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In this article, we aim to prove that if a function of bounded variation maps a
subset to a set of measure zero, then its total variation function will map the
same set to a set of measure zero too. We use the same technique used as before
in my article, Functions of Bounded Variation and Johnson’s Indicatrix.

We use the notation and definitions of terms given in Functions of Bounded
Variation and de La Vallée Poussin’s Theorem and Arbitrary Function, Limit
Superior, Dini Derivative and Lebesgue Density Theorem.

Suppose f:A—R isa function of bounded variation and A is a subset of R .

We shall assume initially that A is a bounded subset and extend the definition to
arbitrary unbounded subset A.

Take a,,a, e Awith a <a,and consider the closed interval I =[a,a,]. Let
1=[a,a] A. Let v, =v,,: AR be the total variation function of f on A.
Then there exists a sequence, {P,}, of partitions of the closed interval, I by
points in Asuch that P <P, c--- and

= total variationof fon 1 = v,(a,)-v,(a)=M,

!L[QZ‘ f (van) —f (Xj—l,n)
PI'I

= Zn:‘ f(x;0)— F(X00)l-

where P :a =X, <X, <-<X =8, »|f(x,)-f(x,,)
Pﬂ

Observe that by definition of the total variation over 1, given any positive
integer, n, there exists a partition, P, , such that

<M

1
M-—=< Z‘ f (Xj’n)— f (Xj—l,n)
n P,

and there exists a partition, Q, such that



1
M _m<§‘f(xj,n)_ f(xj_lyn) < M .

We can then choose P

n+1l

to be the refinement P, Q. Starting with n =1, we can
then construct such a sequence {R,} and plainly, “mZ\f(X,n) (X 10)|=

For each partition, P, , we can define an indicatrix as follows.

For 1< j<k,, let s, bethe closed intervals with f(x; )andf(x,,,) asend
points, i.e., S;, =[ f(x;,), F(x;,)]or [ F(x,,). F(x;,)]. Let x(S;,)be the

characteristic function of s, . Then, plainly, Z(Sj,n) Is Lebesgue integrable and

[* 28, =|f (%)= F(x,0)| for 1< j<k,

kn
For the partition, P, , let T, =ZZ(Sj,n)- Then T, isa measurable function. In
j=

particular,

[ T.(y)dy= Zj 2(S;,) = Z\f(x,n)

Z\f(x,n> (X;10)| -

Since P

n+l

refines P, plainly, T, >T . Itfollows that {T } isan increasing

n+l =—

sequence of non-negative measurable and integrable functions. We now define
for this sequence of partitions, {p,} for T ,

T. =T,

[a,a,]nA

=1imT,.

n—oo

By the Monotone Convergence Theorem, the function T; is Lebesgue integrable
and

=total variation of over T,

J.iTi (y)dy =lim _[:Tn (y)dy = LEQZ‘ F(Xj0) = £(Xj10)

=v(a,)—vi(a) . -=mmmmmmmmmmmmmmmmmmmmmm oo (1)

Definition 1. We define the indicatrix of f, , the restriction of f to
1=[a,a]~A tobe T.. Note that the function T. depends on the sequence of



partitions {P,} used to define it. Nevertheless, T, is unique up to a set of

measure zero. That is to say, if Ti is defined using another sequence of
partitions, {Q,}, then Ti =T. almost everywhere on 1 =[a,a,]nA.

Lemma 2. With notation as above, T. is unique up to a set of measure zero.

Proof.

Denote Ti i, (O be the indicatrix function defined by the sequence of partitions
{P.} and T; ., to be the indicatrix function defined by the sequence of

partitions {Q,}. Let {R,}be the common refinement of {P} and {Q,}, with

R,=P,uQ,. Then T, limT, _, where T, _is the function defined using the

R} noee TRy

partition, R, and

[Ty Oy =tlim [7 T, (y)dy =1im £ (¢;,) = F (1) = v (82) —v, (&)

Since R, is a refinement of both P, andQ,, T; . >T

IR’

T; o, - Passing to the limit

we have then T, .. >T;

R} = LR Q)
on 1=[a,a]~A. Suppose there exists a subset E of positive measure in

T, We claim thatT, _, =T; ., almost everywhere
1 =[a,,a,]nAsuch that ey > Tige, then j:TT‘{Rn}(y)dy >I::TL{PH}(y)dy. But

[ T }(y)dy:r T,y (Ndy =v, (8,)—v, () give s a contradiction. Hence, we
have thatT, . =T; . almost everywhereon I. Similarly, T, . =T, , almost

everywhere on i. Therefore, T, , =T, . almost everywhereon i .

R}
Johnson’s Indicatrix

Definition 3.

Suppose f:A—R isa function of bounded variation and A is a bounded subset
of R. Let a=inf Aand b=supA. Then Ac][inf A sup A]l=[a,b].



Suppose inf A and sup A belongs to A. Then the indicatrix function T, is given
by Definition 1.

Suppose a¢ A and be A. Take a sequence (a,) in Asuch that a, \va. Define
the indicatrix function on A

T, = I|mT[an,b]mA.

n—o0

Note that {T[ IS an increasing sequence of functions, which are Lebesgue

a, ,b]mA}

integrable. Moreover,
[“Tuyydy =tim [" T, .\ A (y)dy =limv, () v, (a,) = the total variation of f on A.

Note that v, (b)-v, (a,) does not depend on the anchor point used to define the

variation function. Note that T, does not depend on the sequence (a,). If (an) is
another sequence in A such that a, v a, then we can find a subsequence (ank)

such that a, <a . Observe that since (ank ) Is a subsequence of (an),

limT =limT almost everywhere on A.

N [anbINA T 0 an bINA

Therefore, limT =limT >limT, ., almost everywhere on A. By the

nooo [@nbINA o [anbInA T o

same reasoning we can show that limT, .., > limT, almost everywhere on

an,b]nA

A. Hence, IimT =limT, ... almost everywhere on A. Thus, T, =limT. sy

n—oo [an.b]NA n—oo

is defined.

Suppose ac A and bg A. Take a sequence (b,) in A such that b, /b. Define
the indicatrix function on A

Ta= r'}' n;T[a,bn]mA .

>

Note that

j:’o A(y)dy = lim J'iT[avbn]mA(y)dy = limv, (b,) v, (a) = the total variation of f on A.

Suppose a¢ A and be A. Take a sequence (a,) in A such that a, va and a
sequence (b,) in Asuchthat b, /" a. Consider (a,b,]~A. We have just defined



imT and that

o ab 1A

T

mmhA:l
[ Tanpady=lim [* T, o 1 (y)dy =limv, (b,)-v,(a,) = total variation of f on

(a,b,JnA. Define T, ,=1imT,, ... Then

[Tty =] Tamady=tim ["To,  u(ndy =lim (v, (6,) - limv, (a,))

= total variation of f on (a,b)nA=A.

Suppose f:A—R isa function of bounded variation and A is an unbounded

subset of R. If it is not bounded above but bounded below, then we can take a
sequence (b,) in A such that b, /" and define the indicatrix function T,as in

the above procedure and jw T, (y)dy = total variation of f on A. Similarly, we can

define T, when A is not bounded below but bounded above. Finally, we can
define T, when A is not bounded above and below in a similar fashion.

Moreover, j " T, (y)dy = total variation of f on A.

The nest result is an immediate consequence of the definition of the indicatrix
function.

Lemma 4. Suppose f:A—R isa function of bounded variation and A is a
subset of R. Suppose a,be A anda<b. Let 1=[a,b]nA. Suppose

yg[inf{f(x):XGT},sup{f(x):XGT}]

Then T.(y)=0.

Lemma 5. Suppose f:A— R isa function of bounded variation. Suppose
{Ij} Is a sequence of pairwise disjoint closed intervals with end points in A.

Then T,(y) > ZTH (y) almost everywhere on A.
i

Proof.



We prove the inequality for a finite number of the sequence {Ij}. Note that
these are pairwise disjoint subsets. Let 1; =1, nA. Take k of these sets,
I1,12,-+,Tc. Suppose I, =[a;,b;].

Let a=min{a,a, -8} andb=max{b,b,,---,b} and I =[a,b]. Take typical
sequences of partitions for 1=[a,b]n A, and Is,12,---, I« for the definition of the
indicatrix functions. Refine the sequence of partitions for 1 =[a,b]~ Ato include
all the partitions for 1.,12,---,1«. Denote the new sequence of partitions for 1 by
{R,} and the sequences of partitions for 11, 1z,---, T« by {R,}.{P,,}.---.{R.,}.

Observe that the members of the collection of sequences are each collection of
disjoint sets, i.e., for each integer n, {Pw P, P} IS @ collection of disjoint

K
sets. Hence, T, (y)=>T, ., (y). Then passing to the limit we have then
n le ]1n
k ~
TT’{R}(y)ZZTII{PA }(y) almost everywhere on 1. Therefore, by Lemma 4,
n j=1 U gn

Kk
TW=T o (N2DT, o) almost everywhere on A. It follows that
n j:l I J.n

k ©
TA(V)ZLimZT..{p. }(y)=ZTI_ o) almost everywhere on A.
—>00 j:]- e n j:l U an

Dropping the reference to the partitions used to defined the indicatrix functions,

we obtain, T,(y) > iTI_ (y) almost everywhere on A.
E

The next result gives a bound to the image, under the total variation function, of
the points of A in a closed interval, with end points in A, by the integral of the
indicatrix function. This is a crucial inequality used to limit the bound of the
image of the total variation function.

Lemma 6. Suppose f:A—R isa function of bounded variation and A is a
subset of R. Suppose a,be A anda<b. Let 1=[a,b]nA. Then

m* (v, (1)) =m*(v, ([a,b] " A) < [ T, (y)dy,
where m* is the Lebesgue outer measure.

6



Proof.

m*(v, (D) =m*(v, ([a.b] N A) <v, (b)—v, (@) = [ T, (y)dy.

Lemma 7. Suppose f:A—TR isa function of bounded variation and A is a
subset of R. Suppose {Ij} Is a sequence of pairwise disjoint closed intervals

with end points in A. Let I, =[aj,bj], a;<b, , a;,beA. Let s=]JI,,
i
Ii=[a;b;]nA and S=£UlijA:UTj. Suppose E is a measurable subset of
i i

R such that [inf{f(x):xE |, A} sup{f(x):xe |ij}]=[inf f(T,-),supf(T,-)]gE

for each integer j. Then

m*(v,(8))=m*(v, (S A) < [ 3T, (ndy < [ T (y)dy -

Proof.

m*(vf (S)) < Zm*(vf a ,—)) < [;Tij (y)dy , by Lemmas,
< ZIETTJ (y)dy, by Lemma 4,

since[inf{f(x):XE |, ~AbLsup{ f(x):xel, mA}]:[inf f(15),sup f(i,—)]g E,

< IETA(y)dy , by Lemma 5.

The next result is useful for the approach to using finite union of subsets before
passing to infinite union of subsets.

Lemma 8. Suppose {Aj} Is a sequence of subsets of R, uniformly bounded.
Then there exists an integer k such that

(8 ().

where m* is the Lebesgue outer measure.



Proof. Note that OAH is bounded and so m*(fjﬁ] is finite.

n=1

If m*(ophj =0, then we have nothing to prove since both sides of the

inequality are zero.

Suppose now m*(OA‘j >0. Then by the continuity from below property of

n=1

Lebesgue outer measure,

lim m*(UA]j:m*[OAhj.
J=ee n=1 n=1
Therefore, there exists an integer k > 0, such that for all j>k, we have that

1 ©
<§m*(HA]j.

r) ()

It is easier to prove the result we stated at the outset on set where the function is
continuous. We formulate the special case in the next theorem.

Theorem 9. Suppose f:A—R isa function of bounded variation and A is a

subset of R. Suppose E is a subset of A such that f is continuous at every point
of E and that the measure of its image under f, m(f(E)), is zero. Then

m(v, (E)) =0.

Proof.

We may assume that every point of E is a two-sided limit point of A because
isolated points and one-sided only limit points constitute at most a denumerable
set.

Since m(f(E))=0 and f (E) is bounded, for any positive integer, n, there exists a

bounded open set U, such that f(E)<U, and m(Un)s% :

8



Take ecE. Then f(e)eU, and so there exists ¢, >0 such that
(f(e)-s,, f(e)+e,)<U,. Asfiscontinuous at e, there exists 5, >0 such that

f ((e—5e,e—5e)mA)g(f(e)—g—29, f(e)+%j. Since e is a two-sided limit point of

A, there exists aee(e—%,e)mA and b, e(e,e+%)mA. Let I_=[a,b,]. Then

f(lemA)g(f(e)—%,f(e)+%jgun. Therefore,
[inf f (1, ~A),sup f (IemA)]g[f(e)—g—ze, f(e)+%}g(f(e)—ge, fe)+z,)cU,.

The collection I'={(a,,b,):e < E} is an open cover for E. Therefore, by Lindel6f

Theorem, I has a countable subcover, = fintl_;i=12,}.

We claim that

m*(vf {CJ I, mAD = m*{vf (Cﬁe, BS 2.|.U T,(y)dy, where Ie = I, NA . - *)

1 ® L e
By Lemma 8, Em*[vf [UI n < m*{vf [UI D for some positive integer k.

Thus,
e (U] <z (U, |- e )

k k
Note that | J1, is a finite collection of closed intervals. Hence [ ]I, is a finite

i=1 i=1

disjoint collection of closed intervals, say, C,,C,,---,C,. Each C; is a union of a
finite number of closed intervals in{lei =1, 2,---,k} ,say , Iy, 1,1, , where the
union U{Il, L, Inj}cannot be partitioned into two disjoint collections. It

follows that the corresponding collections

{[inf £(1, A A),sup (I, AA)]i=12,-,n;},

also have the property that their union cannot be partitioned into two disjoint
collections. We deduce this as follows. Suppose



[inf (1, A),sup f (I, AA)]A[inf £ (1, ~A),sup f (1, NA)]=2.

Then, (1" A)N(I,nA)=@, for if (1,~A)~(1,~A)were to be non- empty then
there exists ae (I, "A)n(1,~nA)and
f(a) e[inf f(1,nA),sup f(I,nA)] and f (a) e[inf f (I, "A),sup f(I,"A)],

contradicting that [inf f (1, nA),sup f (I, " A)]A[inf f (1, "A),sup f(I,NA)]=D.

Because each |inf f(I;n A),sup f (I, nA) |<U,, it follows that

[min{inf f(ii)},mgr?{{supf(ii)}}g[inf f(C,nA).sup f(C,nA)]cU,.

1<i<n;

Hence, by Lemma 7,

m*[w (QI D = m*[vf (QC D < jUnTA(y)dy.

Therefore, it follows from inequality (1) that

m*(vf (QI D < 2m*[vf (QI D <2 J.UHTA(y)dy :

This proves the claim.

Since Ec (Oiei j m*(v, (E))< m*[vf [Ofei D < ZIU T, (y)dy .

i=1

Since mU,) -0, I[imju T,(y)dy =0. It follows that m*(v, (E))=0.

This completes the proof of Theorem 9.

Finally, we state our main theorem as follows.

Theorem 10. Suppose f:A—R isa function of bounded variation and A is a
subset of R. Suppose E is a subset of A such that m(f(E)) is zero. Then
m(v, (E)) =0.

Proof. By Theorem 4 of Functions of Bounded Variation and de La Vallée
Poussin's Theorem, the set D of discontinuities of f is at most denumerable. It

10



follows that m(f(D)):m(vf(D))zo. Since m(f(E))=0, m(f(E-D))=0. Note
that f is continuous at every point of E-D. Therefore, by Theorem 9,

m(v, (E-D))=0. Hence, m*(v,(E)) <m*(v,(E-D))+m*(v,(END))=0+0=0. It
follows that m(v, (E)) =0.

Corollary 11. Suppose f:A—R is a function of bounded variation and A is a
subset of R. Suppose E is a subset of A. Then m(f(E))=0 if, and only if,
m(v, (E)) =0.

Proof. If m(f(E))=0, then by Theorem 11 m(v, (E))=0. If m(v,(E))=0, then by
Theorem 16 of Functions of Bounded Variation and Johnson's Indicatrix,
m(f(E))=0. Note that this theorem applies to arbitrary function of bounded

variation as the same proof is valid for the general function of bounded
variation.

Theorem 12. Suppose f:A—R isa function of bounded variation and A is a

subset of R. Then fis a Lusin function if, and only if, its total variation
function, v, , is a Lusin function.

Proof. Suppose E is a subset of A of zero measure. Then by Corollary 11,
m(f(E))=0 if, and only if, m(v, (E))=0. Thus, f maps a null set to a null set if,

and only if, v, does the same. Hence, Theorem 12 follows.

Theorem 13. Suppose A is a measurable closed and bounded subset of R or an
interval and f:A— R is a finite valued function of bounded variation on A.

Then f is absolutely continuous, if and only if, v, : A— R is absolutely
continuous on A.

Proof. By Theorem 13 of Functions of Bounded Variation and de La
Vallée Poussin's Theorem, f is continuous if, and only if, v, is continuous.

So, we assume that f is a continuous function of bounded variation.
Since |f(y)- f(x)|g\vf(y)—vf (x)\ forany x,ye A, it follows that if v, is

absolutely continuous, then f is absolutely continuous.

Note that the total variation function, v, , of fis a bounded increasing
function and so is of bounded variation.

11



Suppose now f is absolutely continuous. By Lemma 3 of Absolutely
Continuous Functions on Arbitrary Domain and Function of Bounded
variation, f is a Lusin function. By Theorem 10, since f is of bounded
variation, v, is also a Lusin Function.

If A is closed and bounded, by Theorem 4 of Absolutely Continuous
Functions on Arbitrary Domain and Function of Bounded variation, v, is

absolutely continuous
Suppose A is an interval. Since the total variation function, v, , is of

bounded variation, continuous and a Lusin function, by Theorem 15 of
Absolutely Continuous Functions on Arbitrary Domain and Function of
Bounded variation, v, is absolutely continuous.
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