Chapter S. Integration

Introduction. The term "integration" has several meanings. It is usually met as the
reverse process to differentiation, i.e. finding anti-derivative to a function. An
anti-derivative of a function f is a function F such that its derivative F' satisfies F' = f
on some suitable domain. In mechanics the velocity of an object in motion may be
determined from its acceleration by anti-differentiation. In Business, a revenue
function may be computed from a given Marginal Revenue function by using
anti-differentiation. In these and other examples, the question of how to find an
anti-derivative of a particular function f leads to another meaning of the term
"integration" related to area under a graph, definite integration. These two meanings
under appropriate condition are linked by the so called "fundamental theorem of
calculus". There are other subtle mathematical formulations also called integration
some of which are generalizations of the definite integration.

5.1 Anti-derivative

Definition 1. Let | be an open interval. Suppose F :I — R is differentiable on | and
that F'=f. Then F is called an anti-derivative, indefinite integral or primitive of f.

Remark.

1. For a given f :I - R, there may be many or none such F with F' =f. If F' =1,
then let G = F + C, where C is a constant. Then G'=F' = f. Thus any two
anti-derivatives differ by a constant.

2. We can replace | in Definition 1 by any interval if we take the derivatives at the
end points of | to be the appropriate one-sided limits. (See Chapter 3 for
consequences.)

Theorem 2. If F is a particular anti-derivative of f on an open interval I, then every
anti-derivative of f on | is given by F(X) + C, where C is a constant, that is, the set of
all anti-derivatives of f on | is { F(x) + C: Ce R}.

Proof. Suppose G is another anti-derivative of f onl. Leth=G —Fonl. Then h'
=G' —F'=0on |. Therefore, by Theorem 16 Chapter 4, h is a constant function, say
h=C. Thenh=G -F=Candso G=F + C.

We normally write ff(x)dx =F(X) + C to denote finding an anti-derivative of f,
whenever a function F with F'(x) = f (X) or %F(X) =f(x) is found. Not every
function has an anti-derivative as the following example will show.

I, x>0
-1, x<0
an anti-derivative. This is seen as follows. Suppose f has an anti-derivative F :R —
R with F'= f . Then for x>0, F'(x)= f(x)=1. Therefore, by Theorem 2, for x >
0, F(x) =x + a for some constant a in R. For x <0, F'(x) = f(x) =—1. Thus, also
by Theorem 2, for X < 0, F(x) = - + b for some constant b in R. Thus, }1}0@ F(x)=a

and }ug} F(x)=b. Since F is differentiable, F is continuous and is therefore

Example 3. The function f:R — R defined by f(x) = { does not have
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Chapter 5 Integration

continuous at X = 0. Thus }ir&g F(x) :}irgg F(x)=F(0) Hence a = b = c, say.
Therefore, F(x) = |X| + ¢ . But then this implies that F is not differentiable at x = 0

since the function |X| is not differentiable at X = 0. This contradiction shows that f
does not have an anti-derivative.

The function f in the above example is not continuous at X = 0. But not every
discontinuous function does not have an anti-derivative as the following example
shows.

Example 4. The function f:R — R defined by
(L) 1
() = 2xsin(x) —cos(x), X =0
0, x=0
X2 sin(%), X = 0
0, Xx=0

f is not continuous at X = 0. We can take the sequence (a.), where an = ﬁ Then

an— 0. Then f(an)= % sin(2n7) — cos(2nz) = —1 for each nin P. Therefore,
f (&) > —1= f (0). Hence the sequence ( f (a,)) does not converge to f (0).
Therefore, by Definition 2 of Chapter 3, f is not continuous at X = 0.

has an anti-derivative F :R — R, defined by F(X) = { even though

Theorem S.

1. [ldx=x+C;

2. If f has an anti-derivative on an open interval I, then for any constant a, af also
has an anti-derivative on l and [af(x)dx=a | f(x)dx.

3. If fyand f, have anti-derivatives on I, then for any real numbers a and b,

f[af 1(X)+bfy(x)ldx=a f f1(x)dx+b f f2(x)dx.
Theorem 5. is proved by direct verification and is left to the reader.

Xn+1

Theorem 6. For any rational number n, | X"dx = ST +C.n=-l
3 l( Xn+1 j_ .ﬂ_ n
Proof. Forn=-1, CES] =(N+1)-77=x".

Remark. Using Theorem 5 and Theorem 6, we can find anti-derivative of any
polynomial function

Example 7.
1. J3x+35)dx =3[ xdx+5f 1dx=3(% +C1)+5(x+Co)
=3x2 +5x+3C; +5C;y = 3x2+ 5x+ C, where C = 3C, +5C, .
2. J(5x* =83 +92+T)dx=5-+x5 8- +x* +9- +x3 + 7x+C
=X —2x* +3x3 + 7x+C,

3. J(xT +x7)dx = X3 +
?+13 1§+1 3 1 P 1
4. J X (x+50)dx=J(X7 +x77)dx= x4+ x4+ C=$x2 +2x7 +C,
2

3
>+1

L s 6
X3t 4+ C=2x5 +2x5 +C.

We shall now extend our method of finding anti-derivative. This is an application of
the chain rule. Suppose | and J are open intervals, g: | > Rand F:J — R are
differentiable functions with g(1 ) < J. Then F and g are composable. The Chain

2
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Chapter 5 Integration

Rule says (F o g)'(X) = F'(g(x))g'(x) for every X in | (Reference: Theorem 8 Chapter
4) . If we write f for F', we have (F o g )'(x) = f (9(X))g'(x) for every X in | . This
shows that F o g 1is an anti-derivative of f (g(x))g'(x). In this way, knowing the
anti-derivative of f will enable us to determine the anti-derivative of a more complex
function f (9(x))g'(X). However, to apply this method of finding anti-derivative, we
need to put our function in the form of f (g(x))g'(x) for suitable differentiable
function g and function f whose anti-derivative is known.

Hence, we have the following theorem.

Theorem 8 (Change of Variable, Substitution).
Suppose g: | — R is differentiable and f : J —> R is such that f has an
anti-derivative F: J > R and g(1 ) < J. Then

[f(g() -g'()dx =F(g(x)) +C.
Moreover, F can be chosen to be any anti-derivative of f. If we write y = g (X), then
the theorem is usually also remembered as

d
TH(y) g = (y)dy = F(y(x) +C .

Remark. This is a theorem about anti-derivative. It gives us an extension to finding
anti-derivatives by enlarging our "lookup" table through differentiation of composite
functions.

Example 9. ]
1. Find | J/3x+4dx. Lety=3x+4. Then d_i =3. Here we let f (y) =y and g(x)=

3x +4. An anti-derivative of f is F(y) = Li " y%Jrl = %y% and g'(x) =3.

[ J3x+4dx=+[/3x+4 -3dx:ﬂf(3xi4)g’(x)dx:%jf(g(x))g’(x)dx
=1.2gx)7T+C=2@3x+4)7 +C.
2. Find J(2X* +X)/X2 + 1 dX. Let g(x)=x>+ 1 and so g'(x)=2x, x> = g(X)— 1.
J@AC+x)Vx2+1dx=J(2x2+ 1)Vx2+1 xdx =3 J(2x2+ 1)Vx2+ 1 2xdx
=7 12(g0 - D +1) /g0 g'dx = [(g(x) - 7),/g(X) g'(X)dx

=] (y% — %y%)dy by Theorem 8, where y = g(x) is to be substituted,
1,3 1,4 2.5 1.3
:;y2+1—30gy2+1+(::gy2—?y2 +C

=22+ 1) -t + T +C
3. Find [ Xxsin(x?)dx. Letg(x)=x>and f(x) =sin(x). Then g'(x) =3x. Therefore,
[ xsin(x2)dx = 5 | sin(x?)2xdx= 5 | sin( g(x))g’(x)dx
= 5 (—cos(g(x))) + C=—7 cos(x?) +C.
since an anti-derivative of sin(X) is — cos(X).
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Chapter 5 Integration

5.2 Riemann Integrals.

Area under a graph may be computed by Riemann integral. If the velocity of an
object is known numerically over a time interval from time = 0 to say, time = T, the
distance traveled in this time interval may be computed by determining the area under
the velocity-time graph of the object using Riemann integration. This approach is
different from using an anti-derivative of the velocity function, which may not be
available. What is now called the Riemann integral of a function f s a
mathematically rigorous formulation of the intuitive notion of the area under the
graph of f.

Area under a curve.

We now give a description of a procedure to compute the area of a region under a
curve.

Consider a continuous function f defined on [a, b] whose graph is given as follows.
y 4di
I

X =aX X =
0 12 bxn

The area under the curve between X = a and X = b and y = f (X) is approximated by the
rectangles shown below the graph of f. We have partitioned [a, b] into smaller
intervals [Xi, %], 1=0,1, ...,n—1 withP:a=xXo<X; <...< X =b.
We now define the lower sum with respect to the 'partition' P to be the quantity given
by

n

>(Xi — Xi—1)Mi, where mj =min{ f (X): X € [Xi1, Xi]}

=1
By the Extreme Value Theorem, there exists Ci in [Xi.1, Xi] such that mj = f (Ci). Now

we let the partition be equally spaced, say Xi—Xi_1 = % = AXx for all i. Then the
lower sum with respect to the partition is

n n
_2; %f(ci) = 2; f(ci)AX.
I= I=
If we take the common width of the rectangles AX to be as small as we wish we shall
eventually approximate the area under the curve. That is to say, the area under the
curve
S S b—a
A :B(% I; f(Ci)Ax ﬂgg I; f(c)=—p—
L.e. Given g > 0, there exists a positive integer N such that for any integer n
n n
n>N= ‘Zf(ci)Ax—A‘ = ‘Zf(cﬂ%—A‘ <e.
i=1 i=1

Note here that the ci's are generally different for different n.

This gives an approach of finding area from below.

Similarly we can define the upper sum with respect to the 'partition' P to be the
summation

4
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ign}(xi —Xi-1)Mj,

where Mi = max{ f (X): X € [Xi1, Xi]} = f (di) for some d; in [Xii, Xi] by the Extreme
Value Theorem. If we take the partition to be a regular partition as before, such that

Xi — Xi-1 = % = AX, the area under the curve may be glven by

A=lim 2 1(@)ax—fim % 1d) 272

This is an approach to finding area under a curve from above.
Example 10.

Find the area of the region bounded by y = X* and the X-axis and the line x = 3.
Let f(x)=x>. Suppose n is a positive integer. Let Xo =0 and X, = 3. [We are going
to partition [0, 3] into N equal parts. ]

Let AX = 3 =Xo+1i-Ax= % Since X* is an increasing function on [0, %),

mi = mm{f(X) X € [Xi-1,Xi]} —f(x. 1) =Xi 1_ F (F ) CA—— (1)
Therefore, A leZf(x. 1)AX lez . (l—l)2 by (1)

-Dn.2n-1)+1)

= In Z(I —1)? =]im Z i2 =]im ﬁz u 5
9 . (n—Dn@n- 1) 9 1,_9
=7 him s =5 Jim (- me-m=5-2=9
- D
y=2"
0 3 X
\_ J

Typically Example 10 illustrates the method of finding area from below. Similarly,
by taking the upper sum we should get the same value for the area of the region in
Example 10. Now if instead of taking the minimum or maximum in each subinterval
[Xi-1, xi],nwe simply choose any value €; in [Xi.i, Xi], then by the continuity of f , the

sum X (Xi—Xi_1) f (ei) will lie between the upper sum and the lower sum. In this
=1

n
way, as the size of the subintervals, AX tends to 0, the sum Z(Xi —Xi-1) T (ei) would
i=1

tend to the same value as the area under the curve. This approach has some
advantages. Firstly we do not need to find the maximum nor the minimum in each
subinterval. Secondly we do not need to confine to continuous functions so long as

the function is defined. However we need to impose on having the sum
n

Z(X. Xi-1) T (ej) to be bounded and that for a meaningful definition of area, the sum
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should behave just like the case for the continuous function. Thus we want the sum
n

D(Xi —Xi_1) f (ei) called a Riemann sum to approach a finite value as the partition of
=1

the interval [a, b] gets finer and finer.

Riemann Sum and Riemann Integral

We now formalize the above discussion. We will even be extending the definition to
discontinuous functions. The advantage of the following definition named after the
German mathematician George Friedrich Bernhard Riemann (1826-1866), is that it
avoids the need to find the maximum or minimum of the function over each
subinterval. Let f be defined on the closed interval [a, b]. We shall subdivide [a, b]
into n subintervals by choosing n-1 intermediate points between a and b.

Definition 11. A partition A of [a, b] is a finite set of numbers {Xo, Xi, ..., Xa } such
that

Ara=Xo<Xi <... X< Xn=h.
Let Axi be the length of the i-th subinterval [Xi.i, Xi], i.¢.AXi = Xi — Xi.1 . The norm or
mesh of the partition A is max{AXx : i =1, ..., n} and is denoted by ||A||. Thus ||A]| =
max{ Xi — Xi1 :1 =1, ..., n}.
Suppose now A:a =X <X; <... X1 < Xn=bis a partition. Let §, be a point in [Xi.i,

xi], fori=1,2, ..., n. The Riemann sum S of f with respect to A is defined by
n n
S= Z% f(EDXi—Xiz1) = Z% f(&AX.
I= 1=

We denote S by R(f, A, &), where & =(§ 1, &2, ... &n) is the choice of &; in [Xi1, Xi].

We say the function f is Riemann integrable on [a, b] if and only if there exists a
number L such that given any € > 0, there exists 6 > 0 such that for all partition A of

[a, b] with norm ||A|| <8, we have for every Riemann sum S for A, |[S—L|<g , i.e,

=|R(f>Aaé)_L|<8a

n

Z% f(&)Axi—L
i=

where A is the partition A: @ = Xo<X; <... X1 < Xan=Dband E=(§,, &, , ... &) is given
by any choice of &, in [Xi.1, Xi].

n
If f is Riemann integrable on [a,b], we then write ||lAiﬁn0 > f(&)AX; = Land this
0 i=1

limit is denoted by [ . f(x).
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Definition 12. If f:[a, b] —> R is integrable on [a, b], then the definite integral of f

or Riemann integral of f from a to b is denoted by jZf(x)dx —”hﬁn Z f(&i)AX;, a

is called the lower limit, b is called the upper limit and f (X) is called the integrand.

Remark.

Though Definition 12 is a remarkable elegant definition, it is not easy to use it to
prove the properties of the Riemann integral. Thus, we shall look at an approach by
Darboux using his so called Darboux sums, which are generalization of the upper and
lower sums. This approach is particularly useful for verification of the properties of

the Riemann integral. We shall develop this after the following example.

1
Example 13 fo xdx = % .
Take any partition: P: Xo=0<x; <...< X,=1. Let &; be any point in [X..i, Xi]. Let
f (X) =X. The Riemann sum,

R( f,P, f) = zn: f(fi)AXi < zn: f(Xi)AXi = i XiAXj = i Xi(Xi — Xi-1)

n

%Z(-—x21+(x.—x.1>><—z<x2 Xt 4y z<x. xi)lPl=3+5IPl
i=1

Therefore,

R(F.P,&)~ 4 < TP oo (1)

Likewise,

R(f,P, &)= i f(E)AX; > i f(Xi—1)AX; = i Xi1 AXj = g Xi—1(Xi — Xi-1)

&Ms

24300 X -0 23 206 X -+ Doa-xlPl =4 - LIpl

It follows that

~R(f.P.o)<ZIPIL. @)
These two inequalities (1) and (2) implies that
IRct.Po-3 < Lipl.
Now given any € > 0, just take 6 = 2e. Then for any partition P with ||P|| < o,

‘R( f,P,&)— %‘ <Lip| < Hence, by Definition 11, f is Riemann integrable on

[0, 1]and [, f(x)dx = 1
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Let f:[a, b] > Rbe a function. We recall that the function f is bounded if its range
is bounded. This means there exist real numbers o and 3 such that oo < f (x) < 3 for all
X in [a, b] or equivalently, there exists positive real number K such that | f (X) | < K

for all X in [a, b]. If f is not bounded, then one can have arbitrarily large Riemann
sum or arbitrarily negatively large Riemann sum and so f would not be Riemann
integrable. (Reference: my article, "Riemann Integral and Bounded Function" on My

Calculus Web ). Thus any unbounded function is not Riemann integrable.
5.3 Upper and Lower Darboux Sums, Upper and Lower Integrals

Suppose now f: [a, b] > R is a bounded function.

LetP: a=xXo<X<..<X,=b be a partition for [a, b].
The upper Darboux sum with respect to the partition P is defined by
n

U(f,P)= I; Mi(Xi — Xi-1),

where M i =sup{ f (X) : X € [Xi1, Xi ]}. Note that since f is bounded on [a, b], f is
bounded on each [Xi.i , Xi] and so the supremum M; exists for each i. Like wise for
each i, mi=inf{ f (X) : X € [Xi1, Xi ]} exists since f is bounded on each [Xi., Xi]. We
define the lower Darboux sum with resp?]ct to the partition P by

L( f, P) = zl mi(xi - Xi_l).
i=
Because for each integer i such that 1 <i<n, mi<M;, L(f,P)<U(f,P).

Since f is bounded, there exist real numbers m and M such that m < f (x) <M for all
xin [a,b]. Hencem< M; <M andm< m; <M fori=1,2,..,n. Therefore, for
any partition P the upper Darboux sum

U(f,P)= ZM(X.—X. 1)>m2(x.—x. 1) =m(b-a).

Hence the set of all upper Darboux sums (over all partitions of [a, b]) is bounded
below by m(b — a). L1kew1se the lower Darboux sum

L(f,P)= ;m(x. Xi_ 1)<MZ(X. Xi-1) = M(b—a).

We conclude that the set of all lower Darboux sums (over all partitions of [a, b]) is
bounded above by M(b—a). We may now make the following definition following
Darboux.

Definition 14. Suppose f : [a, b] > R is a bounded function. Then the upper
Darboux integral or upper integral is defined to be

U j: f=inf{U(f,P) : P a partition of [a, b]}.
The lower Darboux integbral or lower integral is defined to be
L |, f=sup{L(f,P): P a partition of [a,b]}.

8
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Note that by the completeness property of the real numbers, the upper integral exists,
because the set of all upper Darboux sum is bounded below and the lower integral
exists because the set of all lower Darboux sum is bounded above.

We now observe some obvious properties of the Darboux sums with respect to
partition.

Suppose Q and P are partitions of [a, b]. We say Q is a refinement of P if each
partition point of P is also a partition of Q, more precisely if P < Q.

Lemma 15. The Refinement Lemma.
Suppose f:[a, b] & R is a bounded function. Suppose Q and P are partitions of
[a, b] such that Q is a refinement of P. Then

L(f,P)<L(f,Q) and U(f,Q)<U(f,P).

Proof. First we shall prove the lemma when Q contains just one additional point y
than P. Let P be denoted by P : a =X, < X< .. <X,=Dh. Suppose Yy € (X1, Xj) for
some j between 1 and n. Then Q is the partition Q : a=Xo <X;<..<Xju <y <X <...
<Xp,=Db. Letm"=inf{f(X):X € [Xj1,y]},m" =inf{ f (X) : x € [y, X;]}. Then

m; =inf{ f (X) : X € [Xj1, X]} <m;', m;".
Therefore,

n j—1 n
L(f,P)= ; mi(Xi — Xi-1) =J§ Mi(Xi — Xiz1) +Mj(y —Xj-1) + mj(X; —y) + i:%:l mi(Xi — Xi_1)

-1 n
< .; Mi(Xi — Xi-1) + Mi(y = Xj-1) + My (Xj —y) + i:%l mi(Xi —Xi-1) = L(f, Q).

Let Mj' =sup{f(X) : X € [Xj1, Y]}, Mj" =sup{ f(X): X € [y, Xj]}. Then
Mj=sup{ f(X): X € [Xj1,X]} =M, M;".
Therefore,n

U(f,P) = E Mi(Xi = Xi-1)

j-1 n
= E Mi(Xi — Xi1) + Mj(y = Xj-1) + Mj(X; —y) + _Zl Mi(Xi — Xi-1)

-1 I:JJr:
> z;, Mi(Xi —Xi1) + Mi(y —Xj-1) + M (xj —y) + "21 Mi(xi —Xi_1) = U( f, Q).

1= i=j+
This proves the lemma for the case when Q has just one additional partition point than
P.
For the general case, if Q contains k points not in P, then there is a sequence of
partitions, P =Py, Py, P,, ..., Pc=Q where Q is obtained by adding one point at a
time. Thatis P, is obtained by adding one point in Q not in P; to P;. Thus by the
special case,

L(f,P)=L(f,Py)<L(f,Py)<L(f,P) ...<(f,P)=L(f,Q)
and

U(f,P)=U(f,Po)>U(f,P)>U(f,Py)> ... 2U(f, P =U(T, Q).
This completes the proof.

The next result is an observation that any lower Darboux sum is less than or equal to
any upper Darboux sum.
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Theorem 16. Suppose f:[a, b] &> R is a bounded function. Suppose Q and P are
partitions of [a, b].
L(f,P)<U(f, Q)

Proof. The partition PUQ is a refinement of both P and Q. Therefore, by Lemma
15, L(f,P)<L(f,PuQ) and U(f,PuQ)<U(f, Q). Therefore,
L(f,P)<L(f,PUQ)XU(f, PUQ)XU(T, Q).

Theorem 17. Suppose f:[a, b] b—) Risa ‘kt))ounded function. Then
Lf, f<uf, f.

Proof. By Theorem 16 for any partition P of [a, b], L( f, P) is a lower bound of {U(
f, Q): Q a partition of [a, b] }. Therefore,

L(f,P) <inf{U(,Q) : Q a partition of [a,b]} =U |  f.
Thus the upper integral U j: f is an upper bound of {L( f, P): P a partition of [a, b]
}. Therefore, U j: f >sup{L(f,P):P apartition of [a,b]} =L fz f.

5.4 Darboux Integral

For a bounded function we have defined the upper and lower integrals. So instead of
one integral we have two. Archimedes had devised a strategy to compute the area of
a non-polygonal geometric object by constructing outer and inner polygonal
approximations of the object. We have defined the upper and lower integrals, similar
in philosophy to the approach of finding successive outer and inner polygonal
approximations of a geometric object. Unlike the non-polygonal geometric objects,
where the outer and inner polygonal approximations will tend to the same value, there
is no guarantee that the two integrals are the same. When they are the same it gives
meaning to a generalization of area.

Definition 18. Suppose f: [a, b] > R is a bounded function. V\ge say f ibs Darboux
integrable if the lower and upper integrals are the same, i.e., L ja f=U ja f.

Remark. This is Darboux's version of the integrability of a bounded function
completing the formulation of Riemann. We shall show that this is equivalent to
Riemann integrability.

Example 19.
1. The Dirichlet function h: [0, 1] - R, defined by
h(x) = { 0, if X is rational

1, if X is irrational
is not Darboux integrable.

Let P:0=Xo<Xi <X»<...<Xn=1 be any partition for the interval [0, 1]. By
the density of the rational numbers and irrational numbers, in each of the
subinterval [Xi-1, Xi ], (= 1,..., n) we can always find a rational number and an

10
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irrational number. Hence for i =1,...,n, {h(X): x €[xi-1, X [} = {0, 1}. It
follows that, foreachi=1,...,n
Mi (h, P) =sup{h(x): X €[Xi-1, Xi |} =sup{0, 1}=max{0, 1}=1 and
m; (h, P) = inf{h(x): X €[Xi-1, Xi ]} =inf{0, 1}=min{0, 1}=0.
Therefore, the upper Darboux sum with respect to ﬁhe Partition P is
U(h,P) =2 Mi(h,P)AX; = X, AXj = 1
i=1 i=1
and the lower Darboux sum with respect to the Partition P is
n
L(h, P) =Y, mi(h, P)AX; = 0.
=1

The above statement is true for any partition P for [0, 1]. Hence the lower
Darboux integral of h,

L j h =sup{L(h,P) : P is a partition for [0, 1]} =max{0} =0
and the upper Darboux integral of h,

U E h = inf{U(h,P) : P is a partition for [0, 1]} =min{l}=1.
Therefore, the lower Darboux integral L j h is not equal to the upper Darboux
integral U f h and so h is not Darboux integrable over [0, 1] by Definition 18.
We observe also that by the above remark about density of the rational and
irrational numbers, for any partition P with ||P|| < 6 , we can choose rational
points & i for each i and so the Riemann sum R(h , P, &) = 0 and if we choose
irrational points & i for each i, the Riemann sum R(h , P, ) = 1. Hence by
Definition 11, h is not Riemann integrable.

2. The function f : [0, 1] defined by f (x) = x* is Darboux integrable.

Let P:0=Xo<X; <X <...<Xn=1 be any partition for the interval [0, 1]. For
eachi=1,...,n,
Mi (f, P)=sup{f(X): X €[Xi-1, Xi ]} =X and
mi (f,P)=1inf{ f(X): X €[Xi-1, X |} =Xi-1*
Therefore, the upper Darboux sum with respect to the Partition P is
U(f,P)= Z Mi( f, P)(Xi — Xi-1) = sz(x.—x. 1)

n

= ; %(Xi _Xi—1) + g(Xi —Xi—1)3 + 3(xi _Xi2_1)(Xi —Xi_1)

n n
%; xi—xi-)IPI%+ 5 i;(xi2 —xiIPI

IA
w|.—

<+ +LlIPIZ+2IPI
n n
because X (Xi —Xi-1) = L(XF —xZ,) = 1.
i=1 i=1

Therefore, since we can choose the norm of the partition ||P|| arbitrarily small,

Uf;fs%.

Similarly the lower Darboux sum with respect to the partition P

L( f, P) = Zn: mi( f 5 P)(Xi —Xi_1) = Zn% Xiz_l(Xi —Xi_1)

1l
—

1 1 1
TOG =X ) + g (Xi = Xi1)? = 2 (F = X7 ) (Xi — Xio1)

11
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Chapter 5 Integration

n n
>3+ 5 20a=Xim)* =3 X0¢-xE )P

|
Therefore, L j; f>L(f,P)> % —%HP | Since ||P|| can be chosen to be
arbitrarily small, L f é f> % It follows then from Theorem 17 that

Ufgf=Lfyf=dsince L[ f<Uf)t.

5.5 Integrability Criteria

Darboux integrability is equivalent to Riemann integrability as we shall show in this
section. It is not always easy to compute the lower and upper integrals just to check
whether they are the same to decide on integrability. This amounts to actually
computing the integral. It is sufficient to check on the behaviour of the lower and
upper sums to see if they are very close to some value or alternatively if their
differences are getting smaller and smaller. This is crucial to formulate integrability
criteria. We start by giving next a very useful characterization of the upper and lower

integrals in terms of sequences.

Proposition 20. Suppose f:[a, b] > R is a bounded function. Then there exists a

sequence of partitions (P« ) of [a, b] such that Px < Py, lkim |IPk|| =0 and

L(f,P—L[.f and U(f,Py)—UJ[f.

Proof. By definition of the lower integral and upper integral, there exist partitions P;'

and P," of [a, b] such that
LI f-1<L(f,P)<L| f and U f <UCF,PH<U[ f+1.
Let P, be a common refinement of P,' and P," for which ||Pi|| < 1. Then by the

Refinement Lemma (Lemma 15)
LI f—1<L(f,P)<L{.f and U[.f <UCf,P)<U[f+1.
Similarly, there exist partitions P,' and P," of [a, b] such that
b, 1 b b b 1
L|,f-5<L(f,Py<L|,f and UJ f<Uf,PH<Uf f+5.
Let P, be a common refinement of P, , P,' and P," for which ||P,|| < 1/2. Then

Lfot-L<Lct.Py<Lflf and UJ f<U(f.Py<Uf f+d.

12
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Chapter 5 Integration

We now define the sequence {Px } by repeating the above process. Suppose we have
defined partition P« such that Py < Py, [|Pi]| < 1/k. By the definition of the lower

and upper integrals, there exist partitions Pi:' and Pi:1" of [a, b] such that

b / b b ! b
Lf - kil <L(f,Pi)<Lf f and U f<U(f,PL)<Uf f+ klr

Let Py be a common refinement of Py, Py’ and Pi" for which ||Pif| < 1/(k+1).

Then by the Refinement Lemma,

b b
Lf f- g <L(f.Pe)<L [ f and

U F <U(T, Py <Uff+ o and Py P,

In this way we obtain the sequence of partitions {Px } of [a, b] such that Py Py

and lkim IPk|| =0. In particular, by the definition of convergence of sequence or by

the Comparison Test (Proposition 8 Chapter 2),L(f,Pk)—>Lj:f and

b
U(f,Py)->U fa f . This completes the proof.

Theorem 21. Suppose f : [a, b] —> R is a bounded function. The following
statements are equivalent.

(1) f is Darboux integrable.

(2) There is a sequence (Px ) of partitions of [a, b] such that

lklf}.g (U(f,Px)—L(f,Px)) =0. Furthermore, for any such sequence, L(f,Px) - j: f

andU(f,Py) - [ f.

(3) Given ¢ > 0, there exists a partition P for the interval [a, b] such that the
difference U(f,P) - L(f,P)<e.

(4) f is Riemann integrable, i.c., there exists a number L such that given any € > 0,
we can find a 8 > 0 such that for any partition P for [a, b] with norm || P || <d, and

for any Riemann sum S with respectto P, |S —L|< €.

Proof. (1) = (2). Suppose f is Darboux integrable, that is, the lower and upper

integrals are the same. Take the sequence of partitions (P« ) of [a, b] given by
Proposition 20 such that L(f,Py)—>L j:f and U(f,Py)->U f:f . Since
U

lim (U(f, Pi)—L(f,Py) =0.

13
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(2)= (1). Suppose there is a sequence (P« ) of partitions of [a, b] such that
lim (U(f,P) - L(f.Py) =0,

For each integer k > 1, by Theorem 17, L(f,Px)<L j: f<U f: f <U(T,Py).
Therefore,

0<U [ f-L[  f<U(T,PY—L(f,Py).
and s0 0<U ] f~L [ f <lim (U(F.PY~L(f,P) =0.
Hence, U f: f-L f: f=0andsoL fz f=U f: f and fis Darboux integrable.
Moreover, since 0 < U(f,Px)—U fz f <U(f,Px)—L(f,Py) for each integer k > 1,
and so by the Comparison Test, U(f,Py) > U f: f= j: f . Similarly, since
O0<L j: f —L(f,Py) <U(f,Px)—L(f,Py) for each integer k > 1, by the Comparison
Test for sequences, L(f,Py) > L jz f= fz f.
(2) = (3) Suppose there is a sequence (P« ) of partitions of [a, b] such that
lim (U( f,P)—L(f,Px)) =0. Then, given &€ > 0, there exists a positive integer N,
such that Nn>N=U(f,P,)—-L(f,Pn)<e.
Let P =Py and we have U(f,P)—-L(f,P)<e.

(3)= (1) Suppose for any € > 0, there exists a partition P for the interval [a, b] such
that the difference U( f ,P) — L(f, P) <e. Thus, for any € >0,

0<U [ f-L| f<U(f,P)-L(f,P)<e
Therefore, U j: f<L j: f. It follows then by Theorem 17 that L f: f=U f: f

and so f is Darboux integrable.

(4) = (3). Assume f is Riemann integrable. Given € > 0, then there exists 6 > 0
such that for any partition P for [a, b] with norm || P || <&, and for any Riemann sum
S with respectto P, | S —L| < ¢4 . Let T ={ Riemann sum S: S has the same
partition P}.

Then forany Sin T,

L—e/4<S<L+¢e/4. (1)
Let P: a=Xo<Xi<...<X,=b be a partition of [a, b] with || P ||<d. Let M= sup{
f(X): X € [Xia, Xi ]} fori=1,..., n. By the definition of supremum, for each i, 1 <i <
n, there exists Cjin [Xi.1, X; ] such that
f(ci)>M;—
Using this 1nequahty, the Riemann sum

R(f,P,C) = Zf(c)(x. Xi- 1)>Z(M. 4(b I —a) i ~Xi-1)

&
4b-a)

14
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Chapter 5 Integration

where, C=(Cy,...,Cn). Therefore,
U(f,P)< R(f,P,C)+§ <L+

by inequality (1).

Now let m i = inf{ f (X) : X € [Xi.1, Xi ]} for i = 1,..., n. By the definition of infimum,
for each i such that 1 <i < n, there exists d. in [Xi1 , Xi | satisfying
f(di)<m; +4(b 2"
The Riemamg sum )
— (Y — X € Ny oy

R( f, P,d)—;f(do()ﬁ X|_])<%(m|+ 4(b_a))(X| X|_])

= X mi(xi—xi-) + 5 =L(f,P)+ &

i=1

where d=(d,,...,ds). It follows that

L(f,P)>R(f,P,d)— —>L—£—

& _y_
4 4=k

B oo

1

1

1

1

1

1

1

1

1

1

1

1

1
~
w
N

by inequality
(1). Inequality (2) and (3) implies that, U(f, P) — L(f, P) <e. Hence (2) follows.

(2) = (4) Suppose there is a sequence (P« ) of partitions of [a, b] such that
lkim (U(f,Py)—L(f,Px)) =0. This means given € > 0, there exists a partition P; : a
=Xo <X<...<X.=b with L > 1 such that

UC,P)-L(f,P) <3,
Denote the partition P; by P. Let K=min {X X, : i =1, .., L }. Since f is
bounded, there exists M > 0 such that | f (X) | <M. First we shall specify our o for
the partition. Let R: a =Y, <y;<...<Yyn= b be any partition such that [|R| <&, where

0 = min(K, m).

Then because ||R|| < K, the number of subintervals of R, N must be strictly bigger
than L, which is the number of subintervals of P. Moreover because K = min {X; —Xi.\
:i=1,..,L}andforeachi=1,2,., N, yi—yii <|[R|| <K, each subinterval [Yi., Vi ]
can contain at most one point from P. Therefore, each x for i = 1,2,.., L—1 must
belong to one and only one subinterval [yj._1,Y;,] for some i, 1 <ji<N-1,1ie., fori=
1,2,.., -1, yjo <xi<yj. Letl={j:i=1,...,L-1} I={ji:i=1,..,L—1}. Then
for any Riemann sum with respect to the partltlon R,

R(f,R,O)= 2|1f(f)(yl =Yi-1),
where &i € [Yi1, Vil , §E=(&1, &2, ... &n)
:%f(fi)(y. Yi- l)+2| 1 FEDYE - Yi-D)

_Zf(f Yi—Yi- 1)+2| 1 PO —Yii- )+2| (PG =i —Yi-)
= [Z FEN—Yi)+ 2 o, —Xi)+ 2 f —YJi—l)J

+ 2 (&)= — YD)
Note that the braclieted term is a Riemann sum S for the partition RUP. Thus
-1
R(T,R,O) =S+ (F(&)—T )i —Yi-1)

15
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Chapter 5 Integration

<U(f,RUP)+ 2% M(y;; = Yi-1) <U(F,P) + 235 M(Y;ji —Yji-1)
by the Refinement Lemma

<L(fP)+ +235 MHRH<L(ny+ +2MLIR
& &
<Lj f+& +2ML2(2ML 1)_Lj f+e since ”R“<5£2(2ML+1)'

We have thus proved that )
RIFLRE <L, fre oo (4)

Similarly, R(f.R.&)= X% f )01 -Yi) =8+ 2i5' (f (&)~ f <0y = Yii0)
> L(f.RUP) 05 (F (&)~ f )y = Yiit)
>L(f, P)+Z._1 (f (&) — F (i — Yi-1)
>U(F,P) -5 -2 2M(y; - y5-) > UP,H -5 -2 X MIR|

suf’ f—g—zMumH
>U§ f— % Mz(zT>U§bf—8,
ie. mfR@>ujf g (5)

Since L j f=U f f=C (because (2) = (1)), it follows from inequalities (4) and (5)
that |R(f,R,&)— L| <e¢&. We have thus shown that there exists a real number C such

that for any partition R with norm ||R|| < & and for any Riemann sum S =R( f, R, &)
with respect to R, |S— C| <&. Hence, f is Riemann integrable .

Remark.

1. Note that we have given the proof of Theorem 21 in more than one ways. Most
oftenly used part of the theorem will be the equivalence of statements (1) to (3).
Note that (4) = 3) = (1) < (2) = (4).

2. Theorem 21 is a very useful tool for further development of the integral.

3. In view of Theorem 21, we shall simply say a function is integrable whenever

anyone of the equivalent conditions in Theorem 21 is met.

Integrability of Monotone Function

Theorem 22. Suppose f: [a, b] — R is a monotone function. Then f is Riemann
integrable.

Proof. Since f is monotone on the closed and bounded interval [a, b], f is bounded.
Suppose that f is increasing. Let P : a =X, <x;<..<X,=b be a partition for [a, b].
Then

U(f,P)-L(f,P)= izn;,(Mi —m)(X; — Xi=1) < ||PJ| izn;,(Mi -
Since f is increasing, Mi = f (xi) and m; =f (xi.1). Therefore,
UCE,P) - L(f,P) <P ig}(f(Xi)—f(Xu)) =|IPlICf (D) —f (a))

16
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Chapter 5 Integration

If f(b)="f(a), then given any & > 0, for any partition P, U(f,P)-L(f,P)=0<e.

If f(b)=f(a), take any partition P such that ||P|| <& /(f(b) — f(a)). Then
U(f,P)—L(f,P)<||P||(f(b)-f(a)) <e.

Therefore, by Theorem 21, f is Riemann integrable. The proof is similar when f is

decreasing.
Integrability of Continuous Function

Next we have a theorem which confirms that definite integrals do exist at least on

continuous functions.

Theorem 23. Every function which is continuous on the closed interval [a, b] is

(Riemann) integrable on [a, b].

Proof. If f:[a, b] > R is continuous, then it is also uniformly continuous.
(Reference: Theorem 29 Chapter 3.). Therefore, given any ¢ > 0, there exists & > 0
such that for all X, y in [a, b],

X -y <8=]f(x) - f(y)|<e/b-a). (1)

Let P:a=Xo <X <X <...<X,=b be a partition with norm ||P|| < &, which is given
by (1) above. Fori=1,...,n letM;=sup{f(X):X € [Xi1,X ]}. Since f is
continuous on [Xii, Xi ], for each i, by the Extreme Value Theorem, M ; = f (Ci) for
some C;i in [Xi1, Xi ].

Similarly for eachi =1, ... ,n,letm;=inf { f (X) : X € [Xi1, Xi ]}. Again by the
Extreme Value Theorem, for each i = 1, ..., n, there exists di in [Xi1, Xi ] such that
m; =f (di). The upper Darb%)ux sum with respnect toPis

U(f,P) = E Mi(Xi — Xi_1) = E f (Ci)(Xi —Xi-1)
and the lower Darboux sum with respect to Pn is
L(f,P) = I; Mi(Xi — Xi_1) = .; f (di)(Xi — Xi-1).
It follows that the differennce )
U(f,P) — L(f,P) =§(f(0i)—f(di))(xi—Xi—1)=i§If(Ci)—f(di)l(Xi—Xi—l)

n
X3 E—(Xi=xi1) by (1) since [c - dif < [IP|| <8, 1<i<n.

n
Therefore, U(f,P)—L(f,P)< 4= g(xi —Xi) = 5og (Xn—=Xo) =&

Thus, by Theorem 21, f is Riemann integrable. This completes the proof.

17
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Remark. More generally, suppose f : [a, b] — R is a bounded function, that is, for
some real numbers M and L, M <f (x) <L for all x in [a, b]. Suppose f is continuous
except possibly on a subset of "measure zero". Then f is integrable. Indeed the
converse is also true: f is integrable implies that f is continuous except on a subset of
"measure zero". This result is stated by Darboux but is often referred to as Lebesgue
Theorem. By a set of measure zero we mean that the points of discontinuity can be
enclosed by at most countably infinite set of intervals whose total length is arbitrarily
small. Any finite or countable set is of measure zero. The set of rational numbers is
of measure zero. (See Chapter 14 for a definition of the Lebesgue measure of a set.)
This gives another way of proving Theorem 22 since any monotone function on [a, b]

can have at most countable number of discontinuities.

0, x+0

Lxe0 - f is not continuous at 0 but f is integrable on

Example 24. f(x)= {

[-1,1].

Let P:—1=Xo<X; <X <...<Xn=1 be a partition of [-1,1]. Let AX; =Xi — Xi.1 .
Let

R(F,P,&) =2 f(En0xi—xi) = X f(£D)AX (1)
be a Riemann sum with respect to the partition P and § =(&,, &, , ... &), where & i is in
[Xi-1,Xi].

If &i#0fori=1,..,n then f (& i =0 forall i=I,.. n and so

R(f,P,&) =20 F(ENAX =0. If £;=0for some 1<j<n, thenf(£:)=0foi=]j,j-I
or i # ], j+*1, whichever makes sense.
The Riemann sum

R(f,P,&) =f(&)AXj +T(Ej1)AXj1 or R(F,P, &) =1(Ej-1)AxXj-1 +F(Ej)AX;.

Since | f(X)| <1 forall xin [-1, 1],

| AXj| +] AXjui |

or |axpi | + |y <2IPH

IR(f,P, &)l S{
Given any ¢ > 0, we can take any partition P with [|[P[l <& = % and [R(f, P, §)-0| <

2||P|| < &. Therefore, f is Riemann integrable on [-1, 1] and j; f(x)=0.

Example 25 fab ldx =(b-a).

Proof. Let f(X)=1, Let P:a=X, <X <X <... <X, = b be a partition of [a, b].

Since for any constant function, maximum and minimum are the same and so the
upper Darboux sum and the lower Darboux sum for the partition P are the same and it
follows that any constant function is Riemann integrable. Therefore, f is Riemann

18
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integrable and the integral is given by the limit of a sequence of lower sums of a
sequence of partitions by Theorem 21. Any lower sum
n n

L(f,P)= > mi(Xi —Xj1) = (X —Xi-1) =Xn—Xo =b—a. Take (P« ) to be a sequence
i=1 i=1

of partitions such that ||Py| — 0. Then L( f, Px) — (b—a) since L( f, Py) is a constant
sequence and so fa ldx =(b—a).

5.6 Properties of the Riemann Darboux integral

Theorem 26. Suppose f: [a, b] > R is a bounded function. If f is bounded and
integrable on the closed intervals [a, C] and [c, b], where a < c < b, then f is

integrable on [a, b] and|  f(x)dx = [ “foodx+ [ fxdx .

Proof. By Theorem 21, there exists a sequence (P, ) of partitions of [a, C] such that
lim (U(f,Pn)—L(f,Pp)) =0and L(f,Pn)~[_f.
Similarly, there exists a sequence ( Qn) of partitions of [C, b] such that
fim (U(f.Qu)~L(f.Qn) =0and L(,Qn)~ [, .
Then (P,UQn) is a sequence of partitions of [a, b]. Note that
U(f,PiuQu)=U(f,Pr)+U(f,Qn)
and L(f,PauQn) =L(f,Pa)+L(f,Qn).
Therefore,
lim (U(f,PaUQn)—L(f,PnUQn))
=lim (U(f,Pn)+U(f,Qn)—L(f,Pn)—L(f,Qn))
=lim (U(f,Pn) —L(f,Pn)) +lim (U(f,Qn) —L(f,Qn)) =0+0=0.
It follows by Theorem 21 that f is Riemann integrable on [a, b]. Moreover,
L(F.PyUQw) = L(f. P+ L(F,Qu) = [S1+[1F .

Hence fab f(x)dx = fac f()dx + jcb f(x)dx .

Theorem 27. Suppose f:[a, b] > R s a bounded function. If f is integrable on
[a, b], then for any c in (a, b), f is integrable on [a, c] and on [c, b] and

J 2 f00dx= [ S foodx+ | Tood.

Proof. By Theorem 21, since f is Riemann integrable, there is a sequence (P« ) of
partitions of [a, b] such that
lim (U(f, Pi)—L(f,Py) =0.

19
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We may assume that the point ¢ belongs to each partition Px . We explain this as
follows. Let Q=P ¢ w{c}, then by the Refinement Lemma, for each positive integer
n,
U(f, Q) —L(f,Qu)<U(f,Py)—L(f,P«).
Therefore, by the Comparison Test for sequences, }(Lrg (U(F, Q) —L(f,Qk) =0. Ifc
¢ P, we replace P« by Q«. Hence we may assume that ¢ belongs to partition Py for
each positive integer k. Therefore, each partition Py is a union of a partition P for
[a, ] and a partition Py" for [c, b]. In particular,
U(f,P)=U(f,P)+U(CT,PM")
and L(f,Pc)=L(f,P)+L(F,PM).
Thus, U(f,P«)—L(f,P«)=U(f,Ps) —L(f,P¢)+U(CF,P")—L(F,PM)
and so
U(f,Pd) —L(f,P)< U, Pe)—L(f, P«)

and U, P") —L(f,P") < U(T, Pe)—L(f, Py).
Therefore, by the Comparison Test for sequences,

lim (U(f, Py —L(f,Py) =0
and lklﬂ.} (U(F,PO)—L(f,PY) =0

It follows by Theorem 21 that f is Riemann integrable on [a, c] and on [c, b].
Moreover,

, b
L(f,P)=L(F,P+L(F,PY—~ [of+ [ f.

Thus, |, fodx= [ S feodx+ [ Foodx .

Next we shall list the properties of the Darboux sums which we shall use later.

Lemma 28. Suppose f:[a,b] > R and g:[a, b] > R are bounded functions. Let
P:a=X) <X <X <...<X,=Dbbe a partition of [a, b]. Then

L(f,P)+L(g,P) < L(f+g,P)
and U(f,P)+U(g,P) > U(f+g, P). (A)
Furthermore, for any real number K,
L(kf,P)=kL(f,P) and U(kf,P)=kU(f,P) ifk>0
U(kf,P)=kL(f,P) and L(kf,P)=kU(f,P) ifk<0 (B).

Proof. These are observation regarding properties of infimum and supremum.
First we set up some notation. Suppose h: [a, b] - R is a bounded function and
P:a=Xo<Xi <X <...<X)=Dbis apartition of [a, b]. Foreachi=1,...,n, let
Mi (h, P) = sup{h(x): X €[xi-1, Xi ]} and m; (h, P) = inf{h(X): X €[xi-1, Xi ]}. We begin
by examining the components of the lower sums.
mi (f, P)=1inf{ f (X): X €[Xi-1, Xi |} is a lower bound of {f (X): X €[Xi-1, Xi ]}and
mi(g, P) = inf{ g(X): X €[Xi-1, Xi ]} is a lower bound of { g(X): X €[Xi-1, Xi |}.
Therefore,
mi (f,P)+ mi(g, P)<f (X) + g(x) forall x e[xi-1, X ].

It follows that m; (f, P) + mi(g, P) is a lower bound of { f (X) + g(X): X €[Xi-1, Xi ]}.
Therefore,

mi (f,P)+ mi(g, P)<inf { F+g)(X) : X €[Xi-1, X ]} =mi (f + g, P) ~---—-—-- (1

by the definition of infimum,
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and so

L(f,P)+L(g,P)= Izn% m;i( f, P)(Xi —Xi-1) +iZn;, mi(g, P))(Xi — Xi-1)

< En; mi(f+g, P)(Xi — Xi-1) = L(f+ g, P).

This proves the first inequality of (A). We proceed with the second inequality of (A)
similarly. By definition M; ( f, P) is an upper bound of {f (X): X €[Xi-1, X |} and
Mi(g, P) is an upper bound of { g(X): X €[Xi-1, Xi |}. Therefore, for all X €[Xi-1, Xi ],
Mi (f,P)+ Mi(g, P)>f (X) + g(x). It follows that M; (f, P) + Mi(g, P) is an upper
bound for the set { (f+ g)(X) : X €[xi-1, Xi |}. Hence, by the definition of supremum,
Mi (f, P)+ Mi(g, P) 2 sup{ (f+ 9)(X) : x €[Xi-1, Xi |} = Mi (f+g, P) ------- (2)

Then ) )
UCE.P)+U(g. P) = 3 Mi £,P)(xi = i-1) + 2 Mi(g. P)(Ki ~Xi1)

> zn; Mi(f+ 9, P)(Xi = Xi-1) =U(f+g,P)

by (2).

This proves the second inequality of (A). To prove the inequality (B), note that for a
bounded set of real numbers, A, for any k > 0, inf(k A) =k inf(A), sup(kA) = k sup(A).
Also for k<0, inf(k A) =k sup(A), sup(kA) = k inf(A). It follows that for each
i=1,...,n,

mi (kf,P)=km;(f,P)and Mi (kf,P)=kM;(f,P) ifk>0and

mi (kf,P)=k M (f,P)and Mi (kf,P)=km;(f,P) ifk<O0.
Therefore, it follows from this set of equalities that
L(kf,P)=kL(f,P) and U(kf,P)=kU(f,P) ifk>0;
U(kf,P)=kL(f,P) andL(kf,P)=kU(f,P) ifk<0.

Theorem 29. Suppose f: [a, b] & R is a bounded function. If f is Riemann
integrable, then for any real number k, kf is Riemann integrable and

jab kf (x)dx = k fab f(x)dx.

Proof. By Theorem 21, since f is integrable, there is a sequence (P, ) of partitions of
[a, b] such that Jim (U(f,Pn)—L(f,Ps)) =0 and that L(f,Ps)- f:f and
U(f,Po)— [ 1.
Ifk > 0, then
Jim (UCK T, Pn)—L(kT,Pn)) =lim (kU(T,Pn)—KL( f,Pn))
=k Jim (U( f,Pa)—L( f,Py)) =0
Ifk <0, then
Jim (UCK T, Pn)—L(kT,Pn)) =lim (KL(f,Pn)—KU( f,Pn))
=—k Jim (U( f,Pn)—L( f,Pn)) =0.
Therefore, by Theorem 21, k f is integrable and L( kf,Pn) =KL(f,Pn) >k j: fif
k>0and L(kf,Py)=kU(f,P) >k [ fifk<Oandso JPkf =k[’f.
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Theorem 30. Suppose f:[a,b] > R and g:[a, b] > Rare bounded functions. If
f and g are integrable, then f+ g is integrable and

fab(f +0)= fab f+ fab g.

Proof. Since f and g are integrable, by Theorem 21 there exist a sequence (Pn ) of
partitions of [a, b] such that Jim (U(f,Pn)—L(f,Pn)) =0 and a sequence (Qn ) of
partitions of [a, b] such that Jim (U(g,Qn)—L(g,Qn)) =0. Take the sequence of
partition (R, ), where R, = P,uQ, for each positive integer n. By the Refinement
Lemma, for each positive integer n,

L(f,Pa)<L(f,R0)<U(F,Ry) <U(T,Pn)

and

L(9,Qn) <L(g,Rn)=U(g,Rn)<U(g, Qu.
It follows that 0 <U(f,R,) —L(f,Rn) <U(f,Pn) —L(f,Ps) (1)
and 0<U(g,R)—L@,R)<U(Y, Qu) -L(g, Qn). —----mrrmmemmmm- 2)

Because of inequalities (1) and (2), |im (U(f,Pn)—L(f,Pn)) =0 and that
lim (U(g,Qn)—L(g,Qn) =0, by the Comparison Test for sequences,
lim (U(f,Rn)—L(f,Rn)) =0 and lim(U(g,Rn)—L(g,Rn)) =0. Consequently,
(see for example Theorem 21 (2)), we have that
L(f.Rm) = [, f . UCE.R) > [ L(g.R0 [, 0. U(g.R)~ [ g —— ()
Now by Lemma 28, for each positive integer n,
L(f,R)+L(g,Ry) < L(f+g,Ry) <U(f+g,Rn) <U(F,R)+U(g,Rn) ----- 4)
Therefore,
0< U(f+9g,Rn)-L(f+9g,R) <U(F,Ry) —L(f,Ry)+U(g, Rn) —L(g, Rn) - (5)
Since
Jim (U(f,Rn) = L(f,Rn)+U(g,Rn)—L(g,Rn))
:nLio@ (U( f, Rn) - L( f, Rn)) +}11_1:£ (U(g,Rn)—L(g,Rn)) =0,
it follows from the inequality (5) and the Comparison Test for sequences,
lim (U(f+g,Rn)—L(f+g,Rn)) =0.
Therefore, by Theorem 21 (2), f + g is integrable. By the inequality (4), the limits in
(3) and the Squeeze Theorem for sequences, L(f +g,Ry)— j: f+ f: g. But

L(f +g.Rn) = [ (F+gyandso [ (F+g)=[, T+, 0

Remark. A proof using Theorem 21(4) is presented in Ng Tze Beng's "Calculus, an
introduction", 9.4.3.

Theorelgl 31 Suppose f:[a, b] > R is a bounded functions. If f> 0 and integrable,
then ja f >0.

Proof. Since f is integrable, by Theore{)n 21 (2), there exists a sequence (P, ) of
partitions of [a, b] such that L(f,Pp) — ja f. Sincef >0, L(f, P, >0 for each

b
positive integer n. faf being the limit of the sequence (L( f, Pn) ) is therefore
greater than or equal to 0.

Theorem 32. Suppose f:[a,b] > R and g:[a, b] > Rare bounded functions. If
f and g are integrable on [a, b] and f (X) > g(x) for all X in [a, b], then
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jabf zj:g.

Proof . Since f (x) > g(x) for all x in [a, b], f— g > 0 and so by Theorem 31
f2 (f —g)>0. But by Theorem 29 and Theorem 30,

[2(f-g) =2 f+[2g =l f-Ila.
It follows that |2 f—[2g>0andso |2 f>[Lg.

Remark. One can give a proof using either the upper Darboux sum or the lower
Darboux sum and Theorem 21 (2).

We next state a useful observation.

Proposition 33. Suppose f:[a, b] > R is bounded and integrable. If g: [a, b] —
R is a function such that g = f except on a finite set of points in [a, b], then g is
. b b

integrable and [, g=/, f.

Proof. g(x) — f(x) =0 for all X but a finite set of points in [a, b]. This means g — f
is a linear combination of functions of the type considered in example 24.
Therefore, by Example 24, Theorem 29 and 30, g - f is integrable and | ;’ (g-f)=0.
Since g=(g-f)+f andboth (g — f)andf are integrable, by Theorem 30, g is
integrable and

Jag=la(f+@-) =1f +17@-f)=If +0=[7f.
This completes the proof.

Remark. In fact much more is true. By Lebesgue Theorem, if g = f except on a set
of "measure" 0 in [a, b], and if f is integrable, then g is integrable and j‘f g= j;’ f.

Theorem 34. Suppose f: [a, b] > R is a bounded function. Suppose f is
continuous on (a, b). Then f is integrable and the integral does not depend on the
values at the end points of the interval.

Proof. We shall use the equivalent condition (3) for integrability in Theorem 21.
That is, we shall show that given any & > 0, there is a partition P for the interval [a, b]
such that the difference U(f,P) —L(f,P) <e.
Since fis bounded, there exists K > 0 such that | f(x) | <K for all x in [a, b].
Let (an) be a decreasing sequence in (a, (@ +b)/2) such that a, —> a. Let (b,) be an
increasing sequence in ((a +b)/2, b) such that b, — b. Given any € > 0, there exists a
positive integer N such that n > N implies that 0 <a,—a<ge/(8K)and 0 <b —b, <
€/ (8K). Let m be any fixed integer > N. Since f is continuous, f is continuous on
the closed and bounded subinterval [am , bm]. Therefore, by Theorem 23, the
restriction of f to [am, bm] is integrable. By Theorem 21 (3), there exists a partition P
for the interval [am , bm] such that

U( f |[am,bm]5 P) - L( f |[am,bm] ’ P) <él2.
Adding in the two end points a and b we get a partition Q for [a, b]. Thatis, Q =P
w{a, b}. Then the upper Darboux sum with respect to Q is

U(f,Q) =sup{f (X) : x € [a,am]}(@m—a)+ U(f |@nbm, P)
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+sup{f (X) : x € [bm, b]}(b—Dbm)
<K@m—2a)+Kb—bm)+U(T |janbm, P) <&4+U(T |janbm P)
Likewise, the lower Darboux sum with respect to Q is
L(f,Q)=inf{f (X) : x e [a,am]}(@m —a) + L( T |jambn]> P)
+inf{f (X) : x € [bm, 0]} (b —bm)
>—K(am—a)+L( T |janbm}> P) — KO —bm) > —e/4+ L( T |[anpn], P)-
Therefore,
U(f, Q- L(f,Q) <&2+U(f [fanbn, P) = L(T ltamm , P)-
<e&l2+el2=¢
It follows by Theorem 21 (3) that f is integrable. By Proposition 33 the integral is
independent of the values of f at the end points of the interval.

We can show much more.

Given any integer K in P, there exist integers nx and mg such that 0 <a,, —a< 8k_K

and 0 <b-bp, < ﬁ . By Theorem 21 (3), there exists a partition Py for the
interval [@n,, bm, ] such that

UCF [[@n bmJ. PO~ L(F [[an,, bm]. Pe) < 3¢
Without loss of generality we may assume that ng < n; and mg < mg.; for each
integer K in P.
Let Qq =P« uU{a, b}. Then, we can show similarly as above that

u(f Qk)—uf Qk><%
Hence hm (U(f,Qu)—L(f,Qk) = Therefore, by Theorem 21 (2),
u(f, Q@»j f.
But U(f,Qx) =sup{f (X) : x € [a,an,]}(@n, — &) + U( f|[an,, Om,], Pk)

+sup{f (X) : x € [bm,, b]}(b—Dbm,)

and | sup{f (x) : x [?, an ]} (@n, —a) +sup{f (X) : x € [bm,, 0]} (0 — b )|
<K
Since hm 4k = 0, by the Comparison Test,

hm (sup{f (X):x € [a,an]}(@n, —a)+supif (X): x e [bmk, bl}(b—bm,))=0.
It follows that 11m U( f|[an,, bm,],Px) hrn U(f,Qx) = j f . It is clear that
U(f |[an, bm,], Pk) is independent of the end p01nts of the interval [a, b].
Similarly, we can show that L( f[an, bm], Pk) = f f.
Since L( f|[an,,bm,],Px) <§ mkf <U(f|[an,,bm,],Px), by the Squeeze Theorem for

m
sequences, hmj “f =§ f.
k—oo ¢ any a

Remark. Note that the only use of the continuity of f on (a, b) in the proof above is
to deduce the integrability of f on the subintervals [am , bn].

Example 35.
X,X+0
(1) Let f(x)—{ 2.x=0
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1
By Proposition 33, [ foodx =) xdx = [%]_l = (0 assuming the Fundamental
Theorem of Calculus.

x?, 0<x<l1
X3-1, 1<x<2 °
j 02 f(x)dx = j 101 f(x)dx +2§ 12 f(X)dx by Theorem 34 and Theorem 26
= jo x2dx + L (2x3 = 1)dx and assuming the Fundamental Theorem of
Calculus 1 )
3 4
I e S e R U R CR Ve R Rl
3) fo[x j [xdx+j dx+j X]dx= f 0dx+§ 1dx+f 2dx
by Proposition 33

(2) Let f(x)=

=0+1-2-1)+2-(3-2)=0+1+2=3.

Riemann Sums Convergence Theorem

We have seen in Theorem 21 (2) that if f: [a, b] & R is integrable, then the integral
is the limit of a sequence of lower Darboux sums with respect to a sequence of
partitions of [a, b]. We shall show next that the integral is the limit of any sequence
of Riemann sums with respect to a sequence of partitions {P.} of [a, b ] so long as
||Pnl| = O.

Theorem 36. Suppose f :[a, b] > R is Riemann integrable on [a, b] and (P, ) is a
sequence of Partition of [a, b]. Let R(f, P,, C;) be a Riemann sum with respect to
the partition P, with C, being any choice of points in the subintervals of Pn. If ||Py||
converges to 0 as n tends to infinity, then the sequence of Riemann sums

(R(f,Pn,Cn))
tends to f;’ f

Proof. Since f is integrable, by Theorem 21 (4) given any € > 0, we can finda & > 0
such that for any partition P for [a, b] with norm || P || <&, and for any Riemann sum
S with respect to P, |S— fa f|<e. Since ||Py|| converges to 0, we can find an integer
N such that for any n > N, ||Py|| < 8. Therefore, because each R( f, P, , Cy)is a
Riemann sum with respect to Pn, |R(f,Pn,Ch)— f f|<eforalln>N. This means
the sequence (R(f, Pn, Cn) ) converges to f; f as n tends to infinity.

Remark. The usual application of the above theorem is to a sequence of partitions

( Pn), where ||Pi|| = (b — a)/n as is the case when P, is a regular partition and the
Riemann sum R( f, P, , C,) with respect to P, is chosen such that C, the choice of
points in the subintervals of Py. is chosen either to be the end point or beginning point
of the subinterval. In more detail, the application is stated below.

n
Corollary 37. Suppose we are given a limit of the form |im > g(i). If we can write
=]

g(i)= f(Xﬂ%, where either X; =a+ i%or Xi=a+(i— 1)%, then
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n n
. o - b
im 2 o =fim 3 fo0 272 = [, foox,
if fis Riemannn integrable on [a, b]. Therefore, if we can find an anti-derivative F of
f, then Jim Y g(i) = F(b) — F(a) by the Fundamental Theorem of Calculus.
i=1

Example 38.
hmz Sn 2' =lim >, n 5—2%

Nn—o0 i=1 N—o0 i

Il
ey
S =
Il =}
Ul —
| —
N
>
o
>
I
w|._‘

—L[(5-2%)32]y = —+(332 - 5372)

Darboux Sums Convergence Theorem

It is a natural question to ask that if the function f is integrable on [a, b], then does
the same conclusion as in Theorem 36 holds true for either the upper Darboux sums
or lower Darboux sums, that is, does the sequence of either upper Darboux sum or
lower Darboux with respect to any sequence of partitions converge to the integral of f
if the norm of the partitions tend to 0.

Theorem 39. Suppose f : [a, b] —» R is integrable and (P, ) is a sequence of
partitions of [a, b]. If ||P| converges to O as n tends to infinity, then

lim (U(f,Pn) —L(f,Pn)) =0 and consequently L(f,Pn) — [, f and U(f,Pn)~ [, f

Proof. Since f is integrable, by Theorem 21(4), given & > 0, then there exists & > 0
such that for any partition P for [a, b] with norm || P || <&, and for any Riemann sum
S with respect to P,

|S-L|< /4.
Let T = { Riemann sum S : S has the same partition P}.
Then forany Sin T,
L-e4<S<L+eM4. (1)

Let P: a=Xo<X<...<X,= Db be a partition of [a, b] with || P || <d. Let Mi=sup{f
(X) : X € [Xi1, X ]} fori=1,..., n. By the definition of supremum, for each i, 1 <i <
n, there exists Ciin [X.1, X; | such that

: &
f(ci)>M; Ab—a)
Then, using this inequality the Riemann sum
n

R(f,P,C)= ; f(Ci)(Xi —Xi-1)

> ;(Mi —ﬁ)(xi —Xi_1)=i§I Mi(Xi —Xi_l)—% - U(f’p)_%’

where, C=(Cy,...,Cn).
Therefore,
+

U(f,P)<R(f,P,C)+§<L+ =L+§. )

by inequality (1).

£ &
474
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Now let m i =inf{ f (X) : X € [Xi1, Xi ]} fori=1,..., n. By the definition of infimum,
for each i, 1 <i<n, there exists djin [Xi1, X ] such that
_ : &
f(di)<m+ ib—a)
Then, using this inequality, the Riemann sum
n

R(f,P,d)= I; f(di)(Xi —Xi-1)

< i;(mi +m)(xi —Xi-1) = I; mi(Xi —Xi—1)+% = L( f’p)+%

where d=(d,,...,dn).
Therefore,

L(f,P)>R(f,P,d)— —>L—§—§: —%. (3)
It follows from (2) and (3) that if ||P,|| <9, then U(f, P)—L(f,P)<e.
Now since ||[Pq|| — 0, there exists an integer N such that n > N = ||Py|| < &.
Therefore, by what we have just proved,

n>N=U(f,Py)—-L(f,Pn<e.
This means Jim (U(f,Pn)—L(f,Pn)) =0.

Remark. The argument in the proof of Theorem 39 is in the proof of Theorem 21 (4)
= (3) and is reproduced here for convenience.

Mean Value Theorem

Theorem 40 Mean Value Theorem for Integrals.
Suppose f is continuous on the closed interval [a, b] with @ <b. Then there exists a

point y in [a, b] such that fab f =f(y)(b—a).

Proof. Since f is continuous on [a, b], by the Extreme Value Theorem, there exists
C, din [a, b] such that m= f(c) <f(x) <f(d)=M for all X in [a, b]. Therefore, by
Theorem 32,

j m < f f< f M
and so f(c)(b-a)< § f < f(d)(b-a).
Dividing the above inequality by (b — Et;)l), we get

f
f(c) < jbia <f(d).
Therefore, since f is continuous, by the Intermet():iiate Value Theorem, there exists y

f
between ¢ and d , i.e. y in [a, b] such that 2>~ =f(y). (The left hand side of the

equation above is known as the mean value.) Hence ja f =f(y)(b—a).

4

Example 41. We can estimate j 2 sin®(x)dx using the Mean Value Theorem for
6

Integrals. It says there exists ¢ in |[Z, Z |such that j g sin®(x)dx = sin®(c)(§ - %)

sing(c) Since the function sine is increasing on [, 51,

sin(% ) < sin(C) < s1n( )= ﬁ. It follows that L <sin®(c) S % and SO

II SE]

a|=l S|

% < j 2 sin®(X)dx < % F Therefore, T25¢ < j z sin®(x)dx < 725

=
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5.7 Fundamental Theorem of Calculus

The most important theorem in Calculus is the fundamental theorem because it
provides the link between differentiation and Riemann integration. Our next result is
a theorem of Darboux which gives the fundamental theorem without the assumption
of the continuity of the derived function f' of f.

Theorem 42. Darboux Fundamental Theorem of Calculus.

Suppose F : [a, b] > R is a function continuous on [a, b] and differentiable on (a, b).

Suppose the derived function F' : (a, b) — R is integrable in the sense that any
b

extension of F'to the end points a and b is integrable. Then ja F=F(Mb)-F(@) .

Proof. For each integer n > 1 let the regular partition P, for [a, b] be
Poia=X<xi<..<x=Db,
with || Py || = (b—a)/n, Xk =a+kbﬁa fork=0,1,...,n. Foreachk=1, ..., n, since
F is continuous on [X«i, Xx] and differentiable on (X, Xk), by the Mean Value
Theorem (Theorem 15 Chapter 4), there exist &« in (X1, Xk) such that
F* (Ex) (%= Xi1) = F(X) = F(Xi). (1)

Let R( F', Pn, Cy) be the Riemann sum with respect to the partition P, , where C,
=(&1, &2, ... &n) 1s the choice of &; in [Xi1, Xi] given by (1).
Then

R(F',Pn,Cy) = kz::l F'(E) Xk — Xk-1) = kZ::l F(Xk) — F(Xk-1) = F(Xn) — F(X0) = F(b) — F(a)

Since || Py || = (b—a)/n — 0, by Theorem 36, the sequence of Riemann sums (R( F', P,
, Cn)) tends to Lf F' . But the sequence is constant and so R( F', Pn, Ca) — F(b) —
F(a). Therefore, [°F' =F(b)-F(a).

The following is the more familiar form of the fundamental theorem of calculus.

Theorem 43 (First Fundamental Theorem of Calculus)

Suppose F : [a, b] — R is a function continuous on [a, b] and differentiable on (a, b).
b
Suppose F': (a, b) > R is continuous and bounded. Then ja F =F(b)-F(@) .

Proof. F' : (a, b) > R is continuous and bounded implies that F' is integrable by
Theorem 34 and that the integral does not depend on the values of the extension of F'
at the end points. Hence, the theorem follows from Theorem 42.

Remark.
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Suppose f: [a, b] > R is integrable and has an "anti-derivative" F : [a, b] — R,
which is continuous on [a, b] and F'(x) = f (x) for all X in (a, b). Note that F need not
be differentiable at the end points of the interval. Then by Theorem 42,

Jo f=F(b)~F(@).

The significance of Theorem 43 is that we can use any "anti-derivative" to compute
definite integral. Let f be a function continuous on [a, b] and so integrable on [a, b].
For any continuous function F defined on [a, b] such that F'(x) = f (x) for all X in (a,
b), (i.e. F is an "anti-derivative" of f in the sense given above),

fab f = F(b) — F(a) = [F(x)]2. This is the usual form that the theorem is used.

Example 44 jol(x3 — 6x2 +2x + 1)dx

Let f (X) =x— 6x>+ 2x +1. Then f is continuous on [0, 1]. We recognize
4

immediately that F(X) = %~ —2X3 + x? + X is an anti-derivative of f. Thus

[,00 —6x2 +2x+ DA =[5 =23 +x2 +x]} =L =2+ 1+1-0=1.

Remark.

Not all continuous functions have anti-derivatives expressible in terms of elementary
functions. By elementary function, we mean any function formed from real constant,
the identity function, the exponential function, the logarithmic function, the
trigonometric functions and the inverse trigonometric functions, by adding,

multiplying, dividing or forming composition. Not all integrable functions have
2

anti-derivatives. ~ For example, the function ﬁ does not have an
—X

anti-derivative in terms of elementary functions on [-1, 1] and the function
I,x>0
f(X)={ .

1x<0 does not have an anti-derivative on [-1, 1] but is integrable. We
can still compute j_ll f which is 0.

Theorem 45 (Second Fundamental Theorem of Calcullus). )

Suppose f :[a, b] & R is integrable. Define F: [a, b] > R by F(X) = faf for X in
[a, b]. Then

1. Fis continuous on [a, b].

2. If f is continuous at X in [a, b], then F is differentiable at X and F'(x) = f (X).

Proof. Since f is integrable, f is bounded on [a, b]. Thus, there exists a positive

real number K such that -K < f (X) < K for all X in [a, b]. We shall show that F is

uniformly continuous and hence continuous. For any X <y suchthata<x<y<b we

have that —-K < f(t) < Kforall tin !;X’ y]. Hence, taking integrals, by Theorem 32,
—Ky-x)< | f<Ky-x)

and so

) fl<K(y=x=Kly-x. (1)
For any X<ysuchthataSX<nyb,X , ,
Foy=J, =]t +], f=Foo+ [, 1.

Therefore, ,
Foy)-Fo =], f. )
Similarly, if a <y < x < b, by interchanging the role of x and y above, we get,
29
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FoO-Fy) =], f . (3)
It follows from (1), (2) and (3) that, forany a<x <y <b,
IF(X)— F(y)l <Kly—X|
Hence for any € > 0, take 0 to be any real number such that 0 < 6 <¢&/K. Then for all
X, Yy in [a, b],
[X—y[<d=|FX)-Fy)| <K x-y <KeK=¢.

This means F is uniformly continuous on [a, b] and so continuous on [a, b].
Part (2).
Suppose f is continuous at X, € [a, b]. We shall show that F(x)=[, f(t)dt is
differentiable at X, . For X > X,

FO)—F(xo)=1Ja f=[a* f =120 f+I0f-J0f =10 f
and for X < X,

FOO—F(xo)=1a f=[a° f =l f = f+ 0 F) ==L F =13 f
where we use the convention that when ¢ <d in [a, b], fﬁ f = —52' f.

F(x)—F o f
For x = X . let HX)= 9= &) _ ){X_‘) = . Then by the definition of the

derivative, ;Lr)% H(x) = F'(Xo), where the limit is taken to be the appropriate left or
right limit when Xo = a or b. We shall show that H(X) tends to f (Xo) as X tends to Xo.
Since f is continuous at X, , given € > 0 there exists a 6 > 0 such that
IX=Xol <= F(X)—F(Xo) <e=>F(Xo)—e<f(X)<f(Xo)+e.

That is to say, for all x in [a, b] with X € (Xo — 0, Xo + 5) , we have

f(Xo)—e< F(X)< f(Xo)+e 4)
Now we consider the right limit first. For X in (Xo, Xo+9d), using (4) and Theorem 32,
we obtain

jxxo( f(Xo)—¢) < Ix); f < jx)i)(f(XO)"'g) .
That is to say, for any X in (Xo, Xo+9),
(f (X0) —&)(x—xX0) < [y, f (DAt <(f(X0)+&)X—Xo).
Dividing the above inequality by (X —Xo) > 0, we obtain

% T(dt
f(Xo)—e< —x=x, =HX) <f(xo) +e.

Therefore, [H(X) — f (Xo)| < &. This shows that lim H(X) = f (xo).
~%0

Similarly, for the left limit, we take X in (Xo —0, Xo). Then from (4) and Theorem 32,
we obtain for any X in (Xo —9, Xo),

I (f(xo)—e) <1 f <[°(f(x0)+9).
(X fmdt Ty, fat

As before we get f(xo)—e< 5, =% = "x=x,  =HX <f(xo)+&. This shows
that the left limit lim H(X) = f(Xo) . Therefore, if Xo, is in (a, b), then
20

;ir){; H(X) =lim H(x) = f (Xo) and so F'(Xo) :;il)l(% H(x) = f (Xo). By the above argument
—X{ —Xg =
F'(a) =lim H(x) = f(a) and F'(b) =lim H(x) = f (b). This shows that for all X in

[a, b], F(x)= f (x).
This completes the proof.
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Corollary 46. Suppose f :[a, b] — R is continuous. Define F:[a, b] > R by
F(X) j f for xin[a, b]. Then F is differentiable and F'(x) = f (x) for all X in [a, b],

, F is an anti-derivative of f.

Definition 47. Suppose f : [a, b] > Riis 1ntegrab1e. Suppose ¢ and d are two points
in [a, b] such that ¢ <d. We define j f= —f f . With this definition, we have then
for any X, y in [a, b], —fyf —j f . In particular, for any X, y and z in [a, b],

=T+t

Corollary 48. Suppose f :[a, b] > R s continuous. Let C be in (a, b]. Define
F:[a,b] > R by F(x) = f f for xin [a, b]. Then F is differentiable and F'(x) = f (X)

for all x in [a, b], i.e., F is an anti-derivative of f.

Proof. Note that F(x) = j f —j f —5 f .  Therefore, by Corollary 46,
F(X—dxj f= f f =f(x) for all X in [a, b]. Hence F' =1.

Corollary 49. Suppose | is an open | interval and f : | — R is continuous. Let X, be
in | and define F: | > R by F(X) = j f for xin I. Then F'(x) = f (x) for each x in I.

Example 50
X
(1) Letg: R — R bedefinedby g(x)=|, vV2+t*dt. Let f(ty=y2+t>. Then

g(x) = LX f(t)dt = F(x). Thus by Corollary 49, ¢'(X)=F'(X)=f(X)=v2+x>.
(2) Leth: R >R be defined by h(x)= | 2+t dt.

Therefore, h(x) = F(x?), where F is defined in example (1). By the Chain Rule
for differentiation, h'(X) = F'(x?) - 2x = f(x?) - 2X, where the function f is defined

in Example (1). Hence h'(X) =2xy2+x*

Corollary 49 provides a way to find the anti-derivative of a continuous function. It is
then a natural question to ask whether if we relax the continuity condition to one of
integrability, then the conclusion of Corollary 49 holds. The answer is no in general.
A counterexample is is provided by the function in Example 51.

Example 51. Let g : [0, 1] > R, be a function defined by
0 ifxis irrational
agx) = % if 0 <x < 1 is rational and X = 5 in its lowest terms
I ifx=0orl

Then g is bounded, integrable and j é g=0.

We shall now show that g is integrable by using one of the equivalent conditions for
integrability in Theorem 21.
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Given any ¢ > 0, by the Archimedean property of R, there exists a positive integer m
> 1 such that 1/m <&/2.
Observe that there can only be a finite number of reciprocals of integers that are
greater than or equal to 1/m:
Take any rational number p/q with p/q in its lowest terms and 0 < p/q < 1. This
means that 1 < p < and the greatest common divisor of p and q is 1. g(p/q) > I/m if
and only if 1/q > 1/m if and only if 1< g < m . Thus, the number of rational numbers
in [0, 1] that have values greater than or equal to 1/m is finite and this set includes the
point 0 since g(0) = 1. That is the finite set
Sm={p/Q: g=1,....myp=1,...,q}uU{0}
is precisely the set on which the values of g are greater than or equal to 1/m.
We shall show that g satisfies condition (3) of Theorem 21. Recall that the finite set
Sm 1s precisely the set {y €[0, 1]: g(y) = 1/m}. Note that 0,1 € Sy. Let the number of
points of Snbe k+1. Order the elements Yo, Yi, Y-, ..., Yk of Sn.as follows:
O=yo<yi<ya<...¥ka<Y=1
Choose k—1 pair of points, each pair constitute an interval containing each Y; in its
interior and of length < &/2 for i = 1, 2, ..., k=1 and such that they are all mutually
disjoint. That is, we choose X; <X, < ... <Xa such that
0=VYo<Xi <Y1 <X2<X3<VYr<X4<Xs< .. Xok—4< Xok -3 <Yk -1 <Xok -2 <Yk=I.
We choose further two more points, Xo and X« -1 and name Yo as X1, Yk as Xak such
that 0 = X_1 = Yo < Xo<X; and Xok -2 < Xok -1 < Xok =Yk =1. We further require that

k
2(Xaj = Xaj-1) < % : (1)
=0

Obviously,
P: 0:X_1 <Ko < X1 < X< X3<Xae< Xs5< ... Xok =4 < Xok =3 < Xok -2 < Xok -1 < Xok =1
forms a partition for [0, 1].

Now by the density of the irrational numbers in any interval, fori=0, 1, ..., 2k
mi( g, P)=1inf{g(x): X €[Xi-1, Xi |}=0. ()
Now since foreach j=0, 1,2, ..., K, yj € [X2j -1, X2 j | and so by the definition of Sp,
M2; (9, P) = sup{g(X): X €[X2j-1, X2 I}=9 (¥i ) 3).
forj=0,1,2, ...,k.
Now because for j=1,2, ...,K, [X2j-2,Xj-1 |NSn=0,
M2j.1(9, P)=sup{ g (X): X €[Xzj-2, Xoj-1 ]}< I/M =mmmmmmmmmmmmme 4).
forj=1,2, ...,k

2k 2k
U(g,P)-L(g, P)= g} Mi(g, P)AX; — g‘) mi(g, P)AXi,
2k

= i;) Mi(g, P)AX; by (2)
=0 ]

- ZO le(g: P )AXZj + 20 M2j—1(g, P)Aij_l
J= =

k
< Z a(yj)AXzj + Z(:) %AXZH by (3) and (4)
J:
k K
< Axoj+ % 2 AXoj1 since g (y;) <1
: &
2k

<e2+ 3 Ax by (1)

=0
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2k

<g/2+1/m since ), AXj=Xxk—X_1 =1
=0

<gl2+¢el2=¢.
Therefore, given any € > 0, we can find a partition P such that, U(g, P) — L(g, P) <e.
By Theorem 21 (2), g is integrable. Furthermore by Theorem 39, for any sequence of
partitions ( P, ) of [0, 1] with ||P,]| =0 (take ( P, ) to be the sequence of regular
partitions), L(g,Pn) — Ll) g. But for each positive integer n, by the density of the

irrational numbers, L(g, Pn) = 0. Therefore, j (1) g=0.

Remark.
1. Since ¢ is non-negative and f 01 g =0, the function G :[0,1] — R defined by
G(x) = f; g =0 for each x in [0,1]. Hence, G'(X) = 0 and so G'(x) # g(x) for all

rational X in [0,1].
Thus G is not an anti-derivative of g. This gives a counterexample to relaxing
the continuity condition in Corollary 50.

2. The function g in Example 51 is continuous at every irrational points and
discontinuous at every rational points in [0, 1].  Therefore, we can apply
Lebesgue Theorem (reference: Theorem 33 Chapter 14) to conclude that g is
integrable because the rational points constitute a set of measure zero.

We show below that g is continuous at irrational points.
Given any ¢ > 0, choose a positive integer m such that 1/m <e.
Take an irrational number X in [0, 1]. Letd =min{|X—Yy|:y € S }. Thend >0
since X is irrational. Obviously the open interval (X — 3, X + 8) do not meet Sy, .
This is, because if (X — 3, X + d)N Sy # I, then there exists p/q in Sy such that |X -
p/g| < 6 contradicting that |X - p/g| > min{|X —Y| : Yy € Sm } = 0. That means for all
yin(X—-9,X+0)N [0, 1],y ¢ Swand consequently, g(y) < 1/m <g. Therefore,
g(y) —g()| = lg(y) - 0] = g(y) <e.
We have thus shown that for all y in [0, 1] such that |y — X| < & we have |g(y) —
gX)| <e.
It follows by definition that g is continuous at X. Since X is arbitrary, g is
continuous at every irrational point X in [0, 1]. Now we shall show that g is
discontinuous at any rational point X. For any rational point X in [0, 1], by
definition g(X) > 0. Let € = g(X)/2 > 0. For any 6 > 0, by the density of the
irrational numbers in any interval, there exists an irrational number Y5 in (X — J, X
+3)N [0, 1]. Then [g(Ys) — g(X)| =0 — g(X)| = g(X) > g(X)/2 =¢&. We have thus
shown that for any 6 > 0, we can find a ys in (X — 8, X + 3) [0, 1] such that |g( Ys)
— g(X)| > g(x)/2 =¢&. This means ¢ is not continuous at X, if X is rational. Hence ¢
is not continuous at any rational number in [0,1]. This completes the proof of the
assertion.

Example 51 shows that differentiation is not an inverse to Riemann integration as
provided by the construction in Corollary 49, even on bounded function with at most
countably infinite points of discontinuity. Also Riemann integration is not an inverse
to differentiation on the class of differentiable functions with bounded derivatives
modulo constant functions with domain a closed and bounded interval. This is
witnessed by a very difficult example of a function f defined on [0, 1], which is
differentiable, has bounded derivative but the derivative f' is discontinuous at every
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point of a set of "positive measure" in [0,1] . Therefore f'is not Riemann integrable
by Lebesgue Theorem. The construction of such a function is in two stages. The first
part is to construct a set of 'positive measure' . Such a set would necessarily be
uncountably infinite. The next stage is to make use of this set and its complement
together with the function X2 sin(%) to make the definition. The details are found in
[Chapter 8 Example 35, Counterexamples in Analysis, by Bernard R. Gelbaum and
John M.H. Olmsted, published by Holdan-Day, Inc ].

Example 52
X, 0<x<l1
(1) Letf:[0,2] > R be defined by f(X)—{ o1, 1<x<2
The function f is plainly continuous. The function F : [0, 2] — R defined by
F(0) = fof=lotdt, x<1 fo tdt, x<1
T TSI, x>1 0 T fotdt+ T f@t=Ddt, x> 1

_ [;72]6=§, x<1l _ £ x<l1
[0+ -1, x> 1 THx2-X, x>1 "~

is differentiable on[0,2]and F'= f by Corollary 48.

X2

) %jx 1+t2dt [yx 1+t2dt j mdt]_dx 0 1+t2dt+ (jo 1+t2dt)

= & F() — - F(x), where F(X)= [ Tzt
=F'(x?)-2x-F/'(x) by the Chain Rule and Corollary 48
N S VS B
1+ (x2)2 2x 1+x2
by the First Fundamental Theorem of Calculus,
2X 1

Tlax4 T 14x2

5.8 Products and Modulus of Integrable Functions

If f is integrable on [a, b], does it follow that the modulus | f| is also integrable over
[a, b]?

And if f and g are integrable on [a, b], is the product f g also integrable on [a, b]?
We shall answer these questions in the affirmative.

Theorem 53. Suppose f :[a, b] > R is a real valued function. If f is Riemann
integrable on [a, b], then | f|is also Riemann integrable on [a, b] and

HZ f(X)dX‘ Sfil f(x) ldx.

Proof. We need to work with the properties of supremum and infimum. The
property that for any bounded subset A of R, inf A = — sup(—A) will be used. Since f
is integrable, there exists a partition P : a= X, <X<...<X,=b of [a, b] such that the
difference of the upper and lower Parboux sums with respect to P for f,

U(f,P)—L(f, P)=;(Mi—mi)(xi—xi_1)<a, (1)
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where M i =sup{ f(X): X € [Xi1, Xi ]}, and mi=inf{ f (X) : X € [Xi1, Xi |}=—sup{—f
X): X € [Xia, Xi |}.
Therefore, for integer 1 <i<n,
Mi—mi=sup{f(X):Xe[Xii, X ]} + sup{—F(X): X € [Xi1, X ]|}
=sup{ FOO—f(y): Xy e X, X 1},
using the fact that for two bounded sets A and B, sup (A+B) = supA + sup B.
Also the difference of the upper and lower Darboux sums with respect to P for | f | is

Ul 1, P) = L 1 P) = B (MG~ —xi.) <

where M i = sup{| f (X)| : X € [Xi1, Xi ]}, and m{' = inf{| f (X)| : X € [Xi1, Xi |}=
—sup{—|f (X)| : X € [Xi1, Xi ]}.
Therefore, for integer 1 <i<n,
Mi'—mi" =sup{|f(X)|: X € [Xi1,Xi ]} + sup{—| f(X)|: X € [Xi1, X |}
=sup{[fC) - [T W] X,y € [Xi1-Xi 1}

In factsincea e {T(X)—f(y): X,y € [Xi1, Xi ]} ifand only if—a € {f(X) =T (y): X,
y € [Xi1, Xi ]}, forinteger 1 <i<n,

Mi—mi=sup{[f(X)—f(yl: XYy e X, X ]}
Similarly, for integer 1 <i<n,

Mi' —m i =sup{[| f OOl [fWIl: X,y € [Xi1, Xi ]}
It follows from the inequality for any a, b in R, ||a| — |b]| < |a - b, that

Mi{!-mi{!<Mi-m; fori=1,...,n. 2)

The difference of the upper %nd lower Darboux sums,

U(f,P)-L(f[.P)= %(Mﬁ —M{)(Xi = Xi-1)
< 2(Mi—mp)(Xi =xi-)SUP, f) - L(P,f)<e
by (2) and (1).

5,

I
—_

Therefore, by Theorem 21(3), | f| is integrable.

By Theorem 29, —| f| is also integrable. Since we have the inequality —| f| < f <| |,
by Theorem 32,

b b b
_gal f (x) ldx sbfa foodx < || f(x) ldx.
This means that ‘ fa f (X)dx‘ < jal f (x) ldx. This completes the proof of Theorem 53.

We can use the above argument to prove the following.

Theorem 54. Suppose f :[a, b] - R is a bounded function. If f is (Riemann)
integrable on [a, b], then f?=f xf isalso (Riemann) integrable on [a, b].

Proof. Let K=sup{|f(X)| : X € [a, b]}. If K=0, we have nothing to prove since f
would be the zero constant function. Assume K > (0. Take any € > 0. Since f is
integrable, there exists a partition P : a =Xy <X;<... <X, =b of [a, b] such that the
difference of the upper and lowenr Darboux sums with respect to P for f,

U(f,P)—L(f, P)=§(Mi—mi)(xi—xi,1)<s/(2K ),
Fori=1,...,n,let M{=sup{f*(X):X € [Xi1, X ]},andm ' =inf{ f2(X) : X € [Xi
, Xi ]}=—sup{—f*X):x € [Xi1, X% ]}. Thenfori=1,...,n,
Mi'—mi'=sup{f?(X):x e [Xii, %]} + sup{—F2(X): X € [Xi1, Xi |}
=sup{ 2 ()= F2(y): Xy € [Xi1, X ]}
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=sup{[ 2 () —f>WI: X,y & [xi1, X ]}

=sup{| FC) = FWIFC)+F W Xy € [Xir, X 1}

<2Ksup{| f(X)—f(y): X,y € [Xi1, X ]}

=2K(Mi—m)).
Therefore, the difference of the upper Darboux sum and the lower Darboux sum with
respect to P for 2, is

U(f2LP)—L(f%P)= ign;(l\/li’ —m)(Xi —Xi-1) < 2K Zn;('\"i —Mi(Xi = Xi-1)

<2Ke/(2K ) =e.
This inequality implies by Theorem 21 (3), that f? is integrable on [a, b].

An easy consequence of the above theorem is the following.

Corollary 55. Suppose f and g are integrable on [a, b], then fg= fx gis also
integrable on [a, b],

Proof. Notethatfg=1/2[(f +g)*— f?— g?. By Theorem 54, f>, gZand (f +
g ) are integrable. Therefore, by Theorem 30, [(f + g )*— f?— g ?]is integrable.
The result then follows from Theorem 29..

Theorem 56. Suppose f :[a, b] &> R is integrable. If there exists K > 0 such that
forall xin [a, b], |f(X)] > K, then 1/f is also integrable on [a, b].

Proof. Fixane>0. Sincef isintegrable on [a, b], by Theorem 21 (3), there exists
a partition P : a= X, <X;<... <X, = b such that the difference of the upper and lower
Riemann sum,

U(f,P)-L(f,P)<eK ?, (1)

where U(f, P):ZM'(Xi—Xi 1), Mi=sup{f(x):x e [Xi1,X ]}, and

L(f,P)= Zm(x.—x. 1), mi=inf{ f(X): X € [Xi1, Xi ]}.
Then

U(f,P)—L(f,P)Zé(Mi—mi)(Xi—Xi1). (2)

Let M =sup{l/f(X):Xx e [Xi1,X ]},and m{=inf{l/f(X):X € [Xi1, Xi [}=
—sup{—1/f(X) : X € [Xi1, Xi ]}. Then for integer i=1, ..., n,
Mi'"—=mi'=sup{l/f(X): X € [Xi1, X ]} + sup{—1/f(X): X € [Xi1, X |}
=sup{l/f(X)=1/T(y): X,y € [Xi1, Xi |}
=sup{|I/fX)=1/fy): X,y € [Xi1, X ]}
=sup{[ )= W/ FCOTWI: Xy e [Xia, Xi ]}
<sup{[ fOO) - F(YI/K2: X,y € [Xia, % ]}
because for any X in [a, b], 1/|f(X)| <1/ K,
=sup {| f ()~ FW: %y e X, % 1}/ K
=(Mi-my/ K 3)

n
Since U(1/f,P)= Z Mi(Xi —Xi-1)and L(1/f,P)= Z m;(Xi — Xi-1), the difference of

the upper and lower Darboux sums with respect to P for 1/f,
U/ f,P)-LA/f,P)= Z(M’ m)(Xi —Xi-1) < 1/K? Z(M. mi)(Xi —Xi-1) by (3)
i=1
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= (/K)U(f, P)-L(f, P)) by (2)

< (I/K*)eK *=¢ by (18).
Hence, condition (3) of Theorem 21 is satisfied by 1/ f and so 1/f is integrable on
[a, b]. This completes the proof.

5.9 Integration By Parts And The Change of Variable Formula.

Integration By Parts

Integration by parts is a formula often used for computing Riemann integrals or
definite integrals of the Lebesgue type. We shall start from the usual anti-derivative
form of the formula. Let | be an interval. Suppose F : 1 — R is an anti-derivative
of f:1 > RandG: | — R is an anti-derivative of g: | > R. Then we have that F’
= f and G’ =¢. The product formula for differentiation tells us that
(FG) =F G+FG =fG+Faqg. (1)
From here we consider additional condition on f and g to give a formula for the
relation between anti-derivative of f G and that of F g. At this point, if we assume
that f and g are continuous, then both f G and F g are continuous. Therefore, f G
and F g have anti-derivatives by Corollary 54. Using (1) we can write
fG=(FG) -Fug.
Thus any anti-derivative of fG is of the form F G — anti-derivative of F g. This is
seen as follows. Suppose H is an anti-derivative of F g. Then H> = Fg = (FG)’
—fG sothat (FG)’—H’=fG. Thismeans K = F G- H is an anti-derivative of
f G. On the other hand if K is an anti-derivative of fG, then K’=fG= (F G)’ —
F g sothat (FG-K)' =(FG) - K’= FgandsoH =FG - Kis an anti-derivative of
F g. Therefore, K=FG - H. This means we have
£ (x)G(x)dx = F(X)G(X) — | F(x)g(x)dX.

We have thus proved the following theorem.

Theorem 57. Let | be an interval. Suppose F : | — R is an anti-derivative of f: |
— R and G: | > R is an anti-derivative of g: | > R. If fand g are continuous,
then we have the following formula for anti-derivatives:

I £ ()G(x)dx = F(X)G(X) — | F(x)g(x)dX.

Theorem 58. Suppose F :[a, b] - Rand G : [a, b] — R are continuous. Suppose
that F and G have continuous and bounded derivatives on the open interval (a, b).
Then

[° F 0600t = [FOGME — [° FRG (X)X, —-mrrrrerrrre ©

Proof. Since F' :(a, b) > R is continuous and bounded, by Theorem 34 F' is
integrable on [a, b]. Since G is continuous, G is integrable. Therefore, by Corollary
55, the product F' G is integrable on [a, b]. We deduce similarly that F G' is
integrable on [a, b]. Hence the sum F' G + F G' is integrable on [a, b]. Since FG is
an anti-derivative of F' G + F G' on (a, b), by the First Fundamental Theorem of
Calculus (Theorem 43),

b
ja (F'()G(X) + FX)G' (x))dx = [F()G(X) 1.
Then by the linearity of the integral (Theorem 30),
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{7 Fo0Geodx+ [ L FOG (9dx = [FeOG() 1%
Formula (C) then follows.

We can improve the theorem a little.

Theorem 59. Suppose F :[a,b] - Rand G : [a, b] — R are continuous. Suppose
that F and G are differentiable on (a, b) and F' and G' are integrable. Then

{7 P0G = [FRG12 - [ FooG' (x)dx.

Proof. The proof is almost exactly the same as that of Theorem 58. By Corollary 55
,F'G and F G' are integrable on [a, b]. By linearity, F' G + F G' is integrable on [a,
b]. Note that by the product rule for differentiation, (F G)’ = F* G + F G’.
Therefore, by 1b“he0rem 42 (Darboux Fundamegltal Theorem of Calculus),

J. (FGX) +FXG'(x)dx = [, (FG)' = [F)G(X)]3
The formula then follows by linearity of the integral.

Change of Variable Formula

Suppose g:[a, b] — [c, d] is a differentiable function and f: [c, d] — R is a bounded
function. A necessary condition for the change of variable formula

I f(@00)g/09dx = [ T ()ax (D)

to hold is that 1. f(g (X)) g' (X) is Riemann integrable on [a, b] and
2. f is Riemann integrable over a domain containing the range of g.

Theorem 60. Suppose g: [a, b] — R is a continuous function and f: [c,d] > R is
integrable and has an anti-derivative. Suppose the range of g < [c, d] and g is
differentiable on (a, b). If (f-Q)g' is integrable on [a, b], then formula (D) holds.

Proof. Let F be an anti-derivative of f. Note that since F is differentiable on [c, d],
F is continuous and therefore, F«y is continuous on [a, b] because g: [a, b] > R is
continuous. Then F' = f . By the Chain rule for differentiation, F<g is
differentiable on (a, b) and

(F = 9)'(x) = F(@0))g'(x) = (g (x) g'()= (T g)(x) g'X)

for all xin (a, b). If (f-Qg) Q" is integrable on [a, b], then (F - g)' is integrable on [a,
b]. Therefore, by Darboux Fundamental Theorem of Calculus (Theorem 42),

J Z f(g(x)g/(x)dx = | :(F °g)' =Fog(b)—Fog(a)=F(g(b) - Fa(@)).

But f is integrabble with antiderivative F, again by Darboux Fundamental Theorem
of Calculus, [J'f = F(g(b) - F(g(@).
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a(b)

It follows then that jz f (9(x))g/(x)dx = o

f (X)dx. This completes the proof.

Remark. If the function f is continuous on its domain then f is Riemann
integrable and has an antiderivative given by the Fundamental Theorem of Calculus.
Thus, we often replace the condition on f in Theorem 60 by continuity as in Theorem
61 below.

Theorem 61. If g: [a, b] — [c, d] is a continuous function differentiable on the open
interval (a, b) and suppose that g' : (2, b) &> R is continuous and bounded and if f:
[c, d] = R is continuous, then formula (D) holds.

Proof. By assumption f o g is continuous on [a, b] and so is bounded on (a, b).
Since ¢' : (a, b) > R is continuous and bounded, ( f Q) ' is continuous and
bounded on (a, b). Therefore, by Theorem 34, (f og) g" is integrable on [a, b].
Since f is continuous on [c, d], by the Corollary to the Second Fundamental theorem
of Calculus (Corollary 46), f has an anti-derivative on [c, d], given by .
F(x)= f: f (t)dt. Therefore, by Theorem 60, formula (D) holds.

Theorem 60 supposes that ( fo g) g' is integrable on [a, b]. Under what condition
can we guarantee the Riemann integrability of ( f cg) g' on [a, b]. Formula (D)
requires that f be Riemann integrable on a domain containing the range of g. If we
impose sufficient condition on g' we can deduce that (f cg) g' is Riemann integrable
on [a, b]. It is, however, not true in general that if f is Riemann integrable and g is
continuous, then f og is Riemann integrable. For a counter example see Example 5
of Composition and Riemann Integrability on My Calculus web.

Theorem 62. Suppose f:[c, d] > R is Riemann integrable and g: [a, b] — [c, d] is
a continuously differentiable strictly increasing function mapping [a, b] onto [c, d].
Then ( f og) @' is Riemann integrable on [a, b] and formula (D) holds, that is,

Jt @o0)g/eodx = [ f (xyax.

Proof . Since f is integrable on [c, d], by Theorem 21 (3), given any € > 0, there
exists a partition W for [c, d],

W:c=lh<h<..<lh=d
such that

U(f,W)—-L(f,W)<eg/2 (1)
Since g: [a, b] — [c, d] is a strictly monotonic increasing bijective map, its inverse is
also a strictly monotonic increasing bijection and so

g"W:a=2z<z<..<z=b
wherezi=g~' i ,i=1,2,...,n, is a partition for [a, b].
Because f is integrable, f is bounded on [c, d], that is, there exists a real number M
> 0 such that | f (X) | <M for all x in [c, d]. Since ¢' :[a, b] >R is continuous on [a,
b], @' is uniformly continuous. Therefore, given &> 0, there exists & > 0 such that
X-y[<8=1g' ()~ 7' () | </QMHT)(b-a)  —oreemeemmeeee @)

Now refine the partition g 'W, by adding points if need be, to get a partition Q

Q: a=X <Xi<..<xX=Db, wherek>n,
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with || Q|| = max {Xi—Xi_1 :i=1,2,...,k} <8. This means g '(W) < Q. Then g(Q)
=P is arefinement of W since W< ¢g(Q)=P. Let

P: c=y<yi<..<y=d,
then yi=g(x), i =1, 2,..., k. Therefore, by the definition of upper and lower Darboux
sums,

L(f,W)<L(f,P)< U(f,P)<U(f, W)

and so we have, U(f,P)—-L(f,P)< U(f,W)-L(f,W)< &/2, that is,

U(f,P)-L(f,P)<e/2. 3)
Since ¢ is differentiable, by the Mean Value Theorem, there exists i € [Xi_i, Xi] such
that

AYi=Yi=Yrr=0()-gX-1) =9 (Ei)(Xi=Xi-1) =g" (G A X . ------ 4
Note that g' (§i) > 0 for i =1, 2,..., k since g is increasing on [a, b].

We shall use what we have just proved. Note that the upper Riemann sum of ( f ¢ Q)
g' with respect to the partition Q (as given before with ||Q|| < d) is defined to be
k

U((fe0)g, Q)=§ Mi(f @)g’, Q)AXi, %)

where Mi((fo0) g, Q)=sup{fog(X) g (X):X e [X, X}, i =1,2,..., k.
For each integer i=1, 2,..., k,
Mi((feg) g, Q) =sup{feg(X)g (X):X e [Xii, X}
=sup{fog () (@ (X)—gEN*TFog(x)g (&): X € [Xi, Xi]}
But for each i =1, 2,..., k, and for any X € [Xi_, Xi],
fog () (@' () —g'€N) <[feg X9 xX)—g'E)I<|f(g X)) e/(2(M+1)(b-a))
by (2) since [x — & [< X — Xi|<[|Q|| <
<M ¢/(2(M+1)(b-a))

since | f ()| <M for all y in [C, d]
<¢g/(2(b-a)).
Therefore, for each i =1, 2,..., k,
Mi( (fe0) g, Q) =sup{feog () (g (X)—gEN*+Feg () g (&): X € [Xii, Xi]}

< g/(2(b—a))+ sup{f og (X) g' (&): X € [Xi1, Xi]}

<e&/(2(b—a)) +sup{feog(X):Xx e [Xii,Xi]}g (§i) sinceq' (§i)=>0

=¢&/(2(b—a)) +sup{ f(X) :x € [yi_1, ¥i]}q' (§i), since g is a bijection.
It follows from (5) imd the above inekquality that
U((F29) 9, Q)< 5 gyAxi+ Zsup{ f (9 :x€ [y, yil}g'(E)AX;

k

i=1
= 5+ 3 sup{ f (9 :x€ [y, Yil}Ayi= 22+ U(f, P) by (4)
<g2+L(P, f)+e2 by (3)
=L, fy+e<L [ f+e
Therefore, the upper integral
U1 og)g <U((fog)g Q<L f +e

that is, for any € > 0, . §
Ufa(f og)g/<chf +é.

Therefore, since € > 0 is arbitrary, . ;
Uf,(ogg <L, f. (6)
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k
Recall L((fog)g, Q)=§ mi(f 2 g)g’, Q)AX,
where mi( (fog) g', Q) =inf{ fog (X) g' (X): X € [Xii, Xi]}, 1 =1,2,..., k.

But for integer i =1, 2,..., k,
mi( (fo9) g, Q) =inf{ fog (X) g" (X): x & [Xi-1, Xi]}
=inf{ fog (¥) (9" ) —g'EN*Tog (X) g (&): X € [Xiu, Xi]}
> inf{— M &/(2(M+1)(b-a)) +feg (X) @' (§): X € [Xiu1, Xi]} by (2)
> —¢/(2(b —a)) +inf{ f og (X) :x € [Xi_1, Xi]}g' (&) since g' (&) =0
= —¢/(2(b—a)) + inf{ T (X) :x € [yi-1, ¥i]} @' (&) since g is a bijection.
Therefore, the lower sum of (foQ)Qg" wuth respect to the partition Q,

\L((f-0)g,Q)= gm(fomg Q)Ax.

k
> E— 306 )Ax.+2mf{ f(X):xe[yii, Vil}g'(E)AX
= % Zk;,mf{ f(X): X € [yi1, Vil}Ayi=—¢e/2 + L(f, P) by (4).
It follows that )
L(f,P)<L(fog)g,Q)+s&/2 (7)
Now UTF <UCE,P)<L(f,P)+2/2 by (3)
<L((feg) g, Q)t+e/2+e/2 by (7) above

< L[ (fogq +e
using the fact that the upper integral of f < U( f, P)and that L((fcQ)g’, Q) < the
lower integral of (foQ)Q".

Therefore, U f: f <L j:( fog)g +e.
Since this is true for any € > 0,
d b
Uf f<L| (o0 (8)
Combining (6) and (8) we get
uf’ f<|_j (f og)g’ <u§ (fog)g <L [
But Lj f<uj f and so uj f_Lj )k _uj (f og)g’ _|_§ f.
Therefore, by Theorerbn 21 (1), (fo gb) g is 1ntegrabdle on [31 b] and
o0y =Uf ooy =L f=]f
This completes the proof.

Remark.

1. Note that Theorem 62 holds true when g is continuously differentiable and
increasing on [a, b]. To prove this, in place of g 'W, just pick a point in the
pre-image of each of the points in W. Then we refine this partition to Q. P =g(Q)
is a partition of [, d] but the points yi = g (Xi), i =1, 2,..., k need not be distinct.
Inequality (5) in the proof of Theorem 62 above still holds true, i.e., Ayi= @' (&
)A Xi, fori=1, 2,..., k. Note that if y; =g (Xi) = Yi.1 = g (Xi-1), then, since ¢ is
increasing, ¢ is constant on [Xi_1, Xi] and g'(x) = 0 for all X in [Xi_1, Xi] and we can

choose any X for §;. The rest of the proof is exactly the same as in the proof of
Theorem 62.
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2. In Theorem 62 we do not require that f has an antiderivative. This caters to a
larger class of functions including step functions.

The case when g is strictly decreasing is given as follows.

Theorem 63. Suppose f : [c, d] > R is integrable and g: [a, b] — [c, d] is a
continuously differentiable strictly decreasing function mapping [a, b] onto [c, d].
Then (f Q) @' is integrable on [a, b] and

J2f (@ogroodx = [ dx = [ ~f (odx

The proof of Theorem 63 is exactly the same as the proof for Theorem 62 except that
we use the function — (f og ) g' instead of (fog)g' and taking care that this time
round, g' (§i ) <0 and in the equation
Ayi=9" (&)AXi
the points y; are oriented in the opposite direction, that is
d=yo>y>..>y=cC,

where yi = g (X)), 1 =1, 2,..., k. Care should be exercised when taking supremum or
infimum, use — ¢' (§ i ) > 0, for instance the following may be used to derive the
supremum
sup{~f og (¥) g (X): X € [Xi_1, Xi]}

=sup{ —fog () (9" (X) - 9'(&)) —fog (X) " (&): X € [Xi, Xi]}

< sup{ M &/2(M+1)(b-a)) +f og (X)(— 9" (§)): X € [Xi1, Xi]}

<e/(2(b—a)) tsup{feog(X):Xx e [XiiX]}=0" (&)) since —g' (&) > 0.

=¢&/(2(b —a)) +sup{ f (X) :x € [Yi, Vi-1]} (=g (&i)), since g is onto on [Xi_i, Xi].

Remark. Theorem 63 holds true when ¢ is continuously differentiable and
decreasing on [a, b].

Example 64 1
In the integral fo x3(2x* = 3)13dx, let g(x) = 2x* = 3, g'(X) = 8x*> and f (y) =y'?.

Then, fis continuous and g is continuously differentiable and so by Theorem 61

1 1 (1) -1
J, X3 @x*=3)Pdx = % J o f@00)g/(xdx = % 3(0) f(y)dy = % J - yPay

_1[3.4s]"' _ 3
=gl =533,
by the First Fundamental Theorem for Calculus.

5.10 The Second Mean Value Theorem for Integrals

Theorem 65. Suppose F: [a, b] — R is continuous and ¢ :[a, b] — R is
increasing and differentiable on [a, b] and its derivative @' is integrable on [a, b].
Then there exists € in [a, b] such that

[*F g/ =Fo)g(b) - g@)
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Proof. Since F is continuous on [a, b], by the Extreme Value Theorem, there exists d
and e in [a, b] such that for all X in [a, b],
F(d)<FX)<FEe). e (1)
I.e., F(d) and F(e) are respectively the minimum and maximum of F.
Next since ¢ is increasing and differentiable on [a, b], g'(X) > 0 for all X in [a, b].
Thus multiplying (1) by g'(x) we get for all X in [a, b],
F(d) g'(x) < F(x) g'(x) < F(e)g'(x).

Note that since F is continuous, F is integrable. Since @' is integrable, by Corollary
55, the product F @' is integrable on [a, b]. Therefore, by Theorem 32,

b b b
F) [, 9’0 <[, Fg <Fe) |, g'(xdx.
By the Intermediate Value Theorem, there exists ¢ between d and e and hence in [a,
b] such that

JoFg'=F© ] 9.
Since @' is integrable on [a, b], by the First Fundamental Theorem of Calculus,

{7 g'=g(b)-g(@).
It follows that |. F g’ = F(c)(g(b) - g(a)).

Theorem 66. Suppose f :[a, b] — R is increasing and differentiable on [a, b] and
its derivative f' is Riemann integrable on [a, b], and suppose that g:[a, b] — R is
continuous on [a, b]. Then there exists € in [a, b] such that

[Jfa=t@ [ g+ fM) [ 0.

Proof. XSince g is continuous on [a, b], we can define for each X in [a, b]
G(X):fag(t)dt . By the Second Fundamental Theorem of Calculus, G is an

anti-derivative of g.
Then using inte%ration by parts (Theorem 58),

b
J. f0g00dx = [f (0GX)]3 - J. GO f/(xdx
=f(D)GD) -, G F'()dX, e (1)
since G(a) = 0.
By Theorem 65, since G is continuous and f is increasing with derivative f '
integrable, there exists C in [@, b] such that

RO O T R 1)) N— 2)
Thus substituting (2) in (1) we obtain,
j: fg=~f(b)G(b) - j: G(x) f'(x)dx =f (b)G(b) - G(c)(f (b) - f(a))
=T ([0)(G(b)-G(c)) +T(@G(C)
—f )| ], gvdt— ]  gvydt] + f (@) [ gctyet

b b
=t(b) f, goodx+ f (@ [, 900dx= (@ [, 9+ fb) [ g
This completes the proof.

Remark.
1. Theorem 66 is also known as the second mean value theorem or Bonnet's theorem
and Theorem 65 is known as the mean value theorem for weighted means.
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2. [Itis clear that Theorem 66 holds true when f :[a, b] — R is decreasing and
differentiable on [a, b] and its derivative f'is integrable on [a, b]. Just apply
Theorem 66 to — f .

3. Actually the conclusion of Theorem 66 is valid if f is merely monotone and g is
integrable. As you might expect, the proof is much harder. A proof would
require a Riemann- Stieltjes version of Theorem 65 and a Riemann-Stieltjes
version of integration by parts.

Exercises 67.

1. Consider the partition P = {0, 1/4, 1/2,1} of the interval [0, 1]. Compute the lower
and upper Darboux sums, i.e., L ( f, P) and U( f, P) for the following three
choices of function f:[0,1]> R:

(i) f (x) =x for all X in [0,1].
(i1) f (x) = 19 for all x in [0, 1].
(iii) f (x) = —x* for all x in [0, 1].

2. Suppose that the bounded fbunction f: La, b] —R is such that f (X) = 0 for rational
X in [a, b]. Prove that LfafSOS U faf.

—sz, X<0

3. Suppose f : R >R is defined by f(X)= 12 . Determine f '(X) for

2y2
2x,sz

each X in R. What is the most general anti-derivative of the function g(X) = || ?

4. Show that a necessary and sufficient condition for f : [a, b] =R to be integrable
1s:

For any € > 0, there exist integrable functions g and h on [a, b] such that
g<f<h
b b
and fa h— ja g<e¢
[Hint: use one of the equivalent condition in Theorem 21.]

5. Use only the definition or equivalent definition of the integral to prove that

j(x) t*dx = %x“ :

6. Show that | u()dx=1if x()=|x]|.

7. Let [X] be the largest integer < x. Do the following functions have anti-derivatives
on the whole of R?

1) fxX)=x,x=0, f(0)=1.
(i) f(x)=[x].
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8. Prove that the function f(X)= {

[X]

(it) (=757

sin(x), X # 0

is integrable on [0, 1].
0. x=0 g [0, 1]

9. Suppose f:[a, b] > R is a Lipschitz function, i.c., there exists a constant C such

10.

11.

12.

13.

14.

15.

16.

17.

that | f(X)—f(y)|< C|x—y|. Prove that f is integrable.

Suppose that S is a non-empty bounded subset of R. For a real number k, define
kS={ks:seS}.
Prove that

(i) sup kS =k supS and infkS=k infSifk>0

(ii) sup kS=k inf S and inf kS =k sup S if k <O0.

%Xz, X rational

Suppose f : [0, 1] >R is defined by f(x) = 1 o
—§X2, X irrational

. Prove that f

is not integrable.
b
Suppose f :[a, b] >R is continuous and such that L f =0. Prove that there is
a point C in [a, b] such that f(c)=0.
Suppose f :[1,2] >R is defined by

1

0, x irrational
f (X) = . m - . .
7> Xrational and X =  in its lowest term

Prove that f is integrable.

Suppose f :[a,b] >R and g : [a, b] >R are integrable. Prove the following
cauchy Schwarz inequality:

Frra< o [[lo.

[Hint: For each number A, define p(4) = jg( f —Ag)?. Then p (L) is a quadratic
function always > 0. ]

Suppose f :[a, b] >R is bounded and continuous except at one point X, in the
interior (a, b). Prove that f is integrable.

Suppose f :[a, b] >R and g : [a, b] >R are integrable. Prove that

b b b
(16 +gl<[f1+gl.
Suppose that the function f: R — R is differentiable. Define the function H: R

— R by
Ho) =" (f(®+ f(-t)dt forallxinR.
Find H" (X).
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18. Suppose that the function f: R — R has a continuous second derivative. Prove
that f(x)= f(0)+ f'(Ox+ [, (x—t)f"(tydtforall x in R.

19. Suppose that the function f: R — R is continuous. Define
G(x) = [, (x—t) f (tydt
for all X in R.
Prove that G"(x) = f (X) for all X in R.

20. Show that the conclusion of the Mean Value Theorem for Integrals (Theorem 40)
can be strengthened so that we can choose the point ¢ to be in (@, b), not just in

[a, b].

21. Suppose that the function g: R —> R is continuous and that g(x) > 0 for all x.
Define h(X) = jo 0 —dt for all x in R and let J = h(R). Prove thatif f:J — Ris

the inverse of h: R - R, then f:J — R is a solution of the non-linear
differential equation
f'(x)=g(f(x)) for all x in J
f(0)=0 ’
22. Suppose that the function f :[a, b] >R is continuous and let P be any partition
of its domain [a, b]. Show that there is a Riemann sum R( f, P, C) that equals

b
fa f . [Hint: Use the Mean Value Theorem for Integrals.]

23. (i) Let p and n be counting numbers in P with n > 2. Prove by induction that
n-1 .
Z kp _ np+ < 2 kp
k=1

(i1) Use (i) to prove that for a counting number p,

! 1
foxpdx: o1

24. Suppose f:[0,0)—> R is continuous and that lim f(x) =a, where a is a real
number. Prove that lim y f f(Hdt=a.

25. Suppose that f is continuous on [a, b] and that f: f(x)g(x)dx =0 for any
continuous function g on [a, b] such that g(a) = g(b) = 0. Prove that f= 0 the
zero constant function.

26. Prove that for any two counting numbers n and m in P,

j(l) X™(1—=x)"dx = f;(l —X)Mx"dx.

27. Suppose that the function f: R — R has a continuous second derivative. Prove
that for any two numbers a and b,

{7 Xf"dx =b f'(b)+ f (a)—af '(a)—f (b).

28. Suppose that the function f: R — R has a continuous second derivative. Fix a
number a. Proxve that
fa f'"O(x-t)dt=—(x—a)f'(@+ f(x)—f(a) for all x.
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29.

30.

31.

32.

33.

34.

35.

36.

37.

Suppose that the function f: [0, ©0) — R is continuous and strictly increasing and

that f is differentiable on (O oo) Suppose f (0) =0. Consider the formula
(540" F1=xf(0 forallx>0.

Provide a geometric interpretation of this formula in terms of areas. Then prove

this formula.

Suppose that the function f : [0, ©) — R is continuous and strictly increasing with
f(0)=0and f(]O0, oo)) [0, 0). Then define
Foo=f,f and G =, f forallx20.
(1) Prove Young's Inequality:
ab< F(@)+ G(b) foralla>0andb>o.
(ii) Use Young's Inequality with f (X) = x P! for all X > 0 and p > 1 fixed, to
prove that if the number ( is chosen to have the property 1/p + 1/q =1, then
abs%p+% foralla>0andb > 0.

[Hint: The formula in question 29 holds without assuming the differentiability of
f. Use this formula. See question 46 for further details.]

(a) Suppose that the function f : R >R is differentiable and f' =cf for some
constant C. Prove that there is a constant k such that f(x) =k e * for all X in R.
(b) Show that if f(x)= j f (t)dt for all real number X, then f = 0, the 0 constant

function.

Suppose f:[a, b] — R is continuously differentiable, i.e., f is differentiable and
f':[a, b] > R is continuous. Use integration by parts to prove that

lim [ f (t) sin(xt)dt = 0.

Use the Second Mean Value Theorem for Integrals (Theorem 66) to prove that
10 sin(X)
jl TdX <2

Suppose that the function f: R — R is continuous. Prove that

fz f (U)(x—u)du = fé(fg f (t)dt)du.
[Hint: Differentiate both sides.]

Evaluate (a) hmz sm( )(b)f (In(x))2dx (c) [ x* cos(x)dx.

Let the function f be continuous on [0, ). Show that
J o xf(sin(x))dx = 2 J o f(sin(x)dx .

Hence, or otherwise, compute j g X sin*(X)dx.
(Hint: Use the substitution X =t — t and the identity sin(rz —t) = sin(t). )

Find the following derivatives.

d rx 1

d sin(2x) 1
& dx TR

dx 1 +t5+110
47

dt.
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38.

39.

40.

41.

42.

43.

44,

45.

d sin( x2) 1
< dx j—3>< 1+1t3 +t6dt'

Find the following integrals.
a. [ x217¢dx. b. |xe3*>dx. c. [(x+1)ex13*dx.

Find the following integrals.

1 6 1 X
a. j(x2+5)(6+x2)dx' b. L ﬂmdx. c. jo o xa dx

Use integration by parts to find the following integrals.
a. j sec™(x)dx. b. f x? cos(2x)dx. . j sin(In(x?))dx.

In(1
Evaluate : a. jj JX tan”'(/X)dXx. b. jg In(x?>+ 1)dx. ¢ j(l) %dx.

/4 n/2 L+sin(x) n/2  sin(2X)
d. Jg In( +tanGpdx. e. o (i )dx. £ 5 aedx 0<ksl.

Find
a. | sin%(3x) cos(3x)dx; b | sin®(x) cos*(x)dx.

Find the following integrals.
X2 X2 -25
a. | ———dx. b. C dx.
§ 1/525 4x2 s § 9 + x2 , § X
X> +X +x + XA+ X+1 X“+3
j - X dx. e § X(x2 +x+1)dX

f f(xxz:;ﬁdx. g [ Jo= /X dx.

Suppose f is continuous on [02, 8] and twice differentiable on (0, 8) such that
f" (x)>0. Then show that jo f (x*)dx>2f(2). (Hint: Jensen's inequality.)

(1) Suppose f is continuous on [a, b] and twice differentiable on (a, b) with
f" (x)<0forall Xin (a, b). Suppose g: [c, d] — R is a function that

fd g(x)dx
maps [C, d] into [a, b]. Suppose g is integrable on [c, d]. Let J= CdT

Then prove that | f (g())dx < (d—c) f (J).
(i) More generally, suppose f is convex on (a, b). Suppose g:[c,d]— (a,b) is
integrable. Then

Lol

d-c| d-c

[ f@0oax. *)

This is known as Jensen’s inequality. In particular, if f is twice differentiable on
(a,b)and f"(x)>0 forall X in (a, b), then the inequality (*) holds.
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46. Let h:[a,b] = Rbe any continuous and increasing function.
h

(i) Prove that f: h(t)dt + fhg h=!(s)ds = xh(x) + C for some constant C.

Hence, or otherwise, deduce that

[ n(dx = bh(b) - ah(a) - [, h-'(s)ds
(i) Using part (i) or otherwise, evaluate f ; l+(x— 1)% dx.

[Hint: Take a partition for [a, X] and induce a partition for [h(a), h(x)]. Consider
lower and upper Darboux sums for hand h™ ]

h(b)
h(a)

47. Suppose f:[a, b] - Ris Riemann integrable. Prove the following generalization
of question 32,

() lim [ f(®)sin(xt)dt=0 and

X

(b) lim |, f (t) cos(xt)dt = 0.

X—
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