Chapter 14 Improper Integral and Lebesgue Integral

Introduction.

The concept of Riemann integral of a function presupposes that the function is defined on a
bounded subset of R, usually a connected interval and the function is necessarily bounded on
this bounded and connected interval. Since the function is bounded, by arbitrarily assigning
values at the boundary or end points of the connected interval, we may always assume that the
domain of the function is a closed and bounded interval, say [a, b]. Lebesgue's Theorem then
asserts that a function f :[a,b]— R is Riemann integrable if, and only if, it is continuous
except on a set of measure zero in [a, b]. Hence, we have two obvious situations when a
function is not Riemann integrable. The first is when f is discontinuous on a set of positive
measure even though f is bounded. The second is when either f is not bounded or the domain
is not a bounded subset of R. We shall be concerned with this later case. Obviously, this
presents infinite possibilities and situations. We shall describe the more manageable ones here.

We shall first consider functions on unbounded domains. Domains are assumed to be
connected.

Suppose f :[0,00) — R is such that for any b > 0, the restriction of f to [0, b] is Riemann
integrable. Cauchy's definition of the improper integral is defined to be

+00 . b
jo f = lim [ £ (x)dx.

b—-+o0

We shall see later that this definition is equivalent to the Lebesgue integral LJ'[0 ) fiffis

non-negative and the limit exists. We say f is improperly integrable if the limit lim ob f (x)dx

b—>+o0

exists and is finite.

d f(x)

Note that by Lebesgue's Theorem f is integrable on [0, b] if, and only if, f is continuous except
on a set of measure zero in [0, b]. Thus, if f is Riemann integrable on [0, b] for any b > 0, then
fis continuous on [0, «) except on a set of measure zero. We can deduce this as follows. Take
b to be any integer n and let Sy to be the set of measure zero in [0, b] on which f is discontinuous.

Then the set S on which f is discontinuous is a countable union U{Sn :neN}and is a set of
measure zero, since each Sy is of measure zero and the measure of S, (S) <2 1(Sn) = 0, where
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w is the Lebesgue measure. This means f is continuous almost everywhere on [0, ) and so f
is (Lebesgue) measurable on [0, ).

Similarly, for function f :(—o0,0] — Rsuch that f is Riemann integrable on [a, 0] for any a <
0, we can define the improper integral,

0 0
[ f=1im [ f(x)ax.

a—>—w
And if furthermore, f is non-negative and if the limit exists, then the improper integral is also
the Lebesgue integral.

Plainly, for non-positive function f satisfying either f is Riemann integrable on [0, b] for any b
> 0 or f is Riemann integrable on [a, 0] for any a < 0, the improper integral J:w f or _[O f,if

it exists is also the Lebesgue integral.

For non-negative function f defined on the whole of R, which is the only interval unbounded
on both sides, we can define the improper integral as
[t =lim [ f(dx,

if f is Riemann integrable on [-t, t] for each t > 0.

We would also like to use the convergence theorems in Lebesgue integration theory to deduce
statements about improper Riemann integrals. The notion of Lebesgue integrability is a notion
about absolute integrability, meaning f is Lebesgue integrable if, and only if, | f | is Lebesgue
integrable. Thus, if a function f is such that the improper integral of f exists but the improper
integral of | f | does not exist, then it is not necessary that the improper Riemann integral is
equal to the Lebesgue integral. For instance, take the function f defined by f (x) = sin(x)/x for

x # 0 and f (0) = 1, the improper Riemann integral J.:D f exists and equals /2. But the

improper integral I0+w| f | does not exist. We can deduce this as follows. Note that

J’k” SN Gy > ijk” [sin(x)| dx = 2 for each integer k> 0. Thus, we get,
k-Dz| x ks d(k-0z kz

nr b ke [sin(X) - 2

[ |f(x)|dx_kZ:1: j(k_l)” » dxzékﬂ.

0

. 2 . . +o0 . .
And so, since Zk— is divergent, jo |f|does not exist. It follows that f is not Lebesgue
k=1 KT

integrable.

14.1 Improper Integral on Unbounded Domain

Definition 1.
1. Suppose f :[a,) — Ris such that f is Riemann integrable on every closed sub-interval

of [a, ). We define the improper Riemann integral byJ'M f(x)dx = tIim It f(x)dx.
2. If f:(—oo,b]— Ris Riemann integrable on every closed sub-interval of (oo, b], then we

define the improper integral by [” f (x)dx = lim [ £ (0dx.
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3. If f:R—Rissuchthat f is Riemann integrable on every closed sub-interval of R,
then we define the improper integral by j £ (x)dx = lim L °f (x)dx-+ lim jt f (x)dx

forsomecin R.

In each case if the limit exists, then we say the improper integral is convergent, otherwise it is
divergent.

Plainly, if J’M f (x)dx exists, then rw f (x)dx exists forany r >a. Similar conclusion for the
other two types of improper integral is valid.

In general, convergence of the integral J% f (x)dx (respectively f f (x)dx, J‘m f(x)dx)
does not imply the convergence of I+w| f (x)|dx (respectively J'b | f (x)|dx, j+w| f (x)[dx ).

If 'Ew|f(x)|dx (respectiverJ._b | f (x)|dx, 'f+w|f(x)|dx) exists, then we say the improper

integral is absolutely convergent. Absolute convergence amounts to the function f being
Lebesgue integrable.

We have next a convergence theorem.

Theorem 2. Suppose f :[a,0) - R is Riemann integrable on every closed sub-interval of

[a, ©). Then the improper integral .[m f (x)dx exists if, and only if, for every &> 0, there

exists a number N > 0 (depending on &) such that forall sand t > N, U: f(x)dx|<¢.

Proof. Suppose I :rw f (x)dx exists. Then given any &> 0 there exists N > 0 such that
I—rfxdx‘ £ forr>N.
[l re0<S
Therefore,
t t S t S
U f(x)dx‘zu f (k- | f(x)dx‘s“ f(Qd—1+1 - f(x)dx‘
t S E £
Sfd—lHl—fd‘—_:
Ua (x)dx—1{+ L (x)x<2+2 &

forr,s>N.
Conversely, assume the condition is satisfied, that is, for every &> 0, there exists a number N

> 0 such that for all sand t > N, U: f (x)dx‘ <¢g.

Let (an) be a sequence in [a, o) such that an — oo. Then there exists an integer M > 0 such

that n > M = a, > N. Hence the sequence (La" f(x)dx)satisfies that

nm>M = U ([ f (x)dx‘ - Uam f (x)dx‘ <e.
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Therefore, (_[: f (x)dx) is a Cauchy sequence and so by the Cauchy Principle of

Convergence, it is convergent. Suppose Ia" f(x)dx — A. We shall show that
Jm f(x)dx = A. We shall show that for any sequence (bn) in [a, «) such that by — oo,

Ib” f (x)dx — A. Suppose jb" f (xX)dx —> B. Forany &> 0, there exists an integer N1 such
that

R - 1)

Sincej'an f (x)dx — A, there exists an integer N2 such that

n2N2:>Ua"f(x)dx—A‘<§. S — - (2)
By assumption, there exists a number N > 0 such that for all sand t > N,
t &
f(x dx‘<—.
NGRS

Since an — o0 and by — 0. and there exists an integer M > 0 such that
nZMjan,bn>N.

by
L

n

Therefore,

n>M=

&
f (X)dX‘ <5 m—— 3)

Hence, for n > max(N1, N2, M),

B-A =‘B—I:" fgdes [ f gder [ f(x)dx—A‘

&

—+—+—=¢.

3 3 3

Since &> 0 is arbitrary, B = A. This shows that J'OO f (x)dx is convergent. This completes the

bn
S‘B—L f(x)dx‘+

[ f(x)dx‘+‘ [ f (dx- A‘ <

proof.
We have a similar result for the integral Lb f(x)dx.

Theorem 3. Suppose f :(—w,b]— R is Riemann integrable on every closed sub-interval of

(= oo, b]. Then the improper integral f f (x)dx exists if, and only if, for every &> 0, there

exists a number N < 0 such that for all sand t <N, U: f (x)dx‘ <eg.

The proof of Theorem 3 is similar to that of Theorem 2.

Theorem 2 and Theorem 3 together then gives a convergence criterion for integrals of the type
[T (9.

For non-negative function f :RR — R, we have the following results concerning convergence.
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Theorem 4. If f:R — Ris Riemann integrable on every closed sub-interval of R and is non-

negative, then [ f (x)dx =lim [ f(dx.

Proof. Suppose wa f (x)dx is convergent. Then !imJ:Ot f (x)dx and !imJ'; f (x)dx are

. t . 0 t
convergent. Therefore, !Lrg L f(x)dx = !Lrg(f_t f (x)dx +_[0 f (x)dx)

—lim [ f(x)dx+lim [ f(x)d
=lim|_ (x) X+tLrD.[o (x)dx

t—o0 o =

= [T £ (xox.

Conversely, suppose !imjﬁtt f (x)dx is convergent. Then since f is non-negative,
g(t)= j; f (x)dx is an increasing function on [0, «). In particular,
t t A t
g(t) = jo f (x)dx < L f(x)dx<lim L f (x)dx
Hence, g is bounded above and so !imJ: f (x)dx =sup{g(t) ‘te [O,oo)} by the completeness
of R . It can be shown similarly that h(t) = J._Ot f (x)dx is an increasing function bounded
above by !imft f(x)dx. Thus, !im'f_ot f (x)dx =sup{h(t) 't e[O,oo)} . This means J'jw f (x)dx
is convergent. By the above discussion, J._M f(x)dx = !im.[_tt f (x)dx. This completes the
proof.

Suppose f : R — R is Riemann integrable on every closed sub-interval of R . We can define
the principal value of .Ej f (x)dx to be !Lrg ft f (x)dx. Note that though 'Ej f (x)dx may be
divergent its principal value may exist. For example, take f (x) = x. Then plainly,

.E: f (x)dx is divergent but its principal value is 0 as j:tt f(x)dx=0.

Remark. Theorem 4 simply states that for a non-negative function f :R — R, which is

Riemann integrable on every closed sub-interval of R, the improper integral J'_m f(x)dx is
equal to its principal value. The proof of Theorem 4 also shows that if we know that
J.M f (x)dx is convergent, then J.m f (x)dx , the improper integral, is equal to its principal

value. Thus, very often we just need to compute the principal value in order to obtain the
improper integral once convergence is ascertained.

Example 5.
(1) Letf(x)=1/(1+x%). Thenforanyt>0, j; f()dx=[tan*(x) ] =tan*(t).
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* T AN T t _ At -1
Thus, jo f (dx = limtan (1) == . Also, J._tf(x)dx_[tan (t)lt—Ztan (t) and so
j‘” f()dx=lim2tan*(t) = 7.
) j:xe’xdx

t —X —X t t —X b H H b
joxe dx=[—e x]O+Le dx, by integration by parts,
t 1

_': —X 1t —t —t _
=|—e "'X—¢ ] =—et-e +0+1=1-———
0 e ¢

Therefore,

© . . 1
_[ xe “dx = Ilmj't xe dx = Ilm(l—lt——tj .
0 t—w J0 t—00 e

e
Now Iimit = Iimit =0Dby L' Hopital's Rule. Thus, r xe *dx=1-0-0=1.
towo @ too @ 0

o . et P
3) xdx is divergent since lim | xdx =lim— =+o0 .
0 0

t—o towo 2

Definition 6. If J'M| f (x)|dx is convergent, then we say .[ﬂo f (x)dx is absolutely
convergent. Similarly, if _"b |f(x)|dx is convergent, then we say _[b f (x)dx is absolutely
convergent. Likewise, if J-w | f (x)|dx is convergent, then we same f (x)dx is absolutely
convergent.

Theorem 7. If J%|f(x)|dx respectively, _[b | f (x)|dx, Iw|f(x)|dx is convergent, then

'rw f (x)dx respectively, I_b f (x)dx, f f (x)dx is convergent.

Proof. Suppose rm| f (x)|dx is convergent. Then by Theorem 2, for every &> 0, there exists
a number N > 0 such that for all sand t > N,

‘ [{]100]dx

<& .

It follows that for all s and t > N, U: f(x)dx‘s‘_[:|f(x)|dx‘<g. Hence, by Theorem 2,

J'm f (x)dx is convergent. For the case of _[b | f (x)|dx and Jm | f ()|dx , the proof proceeds in
the same way.

Definition 8. If J:wf(x)dx respectively, Ib f (x)dx, f f (x)dx is convergent and
J':O| f (x)| dx respectively, J'b | f(x)|dx, j'w | f (x)|dx is divergent, then we say Jjo f (x)dx

respectively, Lb f (x)dx, Jm f (x)dx is conditionally convergent.
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SINY i x £ 0,
Example 9. Let f(x)={ x Thenf f (x)dx = j sm)fx) dx. We can establish
1, ifx=0

that I:mdx is convergent as follows.
X

Fort>s>0. J-: @ dx {_ cos(X) }t ) J.t COS(X) 4, _ €OS(s) _ cos(t) J.t cosgx) dx

2

X s X S
by integration by parts. Therefore
tsin(x
j () gy < j e —— ).
s x?
For any &> 0, there exists a numbe K> 0such that 2/K< g. It follows that for t > s > K,
J~tsm(x)d 2 £<8.
s X S

sin(x) dx =

Therefore, by Theorem 2, '[ ( )dx is convergent. Actually, jo . However,

J- sm( )

dxis divergent. To see this, note that

jk” fsin9) dxzijk” sin(x)]dx = =

kD7 X K dk-Dx Kz
n7z| |n(X)| n1

and so IO v dx _ﬂkz;i.

S()

Therefore, smcez is divergent, it follows thatj dx is divergent. Hence,

k—l

= Sin(X)
.[O X

dx is conditionally convergent.

For non-negative function f we have also the following comparison test for convergence.
Indeed, we have used the following result in the proof of Theorem 4 implicitly.

Theorem 10. If Iw g(x)dxexists and 0 <f (x) <k g(x) forx>aand f :[a,0) > R is

Riemann integrable on every closed sub-interval of [a, o), then ro f (X)dx exists.

Proof. By hypothesis, h(t) = II f (x)dxis an increasing function on [a, «) and bounded above

by kjw g(x)dx. LetK=sup{h(t):t e [a, «)}. Then givenany &> 0, there exists a to in [a,

o) such that K — ¢ < h(to) < K. Now, given any sequence (an) in [a, ) such that an — oo,
there exists an integer N such that n > N = an > to. Therefore,
n>N = h(an) > h(to)) = K — £ < h(to) < h(an) <K =| h(an) - K| <.
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This shows that for any sequence (an) in [a, o) such that ay — oo, h(an) — K. Therefore, by
definition, !im h(t) = !imﬂ f (xX)dx = K. This means J'w f (x)dx exists.

Note that we have used the completeness property of R by using the supremum of {h(t): t €
[a, ©)}. The following is a technical observation which may come in handy.

Lemma 11. If for every &> 0, there exists a number R such that | f (X) — f (y) |< &£ whenever
X,y > R, then f (x) tends to a limit as x tends to oo.

Proof. Take any sequence (an) such that a,— oo. Then there exists an integer N such that

n>N=an>R. Thus, |f(an) —f (am) | < & This means ( f (an)) is a Cauchy sequence.

Consequently (f (an)) is convergent. Suppose f (an) — L. We shall show that for any

sequence (bn) such that bh— oo, f (bn) — L. By assumption, there exists a number Ry such

that | f (x) — f (y) | < &/2 whenever x, y > R1. Plainly, there exists an integer M such thatn > M

= an, bn > R1. Since f (an) — L, there exists an integer Mz such that
n>Mi=|f(bn)—L|<e&l2

Therefore, n>max (M, M) = |f(bn) —L|<|f(bn) —f(an) +f(an)-L|

<|f(bn)—f(an) |+ |f(an)-L<&2+s&2=c¢c
This shows that f (bn) — L. Hence, lL”; f(x)=L.

Theorem 12. The following is equivalent to r f(x)dx=S.

Given any ¢ > 0, there exists a number R > 0 such that u,v>R = U_V f (x)dx—S‘ <g.

Proof.
(i) Suppose J:w f(x)dx=S. Then given any &> 0 there exists a number R > 0 such that

u=R :>U f(x)dx—S‘ <§ and that U f(x)dx‘<% and U f(x)dx‘<§ |

Therefore, for u, v> R, we have that if v > u,

‘f d—sH”f dx—S+['f d‘s‘uf d—SHVf i <%=
J:u (x)dx I_u (x)dx +fu (x)dx '[_u (x)dx +Iu (X) N<S+s=e
and ifv<u,

" f d—sH'vf e+ [ d—S‘S‘_Vf d‘ ‘Vf d—S‘ £l 8,
I, tooax=s| <[ Foodx+ [ £ ooak=5| <[ F (e[ fooax-s|<E+ £

Hence, foru, v>R, Uvu f(x)dx—-S|<¢.

(i1) Conversely, suppose for any &> 0, there exists a number R > 0 such that

u,v= R:>“'_Vu f(x)dx—S‘<g.

Then forany x,y >R,

Uy f (x)dxHjy f(Odx-S+5- [ f(x)dx‘s“y f(x)dx—s‘+‘5—jx f(x)dx‘< 2 .
X -R -R -R -R

©Ng Tze Beng
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It follows by Theorem 2 that j: f (x)dx is convergent. We deduce in the same way that
f f (x)dx is convergent. Hence J:w f (x)dx is convergent. Let Jm f(x)dx=S". Then by

part (i), there exists u > R such that U_uu f(x)dx—-S’

<¢ . But Uuuf(x)dx—s‘«s. Hence,

|s'—s|=‘s'—j“u f(dx+ [ f(x)dx—S‘sUuu f (x)dx—S’ <e+e=2c.

+U F(x)dx—S

Since ¢is arbitrary, S' = S.
We next have the following convergence criterion that we shall use later,

Theorem 13. Suppose there exist real numbers R, M > 0 such that for all |x| > R,
x| f (x) | < M and f is Riemann integrable on any closed interval in R. Then I_w f(x)dxis
absolutely convergent.

Proof. By hypothesis, f is Riemann integrable on [0, R]. Forx >R >0,|f (x)|< %
Since I:izdx is convergent, by Theorem 10, '[:| f (x)|dx is convergent. It follows that
X

I : f (x)dx is absolutely convergent and therefore convergent (Theorem 7). We show
similarly that I_R f (xX)dx is absolutely convergent. Therefore,
© R ©
[T Ooldx= [T 0l dx+ [ | (0] dx
. L 0 R 0 .
is convergent. Likewise, I_ |f(x)|dx:j_ |f(x)|dx+I_R| f (x)|dx is convergent.

Therefore, f f (x)dx is absolutely convergent.
Remark. Similar result holds for ro f(x)dx or j_b f(x)dx .

Example 14. Lme‘xxpdx converges for all p.

p+2
Note that x%e *xP =

— 0 asx — . Therefore, there exists a number R > 0 such that

X

p+2

x’e *x” <1 forx>R. Since x’e*x° = is continuous on [1, R] and so is Riemann

X

e
integrable on [1, R], it follows from Theorem 13 that fe‘xxpdx IS convergent.

14.2 Improper Integrals on Bounded Domain, Part 1

Definition 15
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(1) Suppose f is continuous on (a, b] and that lim f (x) =+c. Then

[ £ (xdx - lim [ £ (dx, if the limit exists.

(2) Suppose f is continuous on [a, b) and that XILT f(X)=+0. Then

[ £ (0dx ~ lim [ f (x)dx, i the limit exists.

(3) Suppose f is continuous on [a,b]—{c} , where a < ¢ < b and that IX|LTC1| f (X)| =+o0. Then

[ £ 0odx=1im [* £ (x)d+ lim [ £ (x)dx , if the limits exist.

a t—>c” Ja s—ct s

Example 16.

1) _[:xln(x)dx = Iimfxln(x)dx. Using integration by parts,
t—0"

1 X2 t? 1X
jtxm(x)dx{?ln( )1 I—-—dx_—EIn(t)—J'tde

- _gm(t){x—zl _ ! E—Eln(t)

4 4 4
_In .1 _t?
But limt®In(t) = lim (t)_llmL Ilmt——O
t—0" t—0" t—z t—0* ;—32 t—0* 2
t* t

Thus, J.lxln(x)dx:—lJr———ln(t)—>—l ast—>0".
t 4 4 2 4

Therefore [ xIn(x)dx = -~
erefore '[Ox n(x) X__Z'

1
dx=Ilim —dx_llm{?’xﬂ =Iim(§—§t§j=§.
2 2 2

i

X3 10" Jt w3 t—0* t—0*{ 2
Similarly,
t
joildx=—lim —dx_—llm{sxﬂ =—Iim(—§+§t§j:§
-1y t>0 91 y3 t0 | 2 o' 2 2 2
Therefore, I —|dx=1lim —dx—llm ildx:§+§:3.
t—0" txs t>0" 71 y3 2 2

@ [ iml g oo iml o gromtim -2 | vim -

1
dx is divergent.
_ 2)2 9

2
But both limits do not exist, therefore the integral _[0 (
X
In a later section we shall consider convergence criterion and relation with Lebesgue integral.

10
©Ng Tze Beng



Chapter 14 Improper Integral and Lebesgue Integral

14.3 Lebesgue Measure and Lebesgue Integral
In this section we give a review of Lebesgue theory.

Definition 17. For any function f, define the following associated functions:
Fr)=(fx)|+f(x)/220,
f-x)=(fx)|-fXx)2=>0.

Then f*(x):{f(x)' i.f f(x)>0, and f(x):{_f(x)’_ if f(x)SO,.
0, iff(x)<0 0, iff(x)>0
In particular, we have that f (x) = f *(x) — f = (x) and | f (X) | = f " (X) + f ~ (X).

Here we shall present the definition of measurable function and the definition of (Lebesgue)
measure on R. |f|is measurable need not imply that f is measurable. For instance, if we
assume the existence of non-measurable set E, then if we define f (x) = 1 for x in E and f (x) =
—1 for x not in E, then | f | is measurable but f is not. In view of this, we shall always assume
or state the requirement that f be measurable.

Lebesgue Measure.

Suppose | is an interval, define A(I) to be (b — a) if I is bounded and a and b are end points of
I, with a <b. Define A(l) to be « if I is unbounded.

Let I" be the family of all countable collections of disjoint open intervals. Define a function
A* on T into the extended non-negative real numbers, A*:I" — R" =[0,] by

A*(y)=>.2(1).

ley

Suppose E is a subset of R . Define the family of countable cover of E by disjoint open
intervals to be @ (E) = {y: y is a countable collection of disjoint open intervals covering E}.
Define the Lebesgue outer measure of E by

p*(E) = inf {2*(y): y € € (E)}-
Thus, *(E) is either finite or oo.

Definition 18. A subset E of R is said to be Lebesgue measurable if, and only if, for all
subset X of R,
p*(X) = @*(XNE) + 4*(X\ E),
Equivalently, if forall X R,
1*(X) > y*(XNE) + 1*(X \ E).
If E is measurable, the Lebesgue measure of E, #(E) is defined to be the outer measure *(E).

Properties 19.

1. Jand R are measurable,

2. If E is measurable, then its complement R — E is also measurable.

3. Any open subset of R is measurable and so any closed subset of R is also

11
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Chapter 14 Improper Integral and Lebesgue Integral

measurable. Hence any interval is measurable.
4. Countable union of measurable subsets is measurable and so countable intersection of
measurable subsets is also measurable.

5. If #*(E) =0, then E and any subset of E is also measurable.
6. IfE1, Eo, ... isa countable collection of disjoint measurable sets, then

1(U{E, :n:1,2,---}):gy(En).

Measurable Function

Definition 20.

A function f: E - R is measurable if, and only if, for any open subset U of R, f (V) is
measurable.

Hence, it is necessary that E be measurable for f to be measurable.

The following is an immediate consequence of the definition.

Properties 21.

(1) Suppose E is measurable. Then every continuous function f : E — R is measurable.

(2) Suppose f: E — R ismeasurable and f (E) c Xand g: X — R is continuous. Then the
composite function g o f: E — R is measurable.

(3) Supposef:E— R andg:E — R are measurable, then f+gand fg are measurable.

Lemma 22. If f: E— R is measurable, then |f|, f"and f - are measurable.

Proof. If fis measurable, then f - f is measurable by Property 21 (3) and by Property (2), | f|
=~ (f-f)is measurable. Thus by Property 21 (3), f*=(|f|+f)/2 is measurable. Likewise,

f —=(|f|-"f)/2is measurable.

Simple Function and Lebesgue Integral

Definition 23.
A function s: E —» R is said to be simple if s is measurable and s takes on only a finite
number of values.

For any subset A of R, the characteristic function of A, ya is the function defined by

() = 1 ifxeA
A0 ifxe A

Thus, if s: E — R is simple, S(E) = {ou, 0z, ..., an} and Ai = sY(ai), i =1, ..., n, then

S=Y.ax, -
i=1

Note that each Aj is measurable since s is measurable.

For a non-negative simple function s: E — R "= [0, o), we define the Lebesgue integral of s
to be

J-ESdﬂ:ian:ai:u(A)

12
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Chapter 14 Improper Integral and Lebesgue Integral

where s=>"a,7, , S(E) = {a1, @, ..., an} and Ai = s (a), i =1, ..., n. Hence, IE sdu is
i=1

either finite or infinite.
If the Lebesgue measure of E, «(E) is finite, we can define for a simple functions: E - R
(not necessarily non-negative), the Lebesgue integral of s to be

jgdwgaiu(/x),
where s :Zn:ai;a\ , S(E) ={a, a2, ..., on} and Ai = s (), i =1, ..., n.
i=1

Note that L sd xis finite since each (Aj) is finite.

We say the simple function s is Lebesgue integrable if its Lebesgue integral is finite.
Thus, a simple function defined on a set E of finite measure is Lebesgue integrable.

Definition 24.
Suppose w(E) is finite, i.e., ¢(E) <. Suppose f: E — R is a bounded function.
We say f is Lebesgue integrable if, and only if, given &> 0 there exists simple functions u and
v on E such that
usf<y
and IE (v—u)du<e. Following Darboux, we define the Lebesgue integral

IE fdu= sup{jE ¢d 1 ¢ is a simple function on E such that ¢ < f } :

Notice that the Lebesgue integral of u and v are analogous to the lower Darboux and upper
Darboux sums for a bounded function defined by step functions defined for a partition of a
finite interval.

Theorem 25.

Suppose #(E) <. Suppose f: E — R isabounded function. Then fis Lebesgue integrable
if, and only if, f is measurable if, and only if, | f | is Lebesgue integrable. In particular, when
f is Lebesgue integrable, f*and f - are Lebesgue integrable and

jE fd,LII.[E f+d,u—fE fdu.

Proof. Suppose ¢(E) <. Suppose f: E — R isabounded function. We can define the
lower Lebesgue integral to be

L_[E fdu= sup{jE ¢d 1 ¢ i1s a simple function on E such that ¢ < f }
and the upper Lebesgue integral to be
UIE fd i :sup{jE @¢d 1 ¢ is a simple function on E such that f < ¢} .

The condition in Definition 24 is equivalent to that the lower and upper Lebesgue integrals
are the same. It can be shown that f is measurable if, and only if, the lower and upper
Lebesgue integrals are the same. We omit the details here as it is a little tedious. (For a
reference see Proposition 3, Chapter 4, Royden's "Real Analysis"”, Third Edition.)

Note thatf = f*— f~. Since fis measurable, f * and f ~ are measurable and so their lower

and upper Lebesgue integrals are the same. It follows that IE fdu= .[E f +dy—fE fdu.

13
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Chapter 14 Improper Integral and Lebesgue Integral

Now we consider unbounded functions.

Definition 26. Lebesgue integral of non-negative function.
Suppose f: E — R" is a non-negative function and E is measurable. Define the Lebesgue
integral of f to be

.[E fdu= sup{IE sd @ ¢ is a non-negative simple function on E suchthat 0<s< f } :
We say f is Lebesgue integrable (or summable) if the integral IE fd g is finite.

The following is well known.

Lemma 27. Suppose f: E — R" is a non-negative measurable function. Then there exists
an increasing sequence of non-negative measurable simple functions {s, : E — R} such that
s1<sp<...< f and (sn) converges pointwise to f .

Theorem 28. Lebesgue Monotone Convergence Theorem.
Suppose { fn: E— R"} is a sequence of non-negative increasing measurable functions
tending pointwise to f: E — R™. Then f is measurable and IE fdu/ _[E fdu..

In view of Theorem 28 we have:

Corollary 29. Suppose f: E — R" is a non-negative measurable function. Then there exists
an increasing sequence of non-negative measurable simple functions {s, : E — R"} such that
sn< f, (sn) converges pointwise to f and IE Snd#/'.[E fdu.

In some sense, Theorem 25 motivates the next definition.

Definition 30. Lebesgue integral of a real valued functions.
Suppose f: E — R is a measurable function. We say f is Lebesgue integrable if, and only if,
J.E|f|dy<oo. Note that we then have IE f+d'”’.[g f‘dys.fE|f|du<oo. We define the

Lebesgue integral of f to be j'E fdy=jE f*dy—IE fdu.

Theorem 31. Lebesgue Dominated Convergence Theorem.

Suppose { fn: E— R} is asequence of measurable functions tending pointwise (almost
everywhere) to f: E — R. Suppose further that there exists a Lebesgue integrable function
g:E —> R suchthat|fn|<g forall positive integer n and for almost all x in E (i.e., |[fn|<g
for all positive integer n except perhaps on a set of measure zero). Then f, and f are
Lebesgue integrable and IE fdu— J'E fd .

Remark. A reference for Lebesgue Monotone Convergence Theorem and Lebesgue
Dominated Convergence Theorem is Royden's "Real Analysis, Pearson Prentice Hall Third
Edition", Page 87 Theorem 10, page 91 Theorem 16. Lemma 27 is well known and is often

14
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stated without proof (see for example, Proposition 7 in Chapter 11 page 260 of Royden's
"Real Analysis".) One can produce the required simple functions by an appropriate dissection
of the subinterval [0, n] in [0, «) for each n and use the pre-image of the subintervals of the
dissection to define the simple function for each n.

For bounded function defined on a bounded interval the following is well known.

Theorem 32. Lebesgue.
Suppose f :[a, b] — R is a bounded function on a closed and bounded interval [a, b].
If f is Riemann integrable, then f is Lebesgue integrable, hence measurable and the Lebesgue

integral I[a . fd i =Lb f (x)dx, where the right integral is the Riemann integral of f on [a, b].

The following is a characterization of Riemann integrable functions in terms of continuity.

Theorem 33. Lebesgue.

Suppose f :[a, b] > Ris a bounded function on a closed and bounded interval [a, b]. fis
Riemann integrable if, and only if, f is continuous except perhaps on a set of measure zero, i.e.,
f is continuous almost everywhere.

14. 4 Improper Integral and Lebesgue integral.

Theorem 34. Suppose f :[a, ©) — R" is a non-negative function which is Riemann integrable
on every closed sub-interval of [a, o). Then fis measurable. f is Lebesgue integrable if, and

only if, the improper (Riemann) integral J% f (X)dx exists. When f is Lebesgue integrable, the
Lebesgue integral

_hmﬁdyzlfﬁ(mdx

Proof.
Since f is Riemann integrable on every sub interval of [a, «), or each integer n > 1, define
f(x), a<x<a+n

f,:[a,0) > R" by fn(x):{ 0 x>awn . Then (fn) is a monotone increasing

sequence converging pointwise to f. Each f is Riemann integrable on [a, a + n] and 0 on
(a+n, ). Therefore, f, restricted to [a, a + n] is measurable by Theorem 32 and so for any

open U not containing 0, f ~(U) :( f, B (U) is measurable. For any open U

[a,a+n])
containing 0, f ~*(U) = ( foliaan )71 (U)u(a+n,o), which is a union of measurable sets, is

measurable. This shows that f , is measurable. By definition 26 and the fact that [a,) is a
disjoint union of [a, a+n] and (a+n, «), the Lebesgue integral

.[[a,w) fnd/u - [a,a+n] fnd'u +J[a+n,oo) fnd/l - -[[a,a+n] f”d/u +0= J:Hn f (X)dX ,

since the Lebesgue integral I[ ] fdu= IM f (x)dx by Theorem 32.

By the Lebesgue Monotone Convergence Theorem (Theorem 28), f is measurable and
Laﬁﬂy%LaJmL
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. R a+n ) t
That is, j[a )fdy:th f(x)dx:llmLf(x)dx.

f is Lebesgue integrable if, and only if, I[a ) fd uis finite if, and only, if the sequence

( [ fd y)=( [ f(x)dx) has a limit if, and only if, the improper integral |~ f (x)dx
exists.
Thus, when f is Lebesgue integrable, j[a ) fdu= I:O f (x)dx.

Similarly, we can prove the following analogous results.

Theorem 35. Suppose f : (— o0, a] — R"is a non-negative function which is Riemann
integrable on every closed sub-interval of (- o, a]. Then fis measurable. f is Lebesgue

integrable if, and only if, the improper (Riemann) integral J._a f (x)dx exists. When fis
Lebesgue integrable, the Lebesgue integral

J.(—w,a] fo = .[_aw f (x)dx(: t'irﬂo.[ta f (x)dx).

Theorem 36. Suppose f : (— o0, ) — R is a non-negative function which is Riemann
integrable on every closed sub-interval of (— oo, ) Then f is measurable. f is Lebesgue

integrable if, and only if, the improper (Riemann) integral J.jo f (x)dx exists. When fis

Lebesgue integrable, the Lebesgue integral
0 . t
J =] 0=t 1006

Remark. The proof of Theorem 36 is the same as for Theorem 34 by defining f » to be equal
to f on [-n, n] and 0 elsewhere and making use of the fact that the improper (Riemann)

integral f f (X)dx = !im.[_tt f (x)dx by Theorem 4.

Theorem 37. Suppose f :[a, ©) — R is Riemann integrable on every closed sub-interval of
[a, ©). Then fis Lebesgue integrable if, and only if, the improper (Riemann) integral

rw| f (x)|dx exists. When f is Lebesgue integrable, the Lebesgue integral

j[w) fdp=[" f(x)dx,
where the integral on the right is the improper Riemann integral.

Proof. By Definition 30, f is Lebesgue integrable if, and only if, | f | is Lebesgue integrable
if, and only if, the improper integral J%| f (x)|dx exists by Theorem 34. If f is Lebesgue
integrable,

.[[a,w) fdp= [a,) f d‘u_.[[a,oo) du.
Note that | f | is Lebesgue integrable implies that both f *and f - are Lebesgue integrable.
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By Theorem 34, j[a frdu= jw f*(x)dx and j[a fdu= jw f-(x)dx. Therefore, when f
is Lebesgue integrable,

I[a,w) fdu=),  fdu _J[a,w) fodu= [ F700dx—[" f(x)dx

=[7(f700—-f(0)dx=["f (x)dx,

where all the improper integrals are convergent.
The following result is similar to Theorem 37 and is proved in exactly the same way.

Theorem 38. Suppose f:(—, a] — R is Riemann integrable on every closed sub-interval
of (—o, a]. Then fis Lebesgue integrable if, and only if, the improper (Riemann) integral

J' : |f(x)|dx exists. Moreover, when f is Lebesgue integrable, the Lebesgue integral

Lw,a] fdg=[" f(qdx,
where the integral on the right is the improper Riemann integral.

In view of Theorem 37 we can phrase absolute convergence of improper integral with
Lebesgue integrability.

Definition 39. In view of Definition 6 of absolute convergence, if f:[a, ©) > R is
Riemann integrable on every closed sub-interval of [a, «), then J% f (x)dx is absolutely

convergent if, and only if, .[+w| f (x)|dx is convergent if, and only if, fis Lebesgue integrable
on [a, «). If J‘m f (x)dx is conditionally convergent (see Definition 8), then this means

J'M f (x)dx is convergent but rw| f (x)|dx is divergent. Hence, conditional convergent

implies non-Lebesgue integrability.
Similarly, if f: (-0, a]—> R is Riemann integrable on every closed sub-interval of (o, a],

then J'_a f (x)dx is absolutely convergent if, and only if, _[a | f (x)|dx is convergent if, and
only if, f is Lebesgue integrable on (-0, a]. f f (x)dx is conditionally convergent (see

Definition 8), means that f f (x)dx exists but J'a |f(x)|dx is divergent or equivalently, f is

not Lebesgue integrable but the improper integral is convergent.

Recall from Definition 8 that for f : (o0, 0)— R which is Riemann integrable on every
closed sub-interval of (-, ), the improper integral .[_w f (x)dx converges absolutely if, and

only if, for some a in R (hence any a) the improper integrals rn f (x)dx and ja f (x)dx

converge absolutely if, and only if, f is Lebesgue integrable on (-0, a] and on [a, «) if, and
only if, f isLebesgue integrable. Hence, absolute convergence of f is equivalentto f
being Lebesgue integrable.

17
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Jm f (x)dx converges conditionally if either one of the improper integrals r)o f(x)dx or

f f (x)dx converges conditionally and this implies that f is not Lebesgue integrable on R .

Example 40.
sin(x) . .
— 7 if - ©
Let f=d x ' Tx*0 Then [ f (x)dx = | SINC) 4w =~ We have shown in
1, ifx=0 ’ vox 2

Example 9 that f is conditionally convergent. Hence, f is not Lebesgue integrable on [0, «).
14.5 Improper Integrals on Bounded Domain, Part 2

If f:[a, b] > R isunbounded, then f is not Riemann integrable. We shall consider the case
when f has only one singularity at one of the end points of [a, b].

Definition 41. Suppose f :[a, b] —> R s such that f is Riemann integrable on any
subinterval in (a, b].
(1) Suppose there is a sequence of points (x» ) in [a, b] such that | f (x) | > as x, — a.
Then if the limit

lim [  (x)dx

t—a*

exists, this is defined to be the improper Riemann integral of f on [a, b].

(2) Suppose there is a sequence of points (yn ) in [a, b] such that | f (yn) | >0 as yn — b.
Then if the limit

lim " £ (x)dx

t—>b™ Ja

exists, this is defined to be the improper Riemann integral of f on [a, b].

(3) Suppose there is a sequence of points (X ) in [a, b] such that | f (xn) | > as xn — aand a
sequence of points (yn) in [a, b] such that | f (yn) | = as yn — b. If for some c in (a, b) the
improper integrals, IC f (x)dx and Ib f (x)dxexist, then the improper integral

b c b
L f (x)dx = j f (x)dx + j f (x)dx.
We have a convergence criterion similar to Theorem 2.

Theorem 42. Suppose f :[a, b] — R"is such that f is Riemann integrable on any
subinterval in (a, b]. Then the improper integral J.: f (x)dxexists if, and only if, for every ¢
> 0, there exists a number k > a (depending on &) such that for all a <s <t <k,

jt f(x)dx < &

The proof is similar to that of Theorem 2.
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We now consider non-negative function f : [a, b] —» R", Suppose f is measurable. What is
the relation between Lebesgue integral on [a, b] and improper Cauchy Riemann integral? It
will be very similar to the case of unbounded domain.

Theorem 43. Suppose f :[a, b] - R"is such that f is Riemann integrable on any subinterval
in (a, b). Suppose fis either unbounded at a or at b or even at both points. Then fis
Lebesgue integrable on [a, b] if, and only if, the limit of the sequence of Riemann integrals,

(I: fn(x)dx) , Where f n = min( f, n), exists.

Proof. For each positive integer n, f» :[a, b] > R is defined by
f(x)= f(x),' if f(x) < n’
n, if f(x)>n
Thus, fn=min(f, n). Take a decreasing sequence (x») in (a, (a+b)/a) such that x, —»a and
an increasing sequence (yn) in ((at+b)/a, b) such that and y, —b. Then f is Riemann
integrable on [Xn , yn] and so f ‘[men] is continuous except on a set A, of measure zero.

Therefore, f is continuous except perhaps on the set E = U{Ans : niin N}, whose measure is
also zero since each A, has measure zero. Since fn=min (f,n)=(f+n—|f-n|)/2, fnis
continuous except perhaps on a set of measure zero. Since each f , is plainly bounded, f  is
Riemann integrable and so is measurable and Lebesgue integrable by Theorem 32. Plainly
(fn)isan increasing sequence and so is a sequence of increasing non-negative measurable
functions converging pointwise to f. Therefore, by the Lebesgue Monotone Convergence
Theorem (Theorem 28), f is measurable and the Lebesgue integrals,

j[a’b] fdu [ fdu.

[a,b]

Since I[a ’ f.d u is equal to the Riemann integral J'b f. (x)dx,

b
L f (x)dx ./ j[a‘b] fdu.
Thus, f is Lebesgue integrable if, and only if, the limit Iimj'ab f.(x)dx exists. This completes

the proof.

Now, we shall apply the above proof to a different sequence of functions.

Theorem 44. Suppose f :[a, b] — Ris such that f is Riemann integrable on any
subinterval in (a, b]. Suppose there is a strictly decreasing sequence (xn») in (a, b) such that x»
—abut f(xn) >, thatis, f is unbounded in any neighbourhood containing a. Then fis
Lebesgue integrable on [a, b] if, and only if, the improper Cauchy Riemann integral

Ib f (x)dx exists.
Proof. For each integer nin N, define f» :[a, b] - R"by
f(x), if x>x,
f.(x)=<0, if a<x<x, .
f(a) if x=a
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Then since f is Riemann integrable on [x, ,b], f n is Riemann integrable for eachnin N.
Therefore, by Theorem 32, f » is measurable and Lebesgue integrable for each nin N.
Obviously, (fn) is an increasing sequence of non-negative functions converging pointwise to
f. Therefore, by the Lebesgue Monotone Convergence Theorem, f is measurable and

jb f,000 [ fdu.

Now, the Lebesgue integral j[a , Fod= f: f (x)dx = .[Xb f (x)dx. Hence,

jb f (x)dx j[ .

If fis Lebesgue Integrable, then the limit IimJ'Xb f. (X)dx exists for any sequence (xn) in (a, b)

b
such that x» — a™. That is to say, the improper Cauchy Riemann integraIJ' f (x)dx exists.

On the other hand, if the improper Riemann integral exists, then for any sequence x, —a,
Lb f (x)dx I[a ,, fdx and so _[[a ,, fdzz <ooand fis Lebesgue integrable.

Theorem 45. Suppose f:[a, b] &> Rissuch that f is Riemann integrable on any subinterval
in (a, b]. Suppose there is a strictly decreasing sequence (xn) in (a, b) such that x, —a but
| f(xx)| — 0, thatis, | f | is unbounded in any neighbourhood containing a. Then f is

Lebesgue integrable on [a, b] if, and only if, the improper Cauchy Riemann integral
_[ b| f (x)|dx exists. Moreover, when f is Lebesgue integrable, the Lebesgue integral j[a ’ fd 1

is equal to the improper Cauchy Riemann integral, jb f (x)dx = lim Lb f (X)dx..
a t—>a®

Proof. By Definition 30, f is Lebesgue integrable if, and only if, | f | is Lebesgue integrable
if, and only if, both f “and f —are Lebesgue integrable. By Theorem 44, the Lebesgue

integral I[ ’ fr'du=Ilim Lb f " (x)dx = the improper Cauchy Riemann integral Ib fr(x)dx .
a, t—a’ a

Similarly, the Lebesgue integral | f~d = lim "t (0dx= [ £ (0dx.

t—a*

b
In particular, if the improper Riemann integral j |f(x)|dx exists, then the improper integrals

_f i f*(x)dx and J.b f~(x)dx exist (by the Comparison Test) and the Lebesgue integral

_ b, b B b
I[a,b]|f|dﬂ:.|.[ayb] f dﬂﬂ“f[a’b] f d,uzja f (X)dX+L f (x)dx_L|f(x)|dx
is the sum of the improper Cauchy Riemann integrals. Moreover, the Lebesgue integral
I[a . fd 12 too exists and

+ - _ b + _ b _
f[a,b] fdu=)  fdu=]  f d,U—Lf (x)dx jaf (x)dx.

Conversely, suppose that f is Lebesgue integrable, then | f | is Lebesgue integrable and so
both f* and f - are Lebesgue integrable. Therefore, by Theorem 44, both improper Cauchy

Riemann integrals jb f*(x)dx and jb f ~(x)dx exist and are finite. It follows that

1 0ol = £ Godk+ [ - (o
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. b b b _
exists. Moreover, Lf(x)dx: _Lf*(x)dx— jaf (x)dx = j frdu—{ fdu=[ fdu.

[a,b] [a,b] [a,b]
We have a similar result when the function is unbounded in any neighbourhood containing b.

Theorem 46. Suppose f:[a, b] > Rissuch that f is Riemann integrable on any subinterval
in [a, b). Suppose there is a strictly increasing sequence (xn) in (&, b) such that x» — b but
|f(xx)| — 0, that is, | f | is unbounded in any neighbourhood containing b. Then f is

Lebesgue integrable on [a, b] if, and only if, the improper Cauchy Riemann integral
_[ b| f (x)|dx exists. Moreover, when f is Lebesgue integrable, the Lebesgue integral j[a . fd 1

is equal to the improper Cauchy Riemann integral, _[b f(x)dx = Iirp _[t f(x)dx.
a tob~ Ja

The proof of Theorem 46 is exactly the same as for Theorem 45.

Definition 47.

Suppose one of the following is satisfied.

(1) There is a sequence of points (x» ) in [a, b] such that | f (xn) | > as xn — a;

(2) There is a sequence of points (yn ) in [a, b] such that | f (yn) | =00 as yn — b;

(3) There is a sequence of points (xn ) in [a, b] such that | f (X») | >0 as xn — aand a
sequence of points (yn ) in [a, b] such that | f (yn) | > as yn — b.

The improper Cauchy Riemann integral jb f (x)dx converges absolutely ifjb| f (x)|dx exists

(or converges) or equivalently if both J'b f*(x)dx and jb f 7 (X)dx exist or in view of

Theorems 45 and 46 if f is Lebesgue integrable on [a, b].

The improper Cauchy Riemann integral jb f (x)dx converges conditionally if jb f (x)dx

converges and J' b| f (x)|dx diverges (does not exist) or equivalently, f is not Lebesgue
integrable on [a, b].

If for a point b, there is a sequence of points (xn ) such that | f (x,) | >x asx, — b, i.e., f is
not bounded in any neighbourhood containing b, then we say f has a singularity at b. Thus

condition (1) is the same as saying that f has a singularity at a and condition (2) a singularity
at b while condition (3) a singularity at both a and b.

14.6 Convergence Tests

Theorem 48. Cauchy Criterion.
Suppose f :[a, b] > Rissuch that f is Riemann integrable on any subinterval in [a, b).
Then the improper Cauchy Riemann integral j: f (x)dx exists if, and only if, for every £> 0,
there exists a number M < b (depending on &) such that forall M <s<t<b,

‘ [ (dx

The proof is similar to that of Theorem 2.

<¢&.
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Theorem 49.
Let b be a finite point or «c and f a non-negative function on [a, b). Suppose f is Riemann
integrable on [a, c] for any c, a < ¢ < b with a singularity at b.

Then the improper Cauchy Riemann integral Ib f (x)dxexists if, and only if, the function

defined by F(x) :IX f (t)dt is bounded on [a, b).

Proof. Plainly since F(x) is non-decreasing, Iirp F (x) exists if, and only if, F(x) is bounded

by the completeness property of R, i.e., the improper Cauchy Riemann integral Ib f(x)dx is
convergent if, and only if, F(x) is bounded.

Theorem 50. Comparison Test.

Suppose f and g are non-negative functions defined on | = [a, b), integrable on [a, c] for any
c,a<c<bh. Suppose fand g each has a singularity at b and that f (x) < g(x) for all x in I.
Then

(1) If the improper Cauchy Riemann integral Ib g(x)dx converges, then so does jb f (x)dx.

(2) If the improper Cauchy Riemann integral _[b f (x)dx diverges, then so does _[b g(x)dx.

Proof. This a consequence of Theorem 49. If E g(x)dx converges, then LX g(x)dx is
bounded on I. Since LX f(t)dt < j: g(t)dt, LX f (t)dt is bounded and consequently,

.[: f (x)dxis convergent.

J’: f (x)dx diverges implies that J': f (t)dt is unbounded and so J: g(x)dx is unbounded and

_": g(x)dxdiverges.

Theorem 51. Limit Comparison Test
Suppose f and g are positive functions defined on | = [a, b), integrable on [a, c] for any c, a <

c <b. Suppose that 0< lim ) <0
x—b~ g(x)

Then either both improper Cauchy Riemann integrals J'b f (x)dxand _[b g(x)dx converge or
they both diverge.

Proof. Suppose lim T =(>0. Then taking £= /2 > 0, there exists 6> 0 such that

o g(X)
T 9

g(x) 2
Therefore, taking X = b — ¢, for all x such that X < x < b, we have

b—-d<x<h= <g=

q
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a_f(x _3q
2 g(x) 2°
ie. 1909 < 100 <Tg) . rrreerre (1)

By hypothesis, | f (x)dx and [ g(x)dx converge if, and only if, [ f (x)dxand j;’g(x)dx
converge. It follows from (1) and Theorem 50 that either both j: f (x)dx and Ii g(x)dx

converge or they both diverge. Consequently, either both I i f (x)dxand J' bg(x)dx converge
or they both diverge.

14.7 Anti-derivative and Improper Integral

We can make use of primitive or more specifically limit of primitive to determine Lebesgue
integral. For example, Theorem 45 tells us that under the given condition there, the Lebesgue
integral is an improper Cauchy Riemann integral. Then we can make use of the Fundamental
Theorem of Calculus to calculate the improper integral and hence the Lebesgue integral.

Theorem 52.

(1) Supposef:[a, ©)— R iscontinuous and non-negative on [a, « ). Suppose F is an
antiderivative of f. Then f is Lebesgue integrable on [a, «) if, and only if, the limit

Ixm F(x) exists (and is finite).

In this case, the Lebesgue integral
j[a | fd,u:J': f(x)dx =limF(x)-F(a) .

(2) Supposef: (a, b] > R is continuous and non-negative on (a, b] and has a singularity at
a. Suppose F is an antiderivative of f. Then f is Lebesgue integrable on (a, b] if, and only
if, the limit lim F(x) exists (and is finite).

In this case, the Lebesgue integral
j(ab] fd 1 :jb f (x)dx = F(b) - lim F(x).

Proof. Part (1) is a consequence of Theorem 34 and the Fundamental Theorem of Calculus,
as r f(x)dx =lim J'X f(t)dt=limF(x)—F(a). Part(2) isaconsequence of Theorem 44

and the Fundamental Theorem of Calculus.

Example 53.
For x > 0 and k > 0, an anti-derivative for x* = ik IS " 1x’k+l for k= 1 and In(x) for k =
X -k +
1.
x 1 ! x"‘*l—La‘k”, fork >0andk =1,
Therefore, for a > 0, L t_kdt =<-k+1 -k +1 :

In(x)—In(a), for k=1

Now, (—k +1) <0 if, and only if, k >1 and so I:tikdt converges when k > 1, since
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1

—— x>0 as x—>o0. Thus, J‘wikdt— Lato 1L fork>1and —dt
—k+1 a1

T k-1 k—1k—1

diverges when 0 <k < 1. Likewise, Jj%dt diverges because In(x) — o as x—. Plainly

'[wlkdtdiverges when k < 0.
at

Thus, we have the following summary.

1) jwikdx for a > 0 converges if, and only if, k > 1.
a X
We can similarly deduce the following
2 '[:ikdx for a > 0 converges if, and only if, k < 1.
X

It then follows that

3) j ————dx for a > xo converges if, and only if, k> 1

and

4) j ) ———dx for a > xo converges if, and only if, k < 1.
% x X

Example 54.

1) Lwe‘xxpdx converges for all p.

Use a simple comparison test.
e*x""? 5 0asx — .

Therefore, there exist a number M such that x> M = e *x"? <1=e*x" < iz
X

Since Lwizdx is convergent, by the Comparison Test (Theorem 50), Lw e *xPdxis
X

convergent.
Hence the Lebesgue integral j[l )e**xpd,u = Lwe*xx"dx.

2 .[an%xpdx for a > 0 diverges for all p.

1 1 11
Note that e*x"" — o0 asx —0"because e*x"™ >—=—=-x""forn > p+1 and
n!x

.11 .
lim =~ xP** =oo. Therefore, there exists &> 0 such that
x=»0" nlx

1 1 1
O<x<e=ex"T>l=erxP >,
X
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Since J'Ogédx is divergent, consequently, by the Comparison Test (Theorem 50), 'fog e x"dx is

divergent for any p. It follows that Ioae%xpdx is divergent for all p. Therefore, by Theorem

44, e*x" is not Lebesgue integrable on [0, a].

3) _[: In(x)dx converges for any a > 0.
For any 0 <t < a, by integration by parts,
ft In(x)dx =[x In(x) " —L ldx =aln(a)—a—(tIn(t)-t).
Now, it can be easily deduced by using L'Hopital's Rule that Iir(ptln(t) =0.
t—0"
Therefore,
[ In(x)dx = lim ["In(x)dx =aln(a) -a.
0 t—0* Jt

Hence, by Theorem 45, In(x) is Lebesgue integrable on [0, a] for any a > 0 and the Lebesgue
integral is aln(a)—a.

4) I —dx diverges.

X
By using L'Hépital's Rule, we can show that I|m— =0,

X—>00 n(x)
X 1 1
Therefore, there exists K >0suchthat x> K => ——>1=>—>— . .
In(x) In(x) x

Slncef —dx diverges, it follows that I —)dx diverges by Theorem 50 (Comparison
Test).

© 1 . 1 . :
Therefore, I ——dx diverges. Hence —— is not Lebesgue integrable on [1, o).
1 In(x) In(x)

For a function, not necessarily non-negative, we can, with sufficient condition satisfied by the
function, formulate a convergence criterion along the line of the Leibnitz alternating series
test.

Theorem 55.

Suppose f :[a, ©) - R issuch that f is Riemann integrable on [a, b] for every b > a.
Suppose there is a strictly increasing sequence (an) in [a, o) with ap = a and an, —o satisfying
the following 4 conditions.

(1) f(x) has constant sign in each interval (an, an+1),

(2) f(x) changes sign from (an-1, an) to (an, an+1),

3) U:"lf(x)dxz " (x)0x,

(4) J':ilf(x)dx—>0 as nN—oo.

Then the improper Riemann integral r f (x)dx converges.
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Proof. Let c, = fa" f (x)dx. Then by condition (4) cn — 0. By condition (3), (|ca] ) isa

any

decreasing sequence. By condition (2), ch Is an alternating series. Therefore, by
n=1

Leibnitz's Alternating Series Test, (see Chapter 6 Series, Theorem 20), ch is convergent.

n=1

We shall show next that ZCn is the improper integral.
n=1

Now, take any b >a. Since an —oo, there exists an integer no with a, >b. Let no be the least
integer such that a, >b sothat a, , <b<a, .

no—1
Thus, [ f(x)dx=Yc,+[. f(x)dx.
2 k=1 o1
Sincea, , <b<a, and f (x) is of constant sign on(a a

My -1 no)’
‘ j:o f ()dx

Plainly, as b — o0, ng — .
Now as ch — 0, given ¢> 0, there exists an integer N1 such that
N>Ni=>[Ch|<&2 W —mmmmmmmmmmeeeeee 2)

< j% f (x)dx

no—1

e -

Co,

Since ZCn Is convergent, there exists an integer N2 such that

n=1
2.C,

n=k
Let N = max(Nz, N2). Then, since ng — o as b — oo, there exists a number K > 0 such that
b>K=ny>N.

Therefore, for b >K,

‘jb F(x)dx—>c,

k>N, = <§. ----------------------- 3)

no—1 o)

< Ib fOQdx—> ¢ |+D ¢,
a k=1 k=ny
<le. |+ e, by @),
k=ng
<£4 > ¢, by (2) since no>N >Ny

k=ny

<%+§:g, by (3) since no > N > No.
Hence, tI)im.[b f(x)dx = ZCK . Thus, the improper integral _[w f (x)dx is convergent.
—ooda k=1 a

Example 56. Use of the Lebesgue Dominated Convergence Theorem.

lim (178 gx=2 .

n—o0 J0 \/;

Define fn: (0, 1] &> R by f (x)=

1_ e—nx

N

. Then f , converges pointwise to 1 on (0, 1].

N
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Now, 0<e ™ <1 forx>0sothat 0<1-e ™ <1. Hence, 0< fn(x)s% for xin (0, 1].
X

Note that each f is continuous on (0, 1] and so is measurable on (0, 1].

Now, the improper integral J.:i dx=Ilim [Z&I =2. Therefore, by Theorem 52(2),

\/; t—>0"

Lebesgue integrable on (0, 1] and its Lebesgue integral,

iis
Jx

1 1
Lo,l]ﬁdﬂﬁ:ﬁdxzz-

Therefore, by the Lebesgue Dominated Convergence Theorem,

J.(O,l] fdu= J'll—enx

—d
-

Note that by the Comparison Test (Theorem 50), the improper integral
J-ll—e‘nX

NS

14. 8 Differentiation Under the Integral Sign and Lebesgue Integral

1
—du=2.
X oy Xdu

dx = I: f.(X)dx is convergent and equals the Lebesgue integral I(o . fdu.

Since differentiation is a process of limit, we shall investigate the processes of limits before
and after a Lebesgue integral.

Here is a result that makes use of the Lebesgue Dominated Convergence Theorem.

Theorem 57. Suppose E is a non-empty (Lebesgue) measurable subset of R and I is an
interval. Suppose f: E x I — R is a function satisfying
(1) for each t in I, the function

ft: E—>R defined by ft (x) =f(x, t)
is measurable;
(2) there exists a Lebesgue integrable function g: E — R such that for almost all x in E and
alltinl,

[fe () [=1f (D ]<9();

(3) for some point to (to may be +o,) in the closure of I, 1, there exists a function h: E — R
such that, for almost all x in E, !irg f.(X) = !irg f(x,t) =h(x).
Then

(1) his Lebesgue integrable and
(2) Jim [ £.00d u(x) = [_lim £,(9d 2(x) = |_h(x)d ().

Proof. Sinceto e I, there exists a sequence (t, ) in | such that tn —> to. Foreachnin N
define the function, gn :E > R by
g,(x)=f,_ (x)=f(x,t,)forxinE.

By Condition (2), f, is Lebesgue integrable for each tin | and so gn is Lebsgue integrable on

E. (Note that f+ is measurable implies that | f+ | is measurable. Then by Lemma 27, there is a
sequence of increasing simple non-negative function tending pointwise to | f¢ |, and by
condition (2), the integral of these non-negative simple functions is bounded above by the
Lebesgue integral of g and so by the Lebesgue Monotone Convergence Theorem (Theorem
28), | f+|is Lebesgue integrable. Consequently, fis Lebesgue integrable. By Condition (3)
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gn converges pointwise to h(x) almost everywhere. Therefore, by the Lebesgue Dominated
Convergence Theorem, since |gn (X) | < g(x) for almost all x in E and g is Lebesgue integrable,

J.9,(0du— [ h(x)du.
Note that since g, = f, , for any sequence (t. ) in I such that t — to, we conclude that

lim [, 1,09du=1im [_g,(9d e = [ h()d = [ tim f,(9d

Now we specialize Theorem 57 to differentiation under an integration sign.

Theorem 58. Suppose E is a non-empty (Lebesgue) measurable subset of R and
f: E x (a, b) > Ris a function satisfying the following three conditions.
(1) For each t in I, the function
fiE— R defined by fi(x) =f(x,t)
is Lebesgue integrable.

(2) Forsome toin (a, b), the partial derivative %(x,to) exists for almost all x in E.

(3) There exists a neighbourhood V of to and a Lebesgue integrable function g: E - R such
that for almost all x in Eand all tin V,

f(x,0)— f (%)

D, (x,t)|= <g(x),
D, (x.) y | f9W
D= fxty) .
where D_ (x,t) = t—t, R
0, ift=t

Then,
(i) the function F: E - R defined by F(x) :%(x,to) is a (Lebesgue) integrable function

and
(ii) the function H: (a, b) - R , defined by H (t) = jE f.dz(x) = jE f(x,t)d z(x) is
differentiable at to and

HI(t) = [ FOOdu00 = [, 2 (x)d 0.

f(x,t)— f(xt,)
t—t,

Proof. Let G(t) = H (ti:tH (to) _ J’E ft(X::tfto (X)

=jE D, (x,t)d(x) fortinV.
Note that for each t in V, the function x> D_(x,t) is measurable, since f, and f_ are

du(x) =, d u(x)

integrable and so measurable. Therefore, D, (x,t) satisfies the condition of Theorem 57 and

!irp D, (x,t) = %(x,to) for almost all x in E.

Hence, by Theorem 57, fortin V,
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Hr(t) =lim H (t)_ H (to) — !LF{]J.E ft(xz:tfto (X)

O t—t, du(x) = !LT J.E D, (x,t)d (x)

_j lim D, (x,)d 4(x) = j = (%, t,)d (X) .

This shows that H is differentiable at to and the derivative H'(t,) = J' — (X, ty)d u(x) .

Remark.
(1) Conditions (2) and (3) are satisfied by any function f : [c, d]x (a, b) — R whose partial

derivative %(x,t) is continuous on [c, d]x (a, b) - R so that it is uniformly continuous on
[c, d]x V, where V is a closed interval in (a, b) containing to. In this case, by continuity and
of

— (Xt
o (x,t)

Theorem, for any (x, t) in [c, d]x V,

-5

compactness of [c, d]x V, is bounded on [c, d]x V, say by M. By the Mean Value

)

for some ty in V. Therefore, ‘Dto (x,t)‘ <M . We can just take g in Theorem 58 to be the
constant function M

More generally, |f (x t) exists for all t in a neighbourhood V of to and for almost all x in E

and if there exists a Lebesgue integrable function g(x) such that <g(x)foralltinV

%(x,o

and for almost all x in E, then by using the Mean Value Theorem, condition (3) of Theorem
58 is satisfied.

(2) We can replace the interval (a, b) in Theorem 58 by [a, b), or (a, b] or [a, b]. Taking the
derivative at any end point to be the appropriate one-sided limit, the conclusion of Theorem
58 is still valid.

The next Theorem is a special case.

Theorem 59. Suppose one of the following two conditions (i) and (ii) is satisfied.
(i) f:[c,d]x[a,b] > Ris a continuous function such the partial derivative %(x,t) exists
for all (x, t) in [c, d] x [a, b] and is continuous on [c, d] x [a, b] or

(i) f :(c,d)x[a,b] > Ris a continuous function such that the partial derivative %(x,t)

exists for all (x, t) in (c, d) x [a, b] and is continuous on (c, d ) x [a, b] and that for each t in
[a, b], the function f.(x) = f(x,t) is Lebesgue integrable on (c, d. Suppose there exists a

Lebesgue integrable function g on (c, d) such that %(x,t) <g(x) forall (x, t) in

(c,d)x[a,b] .
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Let F:[a,b] - R be defined by F(t)= [ f (x,t)d.

Then, F is differentiable and F'(t) :Ld%(x,t)dx for each tin [a, b].

Proof. Suppose condition (i) is satisfied.

. . . - f .
For any to in [a, b], there exists a closed interval V containing to such that(g—t (x,t) is

continuous on [c, d]x V. Therefore, by the remark preceding the theorem, conditions (2) and
(3) of Theorem 58 are satisfied. Condition (1) of Theorem 58 is of course satisfied since for

eacht, f [a, b] > R defined by f,(x)= f(x,t), is continuous and so is Riemann
integrable, hence Lebesgue integrable and the Lebesgue integral Lcd] f(x,t)d u(x) isequal to

the Riemann integral Id f (x,t)dx. Similarly, the Lebesgue integral j[cd]%(x,t)d,u(x) is
the same as the Riemann integral '[Cd%(x,t)dx. Therefore, by Theorem 58,

d of
F'(t)=| —(x,t)dx.
=], 0
Suppose condition (ii) is satisfied. By assumption, f(x,t) is Lebesgue integrals on the

interval (c, d) for each tin [a, b]. Since %(x,t)

<g(x) forall (x,t)in (c,d)x[a,b] and g is

Lebesgue integrable on the interval (c, d), %(x,t) is Lebesgue integrable on (c, d) for each t

in [a, b]. By hypothesis, all the conditions for Theorem 58 are met. It follows that
d of .
F'(t)=| —(x,t)dxforall tin [a, b].
) =], 0 [2, b]

What happens if the integral is given by improper Riemann integral? If the improper integral
is of the type with singularity at d, or d = «, then even if Z—i(x,t) exists for all (x, t), Z—Z(x,t)
may not be continuous on [c, d] x [a, b] or that [c, d] is unbounded (when d = o or ¢ = —o0).
%(x,t) is not generally uniformly bounded. Assuming that the improper Riemann integrals
are also Lebesgue integrals, we may need to introduce the notion of uniform convergence for
the improper Riemann Cauchy integral J'Cd %(x,t)dx .

The next theorem deals with the special case of when [c,d] =[c, %) and the integrals are
improperly Riemann integrable as well as Lebesgue integrable.

Theorem 60. Suppose f: [c, ©) x [a, b] &> R is a continuous function such that the partial

derivative % (x,t) exists for all (x, t) in [c, «) x [a, b] and is continuous on [c, «) x [a, b].
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Suppose that the improper Cauchy Riemann integral j'w f (x,t)dx converges absolutely for

each tin [a, b]. Suppose that the Cauchy Riemann integral jj%(x,t)dx converges absolutely
foreach tin[a, b]. Suppose furthermore the improper integral f%(x,t)dx converges
uniformly for tin [a, b]. Let F: [a,b] — R be defined by F(t) =I°O f(x,t)dx.

Then, F is differentiable and F'(t) :f%(x,t)dx.

Proof. Lw%(x,t)dx converges uniformly in tin [a, b] means that

Ld %(x,t)dx — G(t) as d — oo for each tin [a, b],

where G(t) = Jj% (x,t)dx, and that given £> 0, there exists a real number K > 0 such that
forall d > K and for all tin [a, b],

‘ f%(x,t)dx-e(t)

D — @)

For each d > c, define F,(t) = Id f (x,t)dx. Then Fq converges pointwise to F on [a, b], where

F(t) = f f (x,t)dx. By Theorem 59, Fy is differentiable and

' d of
F, )= —(xt)dx.
S0 =], =

Then condition (1) says that Fq ' (t) converges uniformly to G(t) on [a, b] asd — «. By
taking any sequence (dn ) in (c, «) such that dn — oo and letting H, = F, , by the above
argument, we have that

Hn converges pointwise to F on [a, b],

Hq ' converges uniformly to G on [a, b].
Then by Theorem 8, Chapter 8, F is differentiable and F' = G.
Remark. Asremarked in Chapter 8, we only need require that there exists a to in [a, b] such

that Hn(to) converges to F(to). This is equivalent to J.OO f (x,t,)dx is convergent. In Theorem

60, instead of requiring Jm f (x,t)dx to be convergent for each t in [a, b], we need only

C
require convergence at some point to in [a, b]. That it is convergent for all t is a consequence
of the uniform convergence of Fq ' as d tends to infinity.
As an application of the theorems in this section, we shall give an indirect method of
computing the probability integral, more specifically J? e dx.

Example 61. j: e dx= g :
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By Theorem 10 (a comparison test), since e <e*forx>1and jlwe‘xdx IS convergent,
Lwe‘xzdx is convergent. Consequently, the improper Riemann integral J.:e‘xzdx is

convergent. Since e is non-negative, by Theorem 34, .[: eXdx isa Lebesgue integral on

[0, ). Consider the following two functions:

ft) =( _[;exzdx)z and g(t)=|

20,2
e—t (x“+1)

dx .
X2 +1

We shall take the limit of these two functions to determine J':e’xzdx :
Observe that by the Chain Rule and the Fundamental Theorem of Calculus,
R 1)

—t?(x%+1)

Let h(x,t) =

TR Then h is continuous on [0,1]x[0,%0) and so ht(X) = h(x,t) is
+

continuous on [0,1] and so is Riemann integrable on [0, 1] and hence Lebesgue integrable on

[0, 1]. The partial derivative%h(x,t) = —2te ") exists for all x in [0, 1] and for all t > 0.

In particular,

ah _ —tz(x2+1)
E(x,t)‘ - ‘—Zte

<|2t{<M for some constant number M (depending on

to> 0) for some neighbourhood of any to. Therefore, by Theorem 58,
AN 10h mn —t?(x%+1) _ 2 (1 e
g'(t)= J'Og(x,t)dx = IO(—Zte )dx =—2te @ dx.
For t > 0, using a change of variable, y = xt ,
, _ 2 t -y _ 2 t a4y
g'(t)=—2e .[Oe dy =—2e Ioe dx 2

Thus from (1) and (2), we see that f '(t) + g'(t) = 0 for all t > 0. Therefore, f (t) + g(t) = ¢ for
some constant c, for all t > 0. Note that f is obviously continuous at 0. Since

—t2(x?+1)
< L and 1 is Lebesgue integrable on [0,1], by Theorem 57, g(t) is

x?+1 ‘_x2+1 x*+1

lh(x,t)|=

continuous att = 0. Hence f (t) + g(t) is continuous at t = 0. Therefore, f (t) + g(t) =c for
some constant c, for all t > 0. Thus

c:f(0)+g(0)=0+_[: !

X2 +1

dx =tan‘(1) == .
@ 2

So, we have the equation,

T
F)+Q(t) = ~roommmmmmmmmm e ©)
By Theorem 57,
_ 1 —t2(x?+1) ) _ —t2(x?+1) )
!Lrg g(t) :IO !Lrg N dx =0, since !Lrg N =0forall xin [0, 1].

Thus, passing to the limit (3) becomes
. . T
im £ ()+limg() -

0 2 2 0 2
andso lim f(t)=2 . This means (j e~ dx) -” andso j e dx=£.
t—o0 4 0 4 0 2
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Exercises 62.

1. Determine for each of the following integrals whether it is convergent,
absolute convergent, or conditionally convergent. Evaluate the convergent ones
if possible.

11 o 1 = 1
@ [dx, n=1,0) [[7dx .n>1() [ Zdx.n<t,

(d) Io tan(x)dx, (e) jf%x n>1,(f j:(ln(x))zdx

(g)_[ e * cos(2x)dx, (h)f ———dx (|)j x"e”*dx, n>0,

01— cos(x)

Q) [ sin? (20 cos’(2x)dx, (K j:%dx, 0 jo‘”“ixdx

o0 2 0 l
m) [ x%e*dx, (n) [ ———dx, (0) [ x> ¥dx,n> 0.
(m) | ()IO&(M) © [
2. Suppose Ib f (x)dx is an absolutely convergent improper integral and g is a bounded

integrable function on [a, b]. Prove that I " f (x)g(x)dx converges absolutely.

3. Prove that I:sin(xz)dx and jowcos(xz)dx are convergent.
- 2 -
4. Showthatj de:j de.
o X o X

5. Determine (a) jo%ln(sin(x))dx, (b) joﬂxln(sin(x))dx.

6. Test the following improper integrals for convergence.
(a) I sin(x*)dx, a>1, (b)J' ()I (1 dx,

L T ( ) , (D) I:—Xcos[ljdx,

cos( x)

© j () [ xsin(eyax, @) [

sm(x)
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7. Suppose f is a positive continuous function defined on [a, ). Prove that Jm f (x)dx is

convergent if lim f(x+1)
X—>0 f(X)

<1.

8. Prove that J.:e‘ttﬂ sin(t)dt converges absolutely if #>—-2. [Hint: consider the integral

from 0 to 1 and from 1 to oo separately.]

1
J1-sin(x)

10. Prove that fort >0, J.: e ™ de = % —tan""(t). Hence deduce that

9. Test the integral J: dx for convergence.

J‘wSII’l(X) dx=Z
o X

11. Show that .[: e ¥dx = %\/% for any real number t > 0.

In(x)

X2

12. Show that the function f(x)=

is Lebesgue integrable over [1, ) and that the

Lebesgue integral _[[1 )f du=1.

13. Forany tin R, prove that j: e cos(2tx)dx = getz .
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