset of zero measure, we may assume that f, and f'are finite on
E, f.(x)—> f(x) almost everywhere in E, |f,(x)|< g(x) for almost all x in E.

Therefore, | /| < g almost everywhere in E. Hence, f, and f'are Lebesgue

integrable,

For integers, m, n > 1, let
= 1
E" :D{x:|fi(x)—f(x)| <;} .

Then plainly, for each integerm > 1, E" c E", c E", <--- 1S an increasing

n+2 =

sequence of measurable sets. Now, the set
{x € E:lim f(x) = f(x)} cUE"
—>0 n=1
for each integer m > 1. Since f, converges almost everywhere to / and

E-UE"= ﬁ(E—E;”)gE—{er;}Lrgﬁ(x):f(x); ,

n=l n=1

,u(ﬁ(E—E:‘)jg,u(E—{xeE:}i_)rgfi(x)=f(x)}):O implies that

y(ﬁ(E—E,’f)j=O.

Now, |f, - f|<2g almost everywhere in E for all integer n > 1. Let 4 be a
measurable subset of £ such u(4)=0 and thaton £ — 4, |f,- f|<2g. Then

i=n

(E-A)-E) G{xeE—A:|ﬁ(x)—f(x)|Zi}g{er—A:g(x)ZL}.
m 2m

Since g is integrable, ,u[{x eE—A:g(x)> L}j < y[{x eE:g(x)> L}j <o, It
2m 2m

follows that ,u(E ~-E" ) <o, Therefore, by the continuity from above property of

positive measure, 1, (see Proposition 18, Introduction to Measure Theory),

ﬂ(E—EZ’)—w(

n=1

ﬁ (E —E" )j =0 as n—»> . Hence, there exists an integer, N,,

depending on m such that n> N, = u(E-E') < £

m

16



Let F = Gl(E—Eg) Then Mﬁ;):;{@ (E-Ep ))Si,u(E—E;‘m)<iz%=g.

m=1 m=1 m=1

Observe that E—-F =E- U (E—E;’; ): (OO]E,’V” . Therefore, forall x in E-F, ,
)T B,

m=1

xe Ey forall integer m > 1. Given any 6> 0, choose integer M such that
ﬁ< 5. Hence, for all integer i> N,,, |f:(x)— f(x)| <$< s forallxin E-F, as

E-F,cE, . Itfollows that f, - f uniformly on E-F,. Hence, {f,} converges

to f'almost uniformly in E.

Remark. Suppose (X, .7, i) is a measure space. Suppose E is a
measurable set and { /, : E » R} is a sequence of measurable functions

defined on £ and dominated by an integrable non-negative function in E.
Suppose f:E — Ris measurable. Then by Theorem 13 and Proposition

7, {f,} converges to falmost uniformly in £ if, and only if, {}

n

converges to f almost everywhere in E.

Theorem 14. Suppose (X, . 7, ) is a measure space. Suppose {f, : X —[0,]}

1s an increasing sequence of non-negative measurable functions defined and
finite almost everywhere with respect to 12 on X. Suppose {f,} converges in

measure to a measurable non-negative function f defined and finite almost
everywhere in X with respect to the measure ©. Then

.[Xf"dﬂ_)jxfdﬂ°
Proof.

Since {f,} converges in measure to f, by Theorem 2, Then there is a

subsequence { f } converging to f almost everywhere with respect to z.

i

Therefore, by the Lebesgue Monotone Convergence Theorem,

J.Xf;’f dﬂ_)jxfdﬂ‘

17



Since {f,} 1s an increasing sequence of non-negative measurable functions,

lim [, f.du=tim [ f,du andso [ f,du— |, fau.

Theorem 15. (Bounded Convergence)

Suppose (X, . 7, w) 1s a measure space. Suppose E is a measurable set of finite
measure and {7, : E — R} is a sequence of measurable functions defined on E.
Suppose there exists M > 0 such that |, (x)| <M for all integer n >1 and for x in
E,1e., {f,} 1s uniformly bounded on E. If f, converges in measure to a

measurable function f:E — R, then J'E fodu— J'E fdu.

Proof.

Since |f,|<M and u(E)<w, f, is Lebesgue integrable for all integer n > 1.
Since f, converges in measure to a measurable function f:E — R, by Theorem
2, there is a subsequence { f} converging to f pointwise almost everywhere
with respect to 1. Therefore, by the Lebesgue Dominated Convergence
Theorem (See Theorem 33, Introduction to Measure Theory and remark after

the theorem), Lfn, du— Lfdﬂ < o0,
Now there exists a set subset K of measure zero in £ such that f, (x) - f(x) for
everyxin £ — K. As ‘fn/_(x)‘SM forallxin E, |f(x)|<M forallxin E—-K.

Therefore, J'E| fldu< IEMd” —Mu(E)<w~. Hence, f —f isLebesgue integrable

for each integer n > 1. Note that

fo=Sldu.

[ fdu=[ raul<[ (f,~rMus],

For >0, let K, ={xeE:

f,(x)= f(x)|2 ¢} for each integer n > 1. Since f,

converges in measure to f, there exists an integer N such that

n>N=u(K,)<e .

It follows that for n > N,

Js

fo=fdu=], Nf-fdu+ | |1, - Sldu<eu(E-K,)+2Mu(K,)

18



<e(u(E-K,)+2M)<e(u(E)+2M).

Since this is true for any & > 0, Ufn—f|dy—>0 as n—>o. Hence

UEf,,dﬂ—jEfdu‘—)O and so J'Efn d,u—)J-Efdlu,

The following is a special form of Fatou’s Lemma for convergence in measure.

Theorem 16. Suppose (X, .7, u) is a measure space. Suppose E is a
measurable subset of X'and {f, : E —[0,0]} is a sequence of non-negative

measurable functions defined and finite almost everywhere with respect to 1 on
X. Suppose {f,} converges in measure to a measurable non-negative function f

defined and finite almost everywhere in £ with respect to the measure 2. Then
IEfd,u < 115111£1fJ‘Efn du.

Proof:
Suppose that J'E fdu <o and Lfdy > liminij f.du. Then there existsa & >0

and a sequence {n.} such that Lfn, du< Lfdy—5 for all integer i > 1. (See
Theorem 6, All About Lim Sup and Lim Inf.) Since {f,} converges in measure

tof, {,} also converges in measure to /. By Theorem 2, {f, | has a

i

subsequence, { f } , that converges pointwise almost everywhere to f. Note that

{ fn} is also a subsequence of {f,}. Therefore, by Fatou’s Lemma,
jEfdys 1i;gi£ijﬁlij du< jEfdu—a,
giving a contradiction. Therefore, J'E fdu <liminf L fodu,
Suppose now IE fdu=o and that liminf IE f, du <. Then by definition of lim

n—»0

inf, there exists a number J > 0 and a sub sequence, { £ }, such that J'E fodu<J.
As above, we can find a subsequence { f} of { f} such that { fn} converges
almost everywhere to f. It follows by Fatou’s Lemma that liminf L f, du=o

Jj—oo

and so {IE f.d u} is unbounded above contradicting lireriQ?f J.E 1, du<o.
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Theorem 17 (Dominated Convergence Theorem).

Suppose (X, . 7, u) is a measure space. Suppose E is a measurable set and
{f,:E > R} is a sequence of measurable functions defined on E. Suppose f,

converges in measure to a measurable function f:E —R. Suppose there exists
[, (0| <g(x)

for all integer n >1 and for almost all x in £. Then f, and f'are Lebesgue

a Lebesgue integrable function g:E —[0,0) such that |f(x)|<g(x),

integrable, IE fodu— IE fdu and f, converges in the mean to f, i.e.,

lim |17, = fldu=0.

Proof.

Since f, converges in measure to a measurable function f:E — R, by Theorem

2, there is a subsequence { f } converging to f pointwise almost everywhere

with respect to 1. Moreover, for each integer i > 1,

f, (x)\ < g(x). Therefore,

| /(x)| < g(x) for almost all x in E. Hence, fis Lebesgue integrable on £. Note
that for each integer n > 1, f (x)+g(x) >0 almost everywhere in £. Furthermore,
as f, converges in measure to f, f +g converges in measure to f+g.

Therefore, by Theorem 16,
jEfdy+ngdy < 1iminij(fn +g)du.
It follows that

[ fdu<timinf | fdu. -ecceeemenen- (1)

We also have that for each integer n > 1, g(x)- f,(x) >0 almost everywhere in £

and g- f, converges in measure to g — f. Therefore, by Theorem 16,
fsdu-, ra<imin | (¢ 1)
It follows that

[ fduztimsup[ fidu. -weeemememenenes 2)

n—>0
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Therefore, IE fdu<liminf IE f.du<limsup IE fdus< IE fdu which implies that

n—x0

lim|[ fdu=| fdu.

n—>0

By definition of convergence in measure, f, converges in measure to f implies
that |/, — /| converges in measure to 0. Moreover, for each integer n > 1,
|/, - f|<2g almost everywhere in E. Therefore, applying the previous

conclusion to the sequence, {|f, - f|}, we have

1iij|fn —f|d,u=J-EOd,u=0.

n—x0

Remark. Suppose (X, .7, u)is a measure space. Suppose E is a
measurable set and {f, : E > R} is a sequence of measurable functions

defined on £ and dominated by an integrable non-negative function in E.
Suppose f:E — Ris measurable. Then by Theorem 10 and Theorem 17,

{f,} converges to fin the mean in E if, and only if, {/,} converges in

measure to f in E.

For a sequence of measurable functions, convergence almost uniformly in a
measurable set £, does imply that after subtracting a set of measure zero, we can
consider E as a countable union of measurable sets, where, in each of these sets,
the sequence converges uniformly. We state this more precisely as follows:

Proposition 18. Suppose (X, . 7, ) is a measure space. Suppose Eisa. /-
measurable subset of X. Suppose f,:E—->R, n=1,2,...and f:E—>R are./

- measurable functions, which are defined and finite almost everywhere on E,
with respect to the measure x.

If{ s} converges to falmost uniformly, then there exists a sequence of

measurable sets, {E,} in E, such that y(E—GE,.j =0 and {f,} converges
i=1

uniformly to fon E; for each integer i > 1.

Proof.
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If {#,} converges to f'almost uniformly, then by definition, given any integer i >

1, there exists a measurable set 4; in £ such that u(4,) <l and f, — f uniformly
l
on E— A4;. Foreachintegeri>1,let £, =E-4,. Let H= GE,. = G(E—A,.). Then

i=l1 i=l1

f.(x) > f(x) uniformly on each E;,i>1. Now E-H = ﬁ A, . Therefore,

m=1

,u(E—H)=,u(ﬁ Amjsy(An)<l for each integer n > 1. Since l—>0 ,
m=1 n n

,u(E—H):O.

If E 1s of o~finite measure, convergence almost everywhere in E does imply
uniform convergence in some measurable subsets of £ as in Proposition 18.

Proposition 19. Suppose (X, . 7, u) is a measure space. Let Ebea. /-
measurable subset of X. Suppose f, f,,n =1, 2, ..., are measurable and finite
almost everywhere on E. Suppose E is of o-finite measure and f, — /' almost

everywhere on E. Then there exists a sequence of measurable sets {£,} such

that ﬂ(E—OEiJZO and f, — f uniformly on each E; .

i=1

Proof.

Since E 1s of o-~finite measure, we may assume that £=UF, , where F; 1s
i=1

measurable and x(F,) <o for integer i > 1. Therefore, as f, — / almost
everywhere on £, f, — f almost everywhere on each F; . Hence, by Theorem
11 (Egoroff’s Theorem), {f,} converges to f'almost uniformly in each F; . It
follows then by Proposition 18, that for each integer i > 1, there exists

measurable sets {EJ}OO:l such that f, — f uniformly on each E! forj=1,2, ...

s

and y(F"—CJE;jzo. Note that ,u(E— G Ej):y(@(F[—

i,j=1 i=1

Ej.j]:Oand =i

J

uniformly on each £ for;j=1,2,...,i=1,2,.... The required sequence of
measurable sets is {£}}. Since it is countable, we may re-enumerate the

sequence as {E,} .
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The Lebesgue measure on R is o-finite. We have the following interesting
generalization of the integral of a non-negative measurable function.

Proposition 20. Suppose (X, .7, u) is a measure space. Let Ebea. /-
measurable subset of X. Suppose f:E —[0,%] be a non-negative measurable
function. Let B(f,E) denote the set of all bounded measurable functions

£:E—>R satisfying £< f and u(&'(R-{0})) <. If E is of o-finite measure,

then [ fdu =sup{jE§dy:§ e B(f,E)}.

Proof.
Recall that for a non-negative measurable function, f:E —[0,], its Lebesgue

integral 1s given by

J.Efd,u = sup{J.Esd,u ;s 1s a measurable simple function and 0 < s Sf} .

By Theorem 16 of Introduction to Measure Theory, there exists a monotone
increasing sequence of (non-negative) measurable simple functions
s, : E—[0,00) converging pointwise to /. By Theorem 23 (Lebesgue Monotone

Convergence Theorem) of Introduction to Measure Theory,

jEsndy/jEfdy .

19 Kl' 1S

Since E is o-finite, we may assume that £=UK,, where K, c K,
i=l1

measurable and u(K,) < for each integer i > 1.

Then by Proposition 21 of Introduction to Measure Theory,
@ (A) = L s, d u for any measurable A4, defines a positive measure on . 7.

Therefore, by the continuity from below property of positive measure,

i—>0

J,sdu=0, (£)=0, (UK |=timo, (k)
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=lim s, 2zidn
Note that 0<s, 7, < and s,7, is a bounded measurable function with
(5,2 ) R—10D K,
Hence, ,u((sn;(Kt_ )71 (R—{O})) <u(K,)<o. It follows that for each integeri> 1,
s, Xk, €B(f,E)= {§ :E — R | ¢ is bounded and measurable,& < f} .

Therefore, IE s,du< sup{jE hdu:heB(f, E)} for each integer n > 1. It follows that

[ rdu= 1iijsndysSup{thdﬂ:h eB(f,E)} :

n—>0

But for each he B(f,E), h< f so that Lhdystdy. Hence,

sup{thdy:heB(f,E)} <[ fdu.

Therefore, | fdu=sup {jE hdp:he B(f,E)} .
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