Chapter 8. Uniform Convergence and Differentiation.

This chapter continues the study of the consequence of uniform convergence of a
series of function. In Chapter 7 we have observed that the uniform limit of a
sequence of continuous function is continuous (Theorem 14 Chapter 7). We shall
now investigate whether the uniform Ilimit of a differentiable function is
differentiable. Convergence is most effectively treated in the setting of metric spaces
which allow for generalization to the space of bounded functions, whose codomain is
a complete metric space. But we shall not introduce this setting here, preferring to
use the equivalent technique not phrased in that setting. Some observation as
extension to "complete metric space” is apparent. We shall confine strictly to real
valued functions on subset of the real numbers.

8.1 The Weierstrass M Test

The first test for uniform convergence of a series of function is a form of comparison
test.

Theorem 1 (Weierstrass M Test). Suppose ( fv:E—>R,k=1,2, ..)isa
sequence of functions. Suppose ( My ) is a sequence of non-negative real numbers

for which Y, My is convergent and that for each integer k > 1, the function f is
k=1

bounded by My, i.e.,, |[fx(X)| <My for all x in E.  Then the series kak(x)
=1

converges uniformly on E.

Proof. Since for each x in E, | f «(X)l < Mg and since Z My is convergent , ZI f k()|

is convergent for each x in E, by the Comparison Test (Proposmon 12 Chapter 2

Series). It follows by Proposition 14 of Chapter 3 that Z f (X) is convergent for
k=1

each x in E.  Hence Z f k(X) is pointwise convergent. Uniform convergence of

Z f k(X) is a consequence of Z My is uniformly convergent (since it is independent
of X). Here is how we deduce thls

Z My is a Cauchy series, since it is convergent. Hence given any € > 0, there exists
k=1

a positive integer N such that fog %II n>N and for any p in P,
+

z My < é.
k=n+1 2
Thus, it follows that for all n > N, for any p in P and for any x in E,
n+p n-+p
‘ )y fk(X)‘ 2l < 2 Mk< ------------------- (1)
k=n+1 k=n+1 k=n+1
Therefore, for all n > N and for all x in E,
z fk(X) <& 5 <&
k=n+1

Hence, for any integer n > N and for all x in E,
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<é&.

3T -3, Fu00)| =
k:rji k=1

Therefore, this says that Y, f (x) converges uniformly to f(x)= >, fk(x).
k=1 k=1

Remark. Condition (1) above defines a notion which we shall call "uniformly
Cauchy”.  We may formulate a criterion for uniform convergence in terms of
inequality (1) or being uniformly Cauchy, but it is the M-test that is more readily
applicable, easy to apply.

8.2 A criterion for Uniform Convergence: Uniformly Cauchy

Definition 2. A sequence of functions ( f«: E — R ) is said to be uniformly Cauchy
if given any ¢ > 0, there exists an integer N such that for all n >m > N and for all x €
E.

Theorem 3. The sequence of functions ( f«: E - R ) converges uniformly if and
only if ( f«: E — R) isuniformly Cauchy.

Proof. If the sequence ( f«) converges uniformly to f , then given any ¢ > 0, there
exists an integer N such that foralln >N and forall x € E,

| fa(x) = f (X)| < %
Therefore, for all integers n, m such thatn >m >N and for all x € E,

[fn(X) = fn ()| = (X) = (X) + T (X) = Tn(X)!
<If () = F () + If m(¥) = ()| < %+% =

Thus, by Definition 2, ( f«) is uniformly Cauchy.
Conversely now suppose ( f « ) is uniformly Cauchy. Then given any ¢ > 0, there
exists an integer N such that forallm>n>Nand forall x € E .

a0 —fn()I < 5. e (1)

Hence for each x, ( f « (x) ) is a Cauchy sequence and so (by Cauchy Principle of
Convergence), ( f« (X)) converges to a function f (x) pointwise. Thus for any x in E,

1100~ F 001 = 000 —Jim Fi(0)| =lim [f2(3) —Fi ()] ~—--rrnemmeee ®)
Now by (1), forany k>n>Nand forall x € E .
[fn(X) — fk(x)l <5
Therefore, forall xin E, lim Ifa(X) - f(X)| < = 5 <e

It follows, then from (2), that forall n>N and forallx € E, | fo(X)—f(X)| <e. That
istosay, fn,—f uniformlyonE.

Example 4.
The following three statements are consequence of the Weierstrass M Test.

o0

Xn

O nZ is uniformly convergent on the closed and bounded interval [-1,1].
n=1
Since for all x in [-1,1] and for all positive integers n, ‘—‘ <Shz and Z

convergent, by Weierstrass M Test (Theorem 1), the series is uniformly convergent

2
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2 Z x2 is uniformly convergent on R by Weierstrass M Test since for each

n ‘
—-and Z is convergent.
nZ+x2| - n? = n2 g

positive integer n and for all x in R, ‘

3) Z 2 is uniformly convergent on the closed and bounded interval [-a, a],

where a> 0 Slnce for each positive integer n and for all x in [-a, a]. ,

‘nZixz‘ < n2 2 and Z N2 is convergent, by the Weierstrass M Test, the series
nZ:ll nzixz is uniformly convergent on the [-a, a].

Example 5.

We can have a sequence of functions converging non-uniformly to a constant
function.

For example the sequence of functions ( f.) where for each positive integer n, f , :R
— Risdefined by f,(x)= 1o noxe is such a sequence.
ForeachxinR, f,(x) > 0. We )geduce this as follows.

. 0
2 0+x2

Foreach x =0inR, f,(x)=—" =0 as n—o. For x=0, foreach

positive integer n, f, (0) =0. Hence f,(0) - 0. Thus the pointwise limit of the
sequence ( fn) isthe zero constant function, i.e., f, — f pointwise, where f (x) =0
for all x.

To see that the convergence is not uniform, we examine what it means for a
convergence not to be uniform. We start with the negation of the definition of
uniform convergence in Definition 11 Chapter 7. The sequence ( f » ) does not
converge uniformly to f means there exists an € > 0 such that for any positive integer
N, there exists an integer n > N and an element x, in the domain of f, such that
I f n(Xn)—f (Xn)| >

So we shall proceed to find this ¢ by examining the values that |f ,(x)—f(X)| can
take. Recall that f (x) = 0 for all x. Hence for all positive integer n and for all x in R,

nix|
[£000—F (0] =1 n0] = | 27 | = 22 <1,
Thus the set {| f n(X)—f (X)| : x € R} is bounded above by 1 for all positive integer n.
Therefore, sup{ | f. (X) — f (X) | : x € R} exists for each positive integer n. Now by

quick inspection of the function rule for f , , we see that f n(%) = % for each positive

integer n. Consequently, sup{ |fo (X)) — f(X)|:x e R} > f n(%) = % for all positive
integer n. We can thus take &€ = 1/2. Thus for each positive integer N in P, choose n =
Nand xy= % then we have

[ £ 000) —f ()l = If nxw)| = 5 2
This means the convergence is not uniform.

We may also show that the sequence ( f » ) is not uniformly Cauchy so that by
Theorem 3 the convergence is not uniform. Observe that for any positive integers n
and m,
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(N —m)x +mn(m - n)x3
(1+n2x2)(1 +m2x2)

nx mx
000 = m() = | T 27 - 1+m2x2‘ -
(n—m)x +mn(m —n)x3
(1+n2x2)(1 +m2x2) |’
1-H)+wE -1
21+ 2) |

For each positive integer N, choose any n > N, choose m = 3n and take xy = % Then

we have using (1), | o)~ ()| =| E2E3E L g6 taking = L, we

2(10) )
have shown that, for each positive integer N, we can find integers n and m > N and an

element xy in the domain R, such that [ f ,(Xn)—f m(Xn) 23:%. Thus, by
Definition 2,( f.) is not uniformly Cauchy.

Thus, [ fo ) —Fu(®)| = (

8.3 Uniform Convergence and Differentiation

Theorem 14 of Chapter 7 says that continuity behaves well under uniform
convergence, i.e., the uniform limit of a sequence of continuous functions is
continuous. But differentiability is less well behaved and even less well behaved than
integrability.

The uniform limit of differentiable functions need not be differentiable. There are
various possibilities. Each f, of the sequence ( f.) may be differentiable but the
sequence of the derivatives ( f » ') may not be convergent and when ( f, ") is
convergent, the convergence need not be uniform. Thus, if we were to formulate a
result using the uniform convergence of derivatives, the uniform convergence of the
sequence of derivatives will have to be assumed. In this way by using the good
behaviour of integration under uniform convergence, we use the Fundamental
Theorem of Calculus to deduce result about the derivatives of the limiting function of
the sequence ( f ) and the uniform convergence of ( f ) if the uniform convergence
of the derivatives ( f, ') is assumed and that the derivatives f," are all continuous.

Example 6. A sequence ( f.) converging uniformly to a function f but( f.")
does not converge to f'.

Let ( fn) be asequence of function defined on R by f ,(x) = ﬁ for x in R.

Then f, — f pointwise, where f is the zero constant function. The convergence is
uniform. We dedml:e| this as follows.
X 1

If n(X) = f ()| = T = ﬁ+n|x| for x # 0 and |f ,(0)—f (0)l =0. Now note that
%+nx achieves its minimum in (0, o) at x:%. Hence the maximum of the

reciprocal is sup{ If \(X)—f (X)| : x e R} =1( - 0, given any

1., 1 1
2w Mo

€ > 0, there exists a positive integer N such thatn>N = Zjﬁ <e&. Hence for all x
in R,
N>N=If ()= F)l <sup{ Ifn(y)=f ()l :yeR} = 2J1ﬁ <e

This means by Definition 13 Chapter 7, f, — f uniformly.

4
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1 —nx?

Now for each positive integer n, f, is differentiable and f ;,(x) = 5.
(1+nx2)

1 X2
/ _ ?_T _}i_ H ] —
For x =0, fn(x)_—(%ﬁ(z)2 v =0as n—oo. Plainly f,(0)=1—>1asn— .

0, x+0
1, x=0

We note that each f, is continuously differentiable, i.e., f ,* is continuos. Therefore,
since g is not continuous at 0, ( f,") does not converge uniformly.

Therefore, f " — g pointwise, where g(x) = . Plainlyg=f'=0.

8.4. Uniform Convergence and Integration

It is not unreasonable in the light of Example 6, to make the requirement that ( f ' ) be
uniformly convergent and that each f,' be continuous. Perhaps then we may be able
to deduce f'=l]im f,. With the condition that each f ,' is continuous and the
sequence ( f ") is uniformly convergent, by Theorem 14 Chapter 7, g=lim fis
continuous and hence Riemann integrable on any bounded interval. If we have
Riemann integrability how can we then show that g = f'? The next question is then
when does the following equatig)n )

Jotdt=lim | fr@dt e (*)
hold?
That is, dose integrating each f ;' and finding its limit the same as integrating g ? The
right hand side of (*) by the Fundamental Theorem of Calculus (Theorem 43 Chapter
5) is just )

lim |, fadt=lim (F n(x)~f n(@) = F(x) - f(a)

assuming f , — f pointwise. So if we assume (*), then we have
f: g(tydt = f (x)— f(a). It will then follow by the Fundamental Theorem of Calculus
(Theorem 45 Chapter 5) that g(x) = f ' (x) for each x since g is continuous. Hence g =
f'. Thusf, —f"uniformly.

In this fashion, information about integration can tell us information about
differentiation. What we require is a simple result regarding the convergence of
Riemann integrals. So we state the result below.

Theorem 7. Suppose ( g. :[a, b] & R ) is a sequence of continuous function
converging uniformly to g:[a, b] > R. Then g is continuous on [a, b],

b b b
lim falgn(t) —g(t)ldt=0 and fa g(Hdt =lim fa gn(t)dt .

Proof. For each positive integer n, g, is continuous on [a, b] and so g, is integrable
on [a, b] (see e.g., Theorem 23 Chapter 5). Since g» — g uniformly, by Theorem 9
Chapter 7, g is continuous on [a, b] and hence integrable on [a, b]. Therefore, g. — g
is Riemann integrable on [a, b].
Now for each positive integer n,

2 9000~ I 9| = |J(@n00 ~ 90| < J1gn(0 —g0)ldx - (1)
by Theorem 53 Chapter 5 Integration.

Since g — g uniformly, given any ¢ > 0 there exists a positive integer N such that for
all integer n,
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n>N=[gn(X)—gX)| < 2(b8— ) for all x in [a, b].
Thus,
b b ¢ e
n>N=[lgn0)-gldx < J, spiardx=5 <. wrmmmreeeeees )
Therefore, lim f;lgn(t) —g(Hldt=0.
Now, b b b
n>N= fa gn(X) — fa g(x)dx‘ < falgn(x) —g(x)ldx
by (1)
<eg
by (2).

This means j: gn(X) > fz g(x)dx. This completes the proof.

8.5 Differentiating A Sequence
Now we formulate our theorem about differentiation.

Theorem 8. Let | be a non-empty interval (bounded or unbounded). Suppose we
have a sequence of continuously differentiable functions (f,: 1 — R ). That is, for
each positive integer n, f, is differentiable and the derived functionf,': 1 > R is
continuous.
Suppose the following two conditions are satisfied:

(1) ( fn: 1> R) converges pointwise to a function f : 1 > R

(2) ( fo':1—> R) converges uniformly to a functiong: I - R.
Then f : 1 —» R is differentiable, g : | - R is continuous f' = gand f, > f
uniformly on any closed and bounded interval [a, b] c I.

Proof. Fix a point a in I. We shall proceed to use Theorem 7. For each positive
integer n, since f, : 1 — R is continuous, by the Fundamental Theorem of Calculus
(Theorem 43 Chapter 5)

f: fadt= fa(x)— fn@. - (1)

By Theorem 7, since f,' - ¢ un)i(formly as giv)gn by condition (2),

I, fadt— | gt
for each x in I.
Therefore, for Xeach xin | by gl),

J adt=lim |, faddt=lim f.00— fimfa(@) ="f ()~ (@) - )

by condition (1).
Note that g is continuous on | by Theorem 14 Chapter 7. Thus by the Fundamental
theorem of Calculus (Theorem 45 Chapter 5), the function G: | — R defined by
G(x) = f: g(t)dt is differentiable and G'(x) = g(x) for each x in I.  Therefore, it
follows from (2) that for each x in I ,

g(x) = ' (x)
since G(x) = f (x) — f (a). Hence we have proved the first two assertions.
Observe that since f ,' — g uniformly, the sequence of functions ( F , :I - R ), where
for each positive integer n, F, is defined by Fn(x)= j: f n(tHdt for x in I, also
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converges uniformly to G(x) = f; g(t)dt on any closed interval [a, b] in I. This is
easily deduced as follows.

Since f,' — g uniformly, for any ¢ > 0, there exists a positive integer N such that for

all integer n,

n>N=|f,x)-gX)l< 2(b8—a) for all x in [a, b].

Hence n>N= IFa(x)-G()| = [ fadt- [ gt
o e L

forall x in [a, b].

Thus F, — G uniformly on [a, b].

Since for each positive integern, F, (X) = f, (X) —f. (a) forall x in I (by (1)) and
since F, — G uniformly on [a, b], f. (x) —f. (a) converges uniformly to f (x) —f (a)
uniformly on [a, b] and so since f , () — f (a) uniformly, f,— f uniformly on [a, b].
This proves the last assertion and thus completes the proof.

Remark.
1. If Iisaclosed and bounded interval, say [a, b], then the conclusion of Theorem 8
will give uniform convergence of ().
2. Since by Theorem 3, (f,') converges uniformly is equivalent to (f, ") being
uniformly Cauchy, we may replace condition (2) of Theorem 8 by requiring that (f .’
) be uniformly Cauchy.
3. Condition (1) of Theorem (8) may be replaced by a simpler looking condition (1)' :
"There exists an element a in | such that the sequence ( f,(a) ) converges."
Then condition (2) would imply pointwise convergence for (f.) on I. We deduce
this as follows. By (1) in the proof of ')!’heorem 8,
fa(x) = J frOdt+ fo(@).
By Theorem 7, since f,' — g uniformly by condition (2),
§ £ n(tydt converges pointwise to | g(t)dt .
Therefore, if (f,(a) ) is convergent and converges to, say f (a), then f, converges
pointwise to fa g(tdt+f (a).
4. A stronger version of Theorem 8 is also true. Under the hypothesis (1) that each
fn is differentiable on I (not necessarily continuously differentiable), (2) there exists
an element a in | such that the sequence ( f ,(a) ) converges and (3) ( f+': I > R)
converges uniformly to a function g : | — R, we can conclude that the sequence (f )
converges to a function f such that f' =g. The proof is more delicate since f,'" may
not be integrable and we shall need to use only the consequence of differentiability.
We shall prove this below.

Theorem 8'. Let | be a non-empty interval (bounded or unbounded). Suppose we
have a sequence of differentiable functions (f.: 1 -> R).
Suppose the following two conditions are satisfied:
(1) There exists a point xo such that the sequence ( . (Xo) ) is convergent
(2) ( fn': 1> R) converges uniformly to a functiong: I - R.
Then (f.:1— R) converges on | to a differentiable function f : I - R such that
f' = gand f, —f uniformly on any closed and bounded interval [a, b] I
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Proof. Take a closed and bounded interval [a, b] containing X, in I. We shall show
that (f,: 1 > R ) is uniformly convergent on [a, b].
Since ( fn':1— R) converges uniformly to a functiong: 1 >R, ( fo': 1 > R)is
uniformly Cauchy on [a, b]. This means given ¢ > 0, there exists an integer N such
that for all x in I and
n,m>N = |[f,/X)-fu (X)]| <&/ (2L), (1)
where L = b — a is the length of a closed and bounded [a, b] in I.
Now for any integer n, m > 0,
[f o) =fa0) [=1(Fn(X) = fu(¥))=(Fa(X)—Fm (X)) + (fn(X)— fm(Xo))]
=|(fa'(€) = fu' (€) )X = Xo) + (fn(X0) = fm (X)) |
for some c between x and x, by the Mean Value Theorem
S(Fa'(€) = ' (©) ) IX=Xo| + | Fn(X0) = Fm (X)) | ---------- 2
by the triangle inequality.
Since ( fn (Xo) ) is convergent, it is Cauchy. Hence there exists an integer M, such
that,

n.m>M = |[fa(X)— fmn(X) < €/2 -—-mmmmmmmmmmmmmmm - )

Therefore, it follows from (2) and (3) that for all x in [a, b] ,

n,m>max (N,M) = |f .(X) =fu(X)|<e|x—X|/(2L)+e/2<¢ .
This proves that (. ) is uniformly Cauchy on [a, b]. Therefore, by Theorem 3, (f.)
converges uniformly to a function, say f on [a, b]. For any x in I, there exists a
closed and bounded interval D containing both x and X, . Thus, by we have just
proved, f, converges uniformly to a function, f on D. By uniqueness of limit, the
limiting function f is unique. Hence f, converges pointwise to a function, f on the
interval I. In particular, by the above proceeding we can conclude that f, converges
uniformly to a function on any closed and bounded interval D in 1.
We shall now show that the limiting function f is differentiable and that f' = g.
Take any c in . We shall show that f' (c) = g(c).

f o) —fn(c)
Define gn(x) = x—C +X#C  Theng,is continuous on I since f,is
fn(c),x=c

differentiable at ¢ and g » (c) =f,'(c). Observe that the sequence (g ») is pointwise
convergence on | — {c}, since (f,)is. Because the sequence ((f.'(c))is
convergent and converges to g(c), ( g » ) is pointwise convergent on | .

We shall show that ( g » ) is uniformly convergent on 1.

For any x # c, . . . .
X)—f n(C X)—fm(C
9109 - u00] = LR =LO) T 0= ©
=[f 1 (d)—f ()
for some d between ¢ and x by the Mean Value Theorem.
Since ( fo':1— R)isuniformly Cauchy on I, for all x in I, there exists an integer
No such that

n.m>No = [f. /(X)-Fn"(X)]| <e.
It follows that for any x # c,
n,m>No = |gn(X) = gm(X)| = If , (d) = f 1, (d)] <e&.

Also, n,m> Ny = [gn(c) —gm(c)l = f;, (c) - f n(C)l <e.
Hence (g .) is uniformly convergent on I.
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Note that for x # ¢, gn(X) > -t ) f(c) and gn(c) = f(c) - g(c). Thus
f(x)—f(c)
gn(X) > G(X) = x—C  X#C  Since each g, is continuous, the uniform limit
g(c),x=c
G is continuous on 1. Therefore,

Lim TX=TO) 1 im 600 = 6(0) = 9.

This shows that fis dlfferentiable atcandf'(c)=g(c).
This completes the proof.

8.6 Differentiating Power Series

We shall apply Theorem 8 to power series. First an example.

xN- 1
(n D!
in R. (This is the familiar truncated exponential expansion.) f, (x) is the n-th partial
sum of the series

2
Example 9. For each positive integer n, let f,(X)=1+x+ % + - for x

XN
4l

||M8

Define fo(x) =0 forall x in R
By the Ratio Test (see e.g. Theorem 18 Chapter 7) the series converges for all x, as

1
”1! = % ->0<1.
1)1

Thus, for each x in R, the sequence ( f , (x)) converges to a value which we denote by
f (x ). In this way we define a function f: R — R. This is the well known

exponential function. Note that f, — f pointwise on R. Now fix a positive number

K and consider the closed interval [-K, K].

Then we claim that f, — f uniformly on [-K, K]. We now proceed to prove just this

fact.

Note that for each non-negative integer n, and for all x in [-K, K],
x" K"
nt|="nr

n

Therefore, since Y, % is convergent, by the Weierstrass M Test (Theorem 1) ,
n=0 "l*

> )r(]—r: converges uniformly on [-K, K]. Thatisto say f,— f uniformly on [-K, K].
n=0 ''*

Now for each positive integer n, f, is a polynomial function and so is continuous on
R and hence on [-K, K]. Therefore, by Theorem 14 Chapter 7, f is continuous on
[-K, K].
For each positive integer n, the derived funzctlon IS glven by

fr(x)= 1+x+ 2 orT T W fr1(X).
Thus the sequence (f ") = (f 1) converges uniformly on [-K, K] to f. Hence, by
Theorem 8, f is differentiable and f'(x) =Jim f (x) =lim fn1(x) =f(x) for all x in
[-K, K]. Since this is true for all K >0, ' (x) =f(x) for all x in R.
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Remark. We could have proved the uniform convergence of f on [-K, K] in
Example 9 by a Comparison Test just as in the proof of the Weierstrass M Test. It is
really also a test for absolute convergence. Hence the test is restricted in this way for
application. Let us follow the argument of the proof.
For each non-negative integer k and for all xkin [-K, K],

i<
Therefore, for any positive integer n,

n+pk
PR ED)
k k=n+1

k=n+1

n+p

)|ik y Ko 1)

k n+1

0

k
Since we know Z is convergent, the series Z is a Cauchy series. Hence for

any € > 0, there eX|sts a positive integer N such that for alln>Nand forall pinP,
n+p K
T <é
k=n+1 k! ¢
It then follows from (1) that for all n > N and for all p in P,
n+p Kk

DR Ep

k=n+1

for all x in [-K, K]. Therefore, the series Z n' is uniformly Cauchy on [-K, K] and

so by Theorem 3 it converges uniformly on [—K, K].

Our next result is about the disk of convergence of the power series.

Lemma 10. The power series Zanx Znanxnl Zn(n 1)a,x"? and

Z

xn+1 all have the same radius of convergence.

Proof. It is sufficient to show that >, a,x" and), na,x"! have the same radius of
n=0 n=1

convergence. Let r be the radius of convergence of > a,x" and r ' the radius of
n=0

convergence of Z nanx". Let x be such that [x] < r'.  Then Zlnanxn s

convergent. Slnce for each integer n > 1, Ianxn 1 <Inapx™?|, by the Comparlson

Test for Series (Proposition 12 Chapter 6), Zlanx” 1 "is convergent (for x| <r ).
n=1

o0 o0
Therefore, |x| X lanx™?l = X lanx"lis convergent for [x| < r'. Thus, |[x|<r. Hence
n=1 n=1
r'<r. (This is because if r'>r, then we can choose a X, such that r < [xo| < r".
o0
Then by the above argument we can show that > lanx}| is convergent and

n=0

consequently contradicting that . la,xj| is divergent since |xo| > r.)
n=0
Now we shall show that r <r'. Suppose |x| <r. Choose a real number ¢ such that

x| < ¢ < r. Then both series Y, anx" and ), anc"converge. It follows that a, ¢" — 0
n=0 n=0

(see Proposition 10 Chapter 6). Therefore, given any € > 0, there exists a positive

integer N such that for all integer n> N, | a, c" | <e. Now take e =c > 0. It then

follows that for all integer n,

10
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n>N = |a,c"*|<1.
Therefore, for all integer n>N,

2|kakxk1|—z|akck1|klxl“ Zkl
Now notice that Z k| | is convergent by the Ratio Test (Theorem 21 Chapter 6)

(n+1)|%|n

| k-1

because for x = 0 , =1+ %)|%| - |%| <1 and it is plainly convergent

for x = 0. Therefore, usmg (1), by the Comparlson Test (Proposition 12 Chapter 6),

Zlkakx" ! is convergent. It follows that , Zlkakx" ! is convergent. Therefore, |X|
k=N k=1

<r'. lItthen follows thatr <r'. ( Thisis because if r > r' then choose x such that r
> |x| > r'. Butwe have shown that |x| < r ' and this contradicts |x| >r".). Therefore,

So Y anx"and; na,x"! have the same radius of convergence. For each
n=0 n=1

positive integer, n let b, = (n+1)a.... Then Z nanx"! = Z bnx" and

r=r".

Z n(n—1)amx"2 = Z(n 1)bn_1x"2 = Z nbnx"L
n=2
Therefore, by what we have just shown, Z bnx" and Z nb,x"! have the same radius

of convergence. It follows that Z nanx"! and Z n(n — 1)a,x"-2 have the same radius

n=1
of convergence. Now if we letco, =0 and for each mteger n>1,letc,= a” L. Then

o0
2 an Xn+1 ZC 1Xn+1 ZCXn
n=0

n+l

and

Z anX" = Z(n +1)CnuX" = Z ncax™ L.
Thus again by what we have proved Z cnX" and Z ncax"thave the same radius of
n=1

convergence and so Z ——x"™! and Z anXx" have the same radius of convergence.

+1

We deduce from Lemma 10 that the power series obtained from one by differentiating
term by term have the same radius of convergence. We shall now show that we can
indeed obtain the derivative of the function represented by the power series by term
by term differentiation within the radius of convergence.

Theorem 11. If f(x)= 2 a.x" is a real power series with radius of convergence r
n=0

and Dr = {x: |x| < r} is the disc of convergence, then the function f : D, - R is

differentiable and f'(x) = D, na,x"* for each x in D;. Moreover, both f (x) and ' (X)
n=1

as power series converge uniformly (and absolutely) on any closed interval [-c, c] <

D:.

Proof. We show that for any power series with disc of convergence D, , the power
series converges uniformly on any closed and bounded interval [—c, c] in D, = (-, r).

11
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Chapter 8 Uniform Convergence and Differentiation

Let O0<c<r. Take afixed real number K such that c < K <r. Then 2 a,K"
n=0

converges absolutely (Theorem 4 Chapter 7). Now since 0 < ¢ <K, for all x in [—c,
c], |x| <K. Therefore, for any integer n >0, and for all xin [-c, c],
| anx"| < |an K" .

Hence, by the Weierstrass M Test (Theorem 1) Y, anx" is uniformly convergent on
n=0

the interval [—c, c].

0

Thus, if we write f (x) for X, ayx" for each x in [-c, c], then the n-th partial sum
n=0
n [e’s]
Sn(X) :kZ ax* - f (x) uniformly on [-c, ¢]. Similarly, since by Lemma 10 ), anx"
=0 n=0
and Y, na,x"*have the same radius of convergence and hence the same disc of

n=1
n
convergence, sn(X) = 2, kaxx“*converges uniformly on [-c, c]. Therefore, by
k=1

Theorem 8, f is differentiable on [-c, c], s." converges uniformly to f* on [—c, c].
That is

f'(x) =2 napx"?t
n=1
on [—c, c]. Since this is true for any c with 0 <c <r, f is differentiable on D, = (-,
rNand f'(x)= 2 na,x"*foreach xin D,. This completes the proof.
n=1

Remark.

1. Theorem 11 says that we can differentiate a power series term by term in its disc

of convergence. This is a very important property of power series function.

It is Taylor's Theorem that links power series with other theory of functions.

3. Thus a real power series represents an infinitely differentiable function f on its
interval of convergence and all the derivatives can be obtained by term wise
differentiation (Theorem 11). We can thus express the coefficient a, in terms of
the derivatives of f.

4. We may prove Theorem 11 directly without using Theorem 8 as follows:

Take x with [x| <r and T,Ssuchthat|x|<T<S<r. .
For real x, and h such that 0 < |h| < T — |x|, we have

%((x+ h)"—x") = (x+h)™ + (x+h)"2x+ -+ +X
Hence %(f(x+h)—f(x)) = f‘,lgn(h),

where gn(h) = an((x+h)™* + (x +h)"2x+ - +x) for h = 0.
Define gn(0)=nanx™*. Then g, is continuous for all hin R. In particular

no

lgn(Ml <nfan[T™ for || <T =X ----mmmemmmmeeeeees (1)
Now n(%)n — 0 because 0 < T/S <1 Therefore, for all sufficiently large n we
have
n(s)"<T or nT™<Sn
12
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Chapter 8 Uniform Convergence and Differentiation

Since Y, |an|S" is convergent, it follows by the Comparison Test that

n=0
> njan|T" 1 is convergent. Then by the Weierstrass M Test (Theorem 1), it
n=0

follows from (1) that Y, gn(h) converges uniformly on {h: |h| < T — |x|}.
n=1

Therefore, its sum, i.e., its limiting function is continuous at 0 by Theorem 13
Chapter 7. This means

%( f(x+h)—f(x) = il gn(h) - ilgn(O) _ fl nasx"as h — 0,

Hence f '(x) = X, napx™.
n=1

Thus by Lemma_lo, both f (x) and f' (x) have the same radius of convergence
and so converge uniformly (and absolutely) on any closed interval [-c, ¢] <
D:.

5. Putting x = 0 we can deduce from Theorem 11 that f '(0) = a; and f® (0) =n!a, .
This shows that one can deduce the coefficient a, from the sum function, that is
the limiting function f.

8.7 Using Taylor's Theorem

Example 12. Use of Taylor's Theorem.
Suppose we have the following differential equation:

f' = f with initial condition f (0) =1.
Suppose we have proved that sufficiently well behaved differential equations have
unique solutions. Then suppose this equation has a solution f on the interval [-K,
K]. Then f is differentiable and so it is continuous and hence bounded on [-K, K].
Thus

[f(xX)|<M forall x e [-K, K].

Since f' =f, |f'(X)|<Mforall x e [-K, K]. Now Apply Taylor's Theorem
(Theorem 44 Chapter 4) with expansion around X, = 0. Then we have for each n > 2,

(n+1)
F(X) =F(0) +XF'(0) + = + X V(0 + x"F(0) +X”+1W ,

where 6, is some point between 0 and x. Now by the initial condition f '(0) = f (0)
=1. It follows that f ™ (0) = f (0) = 1 for any positive integer n. Thus the Taylor
expansion becomes

1 1 " f (Oxn)
f(X)= 1+X+ - +WXk"'+an+Xn 1m .
Now we know that the series ( see Example 9)
14X+ - +%Xk...+%xn+... )
converges uniformlyfong[—K, K]. In particular, the modulus of the Lagrange form of
. (Oxn) M . M
+1 +1 n+l -
the re;naelnder X" (+ 1) <K" M+ Since K™ n+ D) 0asn— oo,
i (n( +X’1”)), ~0asn— o by the Comparison Test for sequences. Hence for each
n
. 1 n f (Oxn)
x in [-K, K], f(x)—% ka =[x" 1m ~0asn— . Therefore, by the
13
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Chapter 8 Uniform Convergence and Differentiation

Comparison Test for sequences (Proposition 8 Chapter 2), f(x)= Z —xn for any x

in [-K, K]. Since this is true forany K>0, f(x)= Z —7x" forall xin R. Thus,
(n+1)( xn )
(n+1)!

in showmg that the solution of the differential equation is given by the infinite Taylor

the vanishing of the Lagrange remainder Rp(x) = x™* plays a critical role

series Z ka

Example 13. A function that does not admit an infinite Taylor series expansion.
1
e 2, x+0

0, x=0
Then since the exponential function is differentiable, f is thus a composition of two
differentiable functions on x 0 and so is differentiable at x # 0. Now

Let f: R —> R be defined by f(x):{

, f(X) f(0) et UX s —1x2 X
>!Lo+ -0 _>!»0+ RS _Ilm elx* x50+ el/xZ(_XLs) x>0+ 2e1%? =0
by L'H6pital's Rule and that lim 11,2 =0. We can show in exactly the same manner
X—0+ e X
" 010 001 0010
: (x) ( : X) — 3 L L X) — 3
lim — —5— =0. Hence, lim — —5—=0andso f'(0)=lim — —5—=0.
( We can also use the fact that for x =0, ei2 x% so that e11/x2 <x2. Thus for x 0,
0< elll/fz <Ixl and so by the Comparison Test, lim e]i.//xX? =0. It follows that
/ - f0-1(0) Ax
f(0) :L'IQ X—0 N IIQ el = =0.). 1
Forx=0, f'(X)=e x23 = FZW_ = pl(%)e‘?, where pl(%) is a polynomial in

1
X, Pi(y)=2y°.
We now examine the limit of the first derivative.

PO i B2 i 3L i 3

e’  tw 2te?  tw e? oo 2tet? =0

Ilmf (x)_llm pl(x)e z :Itlrog p1(te _ItlrQ
tltZ =0 because lim te" =co. I exactly the same
way we show that )!Lrg]f X) = 0 Hence

Iximf’(x)zo.
Note that f is continuous at x = 0, since Ixilgf(x)=0=f(0). Therefore, the
existence of [(ilgf/(x) implies that f is differentiable at x = 0 and that
f'(0) =|x'£9 f'(x)=0. This means that f"is continuous at x = 0.
We shall show that for each positive integer n, Ixim f M(x) =0 and consequently,

by L'Hopital's Rule and that I|m

f ™W(x)=0.
First we claim that for each positive integer n,
1
f ™M(X) = pn( X)e K e (1)
where pn(x) is a polynomial in ¢
14
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Chapter 8 Uniform Convergence and Differentiation

We shall prove this statement by induction. Note that (1) is true for n =1, as we have
1

observed. Now assume that (1) is true for n, i.e., f®(x)= pn(%)e‘x?

Differentiating we have,

L 1
O = P38 +Pa() e
1 1 1.).-%
= (—ﬁpﬁ(y) + x%pn(y)je .
But —X—lng(%) + X%pn(%)is a polynomial in % Therefore, letting
1 .
pn+1(%) :—X—lng(%)+%pn(%), we see that f ™D(x)= pn+1(%)e‘x2. Thus (1) is
true for n+1 and so by mathematical induction, (1) is true for all positive integers.
We next examine the limit Ixina f M(x). We shall now show that for all positive integer

n,
lim f ™(x) = 0.
—0
) pn()

—t2

Now note lim f ™(x) =lim pn(%)e*%2 =lim pn(t)e™ =lim =~ =0by a repeated use

of the L'Hopital's Rule.

[We can first compute the limit
t2k+l lim (2k+1) 21 lim k+n! ¢ 2k+DU g

im “ge =lim =gz =M gz =M Zur e =

by a repeated use of the L'Hopital's Rule. ]

Similarly, lim f ®(x) =lim pn(%)e-fz =lim pa(te™ =lim pe”—t(zt) =0

Therefore, lim f ™M(()=0. Note that, lim f ™M(x)=0and f ™ is continuous at x = 0
implies that f M(0) =lim f M(x) = 0and consequently f ™ is continuous at 0 since it is

differentiable there.
[We can use L'H()pi(tall')s Rule, (fog)this deducti(onl.) o
n— _f(n- n— n

£ =l =5 <ty £ g £

Rule, since lim f M(x) exists and equals 0.]

We thus have for integer n > 1,

=0 by L'Hépital's

P(%)e 7, x%0
0, x=0
Therefore, the n-th degree Taylor expansion of f about x = 0 gives,

fMW(x) =

, f(n+1)(0 ’ )
FX) = £ +Xf'(0)+ = + X O (0)+ + Trx"f M (0) + x"+1(—(1 r i
0 2. ... 1« 1 1 P (Oxn)
—0+X(E):) o XT A X 0 X" -0 XT M+ D)
_ n+1f (0 XN )
- (n+1)!
for some 6y » between 0 and x.
. f (n+1)(ex n)
Hence the remainder, Xn+1(r1+—1)i cannot converge to 0 as n tends to « for

otherwise f would be identically the zero constant function and thus giving a
contradiction as f is not a constant zero function. Therefore, we cannot write f (x) as
an infinite Taylor series. In particular the sequence (f ™9(6y))cannot be bounded.

8.8 Convergence of Taylor Polynomials.

We now state Taylor's Theorem with Lagrange form of the remainder without proof.

15
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Chapter 8 Uniform Convergence and Differentiation

Theorem 14. Taylor's Theorem (with Lagrange form of the remainder).
Let I be an open interval containing the point X, and n be a non-negative integer.
Suppose f : 1 — R hasn+1 derivatives. Then for any xin I,

f(X) = f(Xo) + (X =X0) F'(Xo) + == + (X = X0)*F ®(Xg) ** + = (X = X0)"F ™(X0) + Rn(X)

where the term R,(x) is the Lagrange form of the remainder and is given by
Ra(0 = Gy 06— Xo) ™ )
for some | between x and Xo.

(Reference: Theorem 44 Chapter 4.)

As we have seen in Example 12 and 13, in order to write f as a Taylor series we need
to show that the remainder R(x) converges to 0 as n — oo for all x. One advantage of
having the series representation of a function is to consider differentiating the
function by simply differentiating the terms of the series within the disk of
convergence or to consider integrating the function term by term within the disk of
convergence.

Now if f is a function defined on an open interval | having derivatives of all order,
i.e., f isasmooth function, then Theorem 14 says that for all integern> 1, f hasa
Taylor polynomial

Pa0) = 3, (=501 x0)

about the point Xo in I and f (X) = pa(X) + Ra(X). If pn(X) = f (X) for x in I, then a
Taylor series expansion of the function f: 1 — R about the point X, is the series

0

X (= x0) 9 (xo).

k=0
In particular, at each point x in I,

Jim [pn ()~ (01 = 0
which is equivalent to |im [Rn(x)| =0. Thus f admits a Taylor series expansion if
and only if it has derivatives of all order and |im Rn(x) = 0.

We shall now investigate the convergence of p.(x) to f (x). We do this via the
Lagrange form of the remainder R,(x).

The next result makes use of a criterion of the convergence of R,(x) to 0.

Theorem 15. Suppose f : | — R is a function defined on the open interval I, having
derivatives of all order. Let X, be a point in I. Suppose there exists a closed interval
[Xo —r, Xo +r] in | such that for every integer n > 1 and for all x in [Xo —r, Xo +r], there
exists M > 0 such that
If M) <M".

Then f(x)= 3 %(x —X0) F®(xo) if X =Xo|<T.
k=o K&

Proof. By Theorem 14, for all x in [xo —r, Xo +r],

16
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Chapter 8 Uniform Convergence and Differentiation

G jl)l (X —Xo)™Lf ™D ()| for some 1 between x and X

IPa() = ()] <

< (n_g-]_)! rn+1|\/| n+1

since |f ™D(x)| < M™for all x such that [x — xo | <,

(Mr )n+l
(n+1)!

[Xo -1, Xo +r]. Hence, f(X)=2. %(x —Xx0) F®(xo) if X =Xo|<T.
k=0 R

Since - 0asn— o, by the Comparison Test, p, — f uniformly on

Theorem 15 can be applied to functions with easily observed bounded derivatives of
all order. Thus sine and cosine are such functions.

Example 16. )

v (D) 3 X2t
sin(x) = Z (2n+1)lX2n+l =X- )él + 57 5, o (- @n—11
for all x |n R.

Let f(x) =sin(x). We only need to know that sin' (x) = cos(x) and cos' (x) = —sin(x).
Hence f ' (x) = cos(x), f@(x) =-sin(x), f @(x) = —cos(x), f“(x) =sin(x), f Ox) =
—cos(x), and in general, f®D(x) = (~1)"cos(x), f©@(x) = (-~1)"sin(x) for integer n >
0. Therefore, f@(0) = (-1)" and f@(0) = 0. Thus the Taylor polynomial about
x = 0 has only odd powers of x.

F i >0 i (2k+1)(0) 2k+1 — 2 2k+1 d -
orinteger n >0, pai(X)= (2k+1)' (2k 1),x and pzn+2(X)

Pan+1(X)-

For all integer n >0, | f® (x) | < 1, assuming that |sin(x)| , |cos(x) | < 1. We denote
here f (x) by  f©(x). Therefore, by Theorem 15, p, — f uniformly on [ K, K], for
any K> 0. Hence p, (x) — f (x) = sin(x) for all x in R.

The following is an application of Taylor's series.

Proposition 17. The Euler constant e is irrational.

Proof. By Taylor's Theorem (Theorem 14), for each integer n > 0,

- o 4Lk L n X" o,
= L Xk e XS X TSN
for some &, between 0 and x. Hence for x in [0, 1]
—(1+x+ oy Ly j X _otn
ki n! (n+1)!

Hence taking x =1,
10,1, __ 1 o 1
0< e- (1+1+2, X +n!j_ e’ <
This means for any integer n > 0,

1 1 1 1
0< e- (1+1+2| BT +_j3(n+1)|e """"""" (1)

We have shown in Chapter 6 in the section on Euler constant y , that
1 B n—ll
Zk+1<f dt_In(n)<k§k.

17
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Hence we have In(4)> = + + > 1 and consequently taking exponentiation we
get e<4. Thus from (1) we get

1 1 1 4
0< e—(1+1+2,- F+mj£m -------------- 2

for any integer n > 0. Thus if e is rational, say e = q in its lowest terms, then from (2)
we get for any intern >0

p 1 1 1 4
0< q- (1+1+2| +W+mj£m -------------- 3
Let n = max(4, q). Multlply (3) by n! we get
n'p n! 4 __4
n! < (2n+2|+ k' +1j—n+1—5 """"" (4)
But the term dp (Zn 2, + k' +1j is an integer since every term in the

expression is an integer. (4) then says it is an integer in (0, 4/5], contradicting that
there is no integer in (0, 4/5]. Hence e is irrational.

8.9 Continuity of Power Series, Abel's Theorem

Now we go back to the question of continuity of a power series function at the
boundary of the disc of convergence, if the power series is convergent there. For real
power series, if the series is convergent at the boundary of the disc of convergence,
then it is also continuous there, a result attributed to Abel. Even if we do not have
convergence at the boundary for instance if R is the radius of convergence and if
XIler Z anX" exists, though Z anR" is divergent, then one has a definition of "sum"
N n=0

for the divergent series to take on this limit. This means that it is possible to define
the sum of a series in entirely new ways that give finite sum to series that are
divergent in Cauchy's sense. For series that are convergent in Cauchy's sense and if it
is also convergent in these new ways of summing the series, then we call this a
regularity or consistency result. The notions of Abel summability and Cesaro
summability are regular ones. The results called Tauberian theorems that give
condition so that given the summability in whatever new way of a series, it will also
be convergent in Cauchy's sense. For example, Alfred Tauber (1886-1942) proved
that if Y. a, is Abel summable to the value A and if na, — 0 as n —oo, then 2, a,

n=0 n=0

converges to A in the sense of Cauchy. We shall prove Abel's regularity theorem.

Theorem 18 (Abel's Theorem, Abel, Niels Henrik, 1802-29)

Suppose the real power series Y. anx" has radius of convergence R > 0. If it
n=0

converges at x = R, then it converges uniformly in [0, R]. Similarly, if it converges at

-R, then it converges uniformly in [-R, 0].

Proof. We may assume that the radius of convergence is 1. This makes the proof
easier and more elegant. We may use the change of variable x = Ry to change the
power series if need be to one with radius of convergence 1. With this change of
variable,

Z anX" = Z anR"y" = Z bny",

18
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where b, = a, R". Thus Y, bpy"converges absolutely for |y| < 1 and diverges when |y|
n=0

> 1.
Now we assume the radius of convergence is 1. Suppose at the boundary X =1,

Z anX" = Z an is convergent. We may assume that Z an =lim Z ay =
n=0

(If need be, we may redefine the new a, to be the old ao(old)-lim kZ ak. Suppose
=0

=
|

n o0
im > ak=L. Then we let cx = a for integer k > 0, co =ap —L. Then >, ¢, =0 and
k=0 n=0

Ms

o0 o0
ay is convergent if and only if Y’ c, is convergent. Plainly Y’ an,x" is uniformly
0 n=0 n=0

convergent on [0, 1] if and only if 2 c,x" is uniformly convergent on [0, 1] because
n=0

n

the constant term ao and ¢, do not affect the Cauchy condition.)
Thus we may assume that

(i) the radius of convergence of ), anx" is 1;
n=0
(i) 2. a, is convergent and
n=0

(iii) fgan:o.

n
For each integer n > 0, let s, = Z ak. Then (iii) says s, — 0. Plainly, a, = Sy — Sn1

for integer n > 1 and ao = So. We shall rewrite the partial sums of Z apX" in a more
n=0

useful form For each mteger n>0,

Z ax® —ao+2(5k—8k XK —So+2(8k—8k XK, e 1)

We shall show that Z anpx" is uniformly Cauchy on [0, 1].

(We can actually use (1) to deduce that the power series is continuous at x = 1. We
shall pursue this later.)
For any integer N > 1 and for any integer p > 1,

N-+p N-+p N-+p N-+p
Yoax= Y (sk—Ska)xk = Z sixK— 2 saxk
k=N+1 k=N-+1 k=N-+1 k=N-+1
N-+p N+p-1 N+p N+p-1
= Y sxk—= Y sxkt = > gxk—x Z Sxk
k=N+1 k=N k=N+1
N-+p-1
=(1-X) X S+ spnapxNP —syxNL
k=N-+1
N+p-1
=(1-x) k;:\l SIXK + SNapXNP —S\XN . e 2

Therefore, it follows from (2) and triangle inequality that for any integer N > 1, any
integer p > 1 and for x € [0, 1],

N+p N-+p-1
2 ax*| <(1-x) Z |kl XK + | Spap XNV 4+ [ XN
N+p-1
<@L-% X Isilxt T TP [ Y [ ——— 3)
19
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Now since s, —0, |[s)| — 0. For each integer n > 0, let
Mn = sup {|sn| , [Sn+1], ... }=sup {|sj| : ] is an integer and j > n}.
Then for each integer n > 0, M, > 0 and |im My =lim sup [sn| = 0 since |im Isn| =0.
N—o0

From (3) we have that for any integer N > 1, any integer p > 1 and for x € [0, 1],

N+p N+p-1 N-+p-1
> axk| <(1-x) Z MnxK +2My = My Z XK(1 - X) + 2My
k=N+1

N+p 1 N+p-1
< MN( 2 XK — Z Xk+lj+2MN
k=N k=N
< MN(XN —XN+p) +2My = MNXN(l —xP)+2My
<MN+2MN =3MN. e (4)
Now since M, - 0asn — «, given any & > 0, there exists a positive integer N, such

that for any integer n, n > No = M, < ¢ /3. Thus it follows from (4) that for any
integer N > No, any integer p > 1 and for any x € [0, 1],
N+p

Z aka <3My <
k=N+1

Therefore, Z axx* is uniformly Cauchy on [0, 1]. Thus, by Theorem 3, > ayxk
k=0

converges unlformly on [0,1].
The case that Z axxX is convergent at the other end point -1 and Z ax(-1)* =0 is

similar. Just note that for any integer N > 1, for any mteger p >1and for xin[-1,0],

N-+p v N+p
2 axk= Z - 1)kaylx| Z (Sk=Sk DIx* = Z sxk— 2 sicaxk,
k:NJrnl k=N-+1 k=N+1

where s, = Z(—l)kak. We can then deduce (3) and (4) with the same notation but
k=0

with |x| in place of x and deduce in like manner the uniform convergence of Y. axx*
k=0
on [-1,0].

Corollary 19. Suppose the real power series Y. a,x" has radius of convergence R >
n=0
0. If it converges at x = R to a value L, then XlirQ Y apnx"=L. That is to say the
>R n=0

o0
power series function Y a,x" is continuous at x = R. If the series converges at X = —
n=0

o0
R to a value L', then Xllm Z anXx" = L', hence the power series function), anx" is
--R n=0

continuous at x = — R.

Proof. By Theorem 18, if X a,x" is convergent at R, then 2 a,x" is uniformly
n=0 n=0

convergent on [0, R]. Therefore, by Theorem 14 Chapter 7, Y. a,x" is continuous on
n=0
n-1
[0, R] because for each integer n > 1, the n-th partial sum s,(x) = D, axx* is a
k=0
continuous polynomial function and (s, ) _converges uniformly on [0, R]. Thus

Jlim Z anx" = Z apnR"=L. Similarly if Z anx" is convergent at —R, then Z anx" is
n=0 n=0 n=0

20
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uniformly convergent on [-R, 0] by Theorem 18. Again by Theorem 14 of Chapter
7, the consequence of uniform convergence is continuity at x = —R. The conclusion
about the right limit at —R then follows.

Example 20.
We shall illustrate the technique of using Abel's formula in the proof of Theorem 18
to deduce continuity at an end point of the interval of convergence.

Suppose the radius of convergence of Z apx"is1and Z an=0. Then
n=0

Jlim Z anx"=0.
Proof
For each integer n > 0,

Z akxk—ao+2(sk—sk 1)xk—50+2(5k—sk DX, eomemeenees )

n
where s, = Y’ ax.
k=0
Then foIIowing (1) for aII X in [O 1],

n-1
Z axk =50+ Z sexk — Z spaxk = Z SXK = sixkl 5
k=0

k=1
nl n-1
_Zskxk—xz SikXK 480 = (L —X) 2 SkXK +SpX™ —SoX + So
k1

=(1-x) Z SKXK + 5™,
Suppose N is a posmve mteger Then for n > N+1, for all xin [0, 1],
Z axk = (1-x) Z skxK+(1-x) Z kXK + Spx".
Thus, for n > N+1 for all x |n [0, 1] o
<(1-x) leklx"+(1 x) Z |Sk|X +[snlx" by triangle

inequallty
N n-1
<Q-x) Xlslx®+@=x) X Islxk+lspl,  =meeemmemmeeeea 2
k=0 k =N+1

since 0 <x<1.
Note that s, —0, |s.| — 0. For each integer n >0, let
Mhn = sup {sq| , |Sn+1, ... }=sup {]sj| : j is an integer and j > n}.
Then M, > 0 for all positive integer n and |im Mn :Iingjoup Isnl =0 since |im |sn| = 0.

Soifn>N+1, |sy) < My . Itthen follows from (2) that for n > N+1 and for all x in [0,
1],

n

> axk
k=0

N n-1
<(1-x%) 2 lskIx¥+(1=%x) X Mnxk+My
k=0 k =N+1

N
<(1-x) kgolsklxk + My + My
since

n-1
1-x) X xk<1
k =N+1
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Chapter 8 Uniform Convergence and Differentiation

N
S@-0) Bls+2My. 3)

Since M, — 0, there exists a positive integer L such that for all integer n,
n>L=M,<<

I
Thus, from (3), for all n > L+2 and all x in [0,1],
n L

‘Z axk| < (1-x) 2 Iskl +2M, .
" k=0 L k=0 L
Therefore, | >, axX| <(1=x) > Iskl +2M_ < (1=X) lek|+%
k=0 k=0 k=0
If we Iet5:8/+>0, then we have
+ 2 Il
k=0
1—5<x<1z2 axk| < (1- X)Z|Sk|+ g %zg
This means I|m Zanx” 0= Zan Hence Zanx is continuous at x = 1.
X~ 17 n=0 n=0 n=0
Example 21.

In (1+ x) has the following power serles expansion for -1 < x < 1.
In(1 +Xx) = 2( 1M XL for —1<x<1.
We shall start with the geometric serles
1

L 2 _ 3 _w_ Ny N
Ty = 1 X+X* =X n%( 1)"x"  for |x| < 1.
1

This is a power series expansion for Tix: The radius of convergence plainly is 1.
o0

Take any real number K such that 0< K < 1. Then Y} (~1)"x" converges uniformly on
n=0

[K, K] by Theorem 11. It follows from Theorem 7 that we can integrate the
function term by term in [—K K]. Thus

X X 1 .
I 1—+tdt— nzo(—l)n X forall xin [K, K].
But the left hand side is In(1+x). Hence for any real number K such that 0 < K <1,
In(1+Xx) = Z( 1)”n+1 for all x in [-K, K].

Z( 1)n+1X for all x in (-1, 1). Now for x =

Therefore, In(1+X)= Z( 1)”n+1

1, the series Z(—l)”*l% is convergent by Leibnitz's Alternating series test.
n=1

Therefore 7by Abel's Theorem (Corollary 19),
lim Z( 1)n —7 =lim In(1 +x) = Z(—l)”*l%. By the continuity of In(1+x) at x = 1,
- — - n+1l — S n+1X_rI
we then have In(2) = In(1+1) = 2 ()™, Thus In(1+x) = X2 (-1)™45 for -1 <
n=1 n=1
x< 1.

Exercises 22.
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Chapter 8 Uniform Convergence and Differentiation

1. Determine whether each of the following sequences (of functions) converge
uniformly on the given domain.
.. sin(nx .
@ 2 ono,11; (i) 5L

(iv) (x—ﬁ)2 on[0,1]; (v) x-x"on[0,1] ; (vi) 2n+x on[a,b],a<bh.

on [0, 1] ; (iii) on [0, 1] 1

nx+2

2. Use the Weierstrass M-Test to prove that each of the followmg series is uniformly
convergent on the given domain.

(i) zlsm(nx) nR; (ii). Z X2+ on[-a,a],a>0;

X2 +n4

(iii) Z(n+l)xn on[-a,a], 0<a<1; (iv) i ( X=X on [0, 1]

(Hint: Find maximum value of x"(1—x) in [0, 1]) .

3. Let f(x)= Z
1].
4. (Realizing function as a power series.)

(i) Prove that ﬁ =1-X+X2+-= Z( 1)"x" for |x| < 1.
Discuss how you might prove that

. X2 e D
(i) NA+x)=x—5+5+ _§n+l

and (iii) (1;—1)()2 = 142X—3X2 4 = nzz;l(—l)nnxn—l for x| < 1.

5. Use the power series expansion of 1—})( =1+x+Xx2+--=2x" for|x<1to

n(nl)2 . Discuss how you might prove that f is continuous on [0,

/-\

x™1 for |x| < 1,

prove that

(@) Z nx" =

)2 if x|<1,

X+(1-=x)In(1-Xx) .

n 3 — ifO<[x]<1

(b) .%n+1x”— T=xox ,
0, ifx=0

© Z & -Dina-x+1ifo<x <1
”(”+1) 0, ifx=0 |
Give reasons for the steps you take.

(This question is an example of power series manipulation.)

6. (Optional) Determine the radius of convergence of tnhe Bessel function of the first
kind of order zero J o(X) given by Jo(X) = Z ((n}))Z ( ) . Write out the first 4

terms of J o(x).

2
Show that J o(x) satisfies the differential equation x% + % +xy=0

(Bessel’s differential equation of order zero).
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7.

8.

10.

11.

12.

13.

14.

Find all those x for which the following series converge.
o0 2
n“(n+2) 2) .
(i) 2 (n+5)3n ; (i) Z X (1D nzl

(Hint: Use ratio test.)

3% ox+1)n.

Use trigonometric formula to prove that 4 sin® (x) = 3 sin(x) - sin(3x).  Use this
and the power series expansion for sin(x) to show that

(i) sin®(x) = Z( 1)n+t (2n+11)|x2n+1 for all real x;

(if) Use partial fraction and obvious series expansion of the resulting rational

1 1 —X — l _(_ n n 1
functions, or otherwise, show that Tox—22 = 3 nZ:)l[l (=2)"x" for x| <Y2.
Assuming that y>> + y =0, y(0) =0, y’(0) =1 has a solution given by a power
series. Find the power series and determine its radius of convergence.

(Hint: Use the three conditions to obtain relation among the coefficients of the

power series and solving the relation.)
. . _ N e x2n+1
Find the radius of convergence of .y(x) =ao(l—x*)—as nZ:%) ZnrDen=1)

where ap and a; are arbitrary real numbers.
Show that y(x) satisfies the differential equation (1- x* )y’” = — 2 y on its interval
of convergence.

Show that f (x) = (1 —x%)x" converges uniformly on [-1, 1] and find its limiting
1

function g. Hence conclude that f f n(x)dx - 0.
0

2
—nx
e

Explain what results you would use to show that Y, is continuous on R.
n=1
Show that any power series is the Taylor's series of its sum.

For the following functions determine their Taylor series centred at the points

indicated and determine the radius of convergence in each case.
(@) sin"*(x),0 (b)cos(x), t/2 (c) tan*(x), 0 (d) cosh(x), 0
(e) In(1 ) 0 (f) tan(x),0 (g) In(1+x),0 (h)a*,-1(a>0)

0 fjefdt.0 () [,

15.

16.

x sm (X) ——=dt, 0 [Hint: cos(2x) = 1 — 2sin(x) .]

Prove that for |x| < 1/2

(1+2x9))((1 X)2 2{3n+2+( 1)ninelyxn

Prove that 3 .

4
() In((L+0)F) +In((1-x)09) = x2 + 3+ 3’{5 + g7+ forx <1,
(i) 2In(0) ~ IN(x + 1)~ IN(x = 1) = 55 + 57 + 55+ for x> 1,
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Chapter 8 Uniform Convergence and Differentiation

1 ox=1  1/x=1Y* 1(x=1)° ..
(iii) 2In(x)—x+1+3(x+1) +5(x+1) + Torx>0.

17. For each B >1, prove that the series . sin((%)ﬂ) converges pointwise on the
n=1

interval [0, o0), to a continuous function, but the convergence is not uniform on [0, ),
(Hint for non-uniform convergence: use the inequality for any x > 0, sin(x) > x —
x3/6.)

18. Foreach Bsuchthat0<p<1, 2 sin((%)ﬁ) diverges for all x > 0. Show that
n=1

whenever x? is defined and not zero, . sin((%)ﬂ) is divergent. (Hint: use the hint
n=1

for question 17.)

19. Prove that the series D, %sin(ﬁj converges uniformly to a differentiable
n=1
function on [- K , K] for any constant K > 0. Hence deduce that Y, %sin(ﬁ}
n=1
converges pointwise to a differentiable function f on R such that
f'(x Z cos( ]
®=2 T n
However, prove that Z ﬁsin % is not uniformly convergent on R. (Hint: see
n=1

the hint for question 17.)
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