Functions of Bounded Variation and de La Vallée

Poussin's Theorem
By Ng Tze Beng

This 1s the second of a series of articles towards the proof of the Denjoy Saks
Young Theorem. Part of the idea of the proof of Denjoy Saks Young Theorem,
is to somehow filter the domain of the function by an increasing sequence of
subsets, on which f is locally of bounded variation. This is an intermediate
result towards the proof of the Denjoy Saks Young Theorem. We present the
idea of a function of bounded variation on arbitrary subset of R. If the domain
1s an interval, then for a function of bounded variation on an interval, we have
the well-known de La Vallée Poussin's Theorem, which gives a null subset
where at each point, the function is not differentiable finitely or infinitely and
outside of which, the function is differentiable finitely or infinitely and the
modulus of the derivative is equal to the derivative of the associated total
variation function and furthermore, its images under the function and the total
variation function are null sets. We prove here the generalised de La Vallée
Poussin's Theorem for function of bounded variation on arbitrary subset of R.
This is a key result towards the proof of the Denjoy Saks Young Theorem.
Most proof of this intermediate result will involve some geometrical results
concerning lines of tangents of the graph of the function as in Saks’ proof.

Definition 1. Let A be an arbitrary subset of R. Suppose f:A—Ris a finite
valued function. Suppose I' ={[x,Y;]: X y; € A}is any finite set of non-

overlapping intervals. If there exists a real number M > 0 such that

Z|f(Yi)_ f(xi)|< M

for every such finite set, I, of non-overlapping intervals, then the function f is
said to be of bounded variation with bound M.

Note that if f is of bounded variation, then for any arbitrary collection of non-
overlapping intervals, = {[x,y,]:X.Y; € A, i belongs to some index set} ,

SIf(y) - f)|<M,



since 1S at most denumerable. Thus, we could have stated the definition of
bounded variation in terms of arbitrary collection of non-overlapping intervals
7. Plainly, these two conditions are equivalent.

We shall examine the continuity property of a function of bounded variation.

Since we know a function is continuous at a point if, and only if, the left and
right limits of the function at the point are the same as the value of the function
at the point, we examine the difference of the values of the function around the
point. This leads to the notion of the saltus of the function at the point.

Saltus Function, Limits and Continuity

Definition 2. Let f:A— Rbe a finite valued function and A an arbitrary subset
of R. Suppose a € A is a limit point of A. For each real number 6> 0, let 1, be

an interval with length /(I1,)<5 and ael;. Let
s(a,8) =sup{|f(y)— f(0|:x,ye Anl,, for I, withae I and /(1) < 5}.

Then, evidently s(a,5)>0 and s(a,d) is a decreasing function of 6. The saltus
of f at a is defined to be

s(a)= ?B’(}S(a, 0).

Note that f is always continuous at any isolated point of A. So, with this
definition, it is only meaningful to talk about saltus at a limit point. By
definition of continuity, it is easy to see that f is continuous at a limit point, a, if,
and only if, the saltus of f at @ is zero. We may thus extend the definition of
saltus of f at an isolated point by defining it to be zero. Hence, f is continuous at
a point in A, if, and only if, the saltus of f at the point is zero.

For each integer n > 1, let D, = {a eA:s(a)> %} Plainly, the set of

discontinuities of f is equal to | JD, .

n=1



Theorem 3. If the finite valued function f : A— Ris of bounded variation on A,
then D, is finite for each integer n > 1.

Proof.

Note that D, does not contain any isolated points of A.

Suppose on the contrary that for some n > 1, D, is infinite. Then take an

infinite subset, say {x.x,,---} of D,. Suppose fis of bounded variation with

bound M. Let k be an integer such that LIN M. Then for x,x,,--,x, we can find
n

non-overlapping intervals {I 5 (X, :1,---,k}with I, (%) containing x . Since

each x; is a limit point and s(x;) > 1 , we can find y,,z, € I, (x)N A such that
n 1

1
|f(Yi)_ f(zi)|>_ .
n
We deduce this as follows:
Since s(xi)>%, sup{|f(y)— f(2):y,ze An I@(xi)} > 5(x,) >%. Therefore, by

definition of supremum, there exists y;,z €1, (x)N A such that |f(y,)- f(z)| >1
! n

k
Hence, we get Y |f(y)—f(z)|> % > M, contradicting that f is of bounded
i=1

variation with bound M. We conclude that each D, is finite.

Theorem 4. Let f: A— Rbe a finite valued function and A an arbitrary subset

of R. Suppose fis of bounded variation on A. Then the set of discontinuities
of f is at most denumerable.

Proof.

Let D be the set of discontinuities of f. Then D=| JD, . Since each D, is finite

n=1
by Theorem 3, it follows that D is at most denumerable as it is the countable
union of finite sets.



Theorem 5. Let f : A— Rbe a finite-valued function of bounded variation on
A. If xis a left limit point of A, then f(x")= 1lim f(y) exists. If X is a right

y—>X",yeA

limit point of A, then f(x")= lim f(y) exists.

y—x*,yeA

Proof.

Suppose X is a limit point on the right of A. Since f is of bounded variation on
A, fis bounded on A. Hence, limsup f(y) and liminf f(y) exist and are finite.
y—>x*,yeA

y—ox,yeA
Suppose « =limsup f(y) and g = lirqint; f(y). We want to show that a= 4.
y—x',yeA y—oXx,ye

Suppose a—B>1>0. For each integer n > 1, let a, ZSUp{f(X):XE(X,X—f-%jﬁA}
and b, :inf{f(x):Xe(X,X+%jﬁA}. Then a,>« and b, < 4. Hence,
a—-b>a-p>1>0. Now a, —b, :sup{f(y)— f(2): y,ZG(x,x+%ij}>/1>0.
Therefore, by definition of supremum, there exist y.,z, e (x,x+%)m A such that

f(yn)_ f(zn)>ﬂ“ .

We shall find a sequence of points in A, y, >z, >y, >z, >--- such that

|f(y) - F(z,)|> 2.

Starting with n =1, we can find y, ,z, e(x,x+1)nAwith y, >z such that
f(y,) - F(z,)=|F(y) - F(z,)

> 4. Let n,be such that

1 .
—<minly -X,z, —X{=2z —x. As a -b >1,we can find
n n n, n, n n, ’
2

Yo, 22y, € (X,X+L]ﬂ A such that f(y,)-f(z,)>4. In general, suppose

2

Y, 52, e[x,x+LJmA have been found with y, >z sothat f(y )-f(z,)>1.
k k nk k k k k

Let n,,, be such that nL < min{ynk ~X,Z, - x} . Andas a, -b, >2, we can find
K+1



Yo +Zn, € (x, X +Lj N A such that f(y, )-f(z, )>4. We may assume that

r.]k+1

Yo >Z, ,renaming if necessary and we always have ‘f(ynk )-f(z,)|>4.

Let N be an integer such that NA > M , where M is the variation bound for f on A.
Then, taking the sequence y, >z, >y, >z, >--->y, >z, -, we get

ZN:‘f(ynk)— f(z,)|>NA>M.
k=1

This contradicts that f is of bounded variation on A with bound M. Hence,
a = f and this means f(x")= lim ) f(y) exists and 1s finite.

y—>X',ye
Similarly, we can prove that if X is a left limit point of A, then

f(x)= lim f(y) exists and is finite.
y—oX ,yeA

Decomposition of Function of Bounded Variation

We shall show that any function of bounded variation is a difference of two
increasing functions. Many results can be proved first on increasing function
and then extend to the function of bounded variation via the total variation
function of a function of bounded variation.

Theorem 6. Let f : A— Rbe a finite-valued function of bounded variation on
A. Pick a point @ in A as the anchor point. Then there is a decomposition

f(x)- f(a)=¢(X)—p,(x) , Wwhere ¢, and ¢, are respectively the positive and
negative variation of f satisfying ¢ (a)=¢,(a) =0and are increasing functions on
A. Moreover, ¢,(x) and ¢,(x) are optimal in the sense that if we have another
decomposition of f(x) —f(a), f(x)—f(a)=g(x)— h(x), where g and h are
increasing functions with g(a) = h(a) = 0, then for x>a,

0<¢(x)<g(x)and 0< ¢, (x)<h(x) and for x<a 0> ¢, (x)>g(x) and 0> ¢,(X)>h(X).

The function f is the difference of two increasing function, f(x)=w(X)-¢,(X),
where y(x)=¢,(x)+ f(a).

Proof.

Fix a point a in A. We shall use this point as the anchor point for the variation
function of f.



Suppose xisin Aand X>a. Let Q:a=x,<x <X, <---<X, =X be any subdivision

of (a, X) with points in A. Let

P(x,Q) =2 max {0, f (x) - f(x._)}
and N(x,Q) = Zmin{O, f(x)—f(x_)}.

Then, f(x)-f(@)=P(x,Q)+N(x,Q).
Let p(x)=sup{P(x,Q):Q a subdivision of (a,x) by points in A} and
n(x) = inf {N(x,Q) : Q a subdivision of (a, ) by points in A} .
We claim that f(x)- f(a)=p(x)+n(x). We deduce this as follows.
Take any & > 0. Then there exists a subdivision Q of (a, X) such that
P(X¥) = P(x,Q)> p(x)—¢.

It follows that f(x)— f(a)=P(x,Q)+N(x,Q) > p(x)+n(x)—¢. Since ¢is arbitrary,
we conclude that f(x)- f(a)> p(X)+n(x).

By definition of infimum, there exists a subdivision Q" of (a, X) such that
n(X) < N(X,Q)<n(X)+¢.

Hence, f(x)— f(a)=P(x,Q)+N(x,Q)< p(x)+n(X)+&. As £1is arbitrary, we
conclude that f(x)— f(a)< p(x)+n(x). It follows that f(x)- f(a)= p(x)+n(x).

Plainly, p(X) is an increasing function on [a,0) ~ A and n(X) is a decreasing

function on [a,x) N A. It follows that
f(x)—f(@)= p(x)—(-n(x))
is the difference of two increasing functions on [a,0) N A.
We now consider points X in A with X < a, i.e., (—w,a]nA. Take a subdivision
Q:iX=X, <X <X, <---<X =a.

n

Let P(x,Q) = max{0, f (x)- f(x_)} and N(x,Q) =2 min{0, f(x)~f(x_)}.



This time we have f(a)— f(x)=P(x,Q)+N(x,Q).

As before, define for X < a,
p(x) = sup{P(x,Q) : Q a subdivision of (x,a) by points in A}

and n(x) = inf {N(x,Q): Q a subdivision of (x,a) by points in A} .

And we deduce as before that for x <a, f(a)- f(x)= p(x)+n(x) so that
f)—f@=-p(x)-n(x).

Note that for all X in A, p(x)>0 and n(x)<0.

Note that if y<x<a, then p(y)> p(x), n(y)<n(x)and we have that

—p(y) <-p(x) and -n(y) >-n(x).

We define for X in A,
p(Xx),x>a —n(x),Xx>a
9, (X)=40,x=a, and ¢,(x)=10,x=a,
-p(x),x<a n(x),x<a

Plainly, ¢, and ¢, are increasing functions. Moreover,

p(X)+n(x),x>a

P (X) =@, (X)=70,x=12, =f(x)-1f(@).
-p(xX)—n(x),x<a

Therefore, f(x)=f(@)+¢ (X)—¢,(x). [f we let w(x)=¢,(x)+ f(a), then w(x) is an

increasing function on A and so f(x)=w(x)-¢,(x)1s a difference of two

increasing function.

Take any X in A. Assume x>a. Let Q:a=x,<x <---<x =xDbe a partition for
[a, X], with points in A. Then

f (Xi)_ f (Xi—l) = g(Xi)_ g(xi—l)_[h(xi)_ h(XH)] < g(Xi)_ g(XH) .
Therefore, as P(x,Q) is the sum over the terms for which f(x)-f(x_)>0,

P(Q)< Y (9(X)-9(%.)) = 900 - 9(@) = 9(x)
It follows that, p(x)<g(x). Hence, ¢,(x)<g(x).



Suppose now x<a. Let Q:x=x,<x <---<x, =a be a partition of [x,a] by
points in A. As before, we have

FOG) =04, =906)-9(%)=[h(x) =X )] < 9(x)=9(X,) -
Now, for x<a, P(x,Q)=) max{0, f (x)— f(x_)}<-g(x). Hence, p(x)<-g(x)

and so ¢,(x)=-p(x) = g(x).

Now, for X >a, g(x)-h(x)= f(x)- f(a)= p(x)+n(x)< g(x)+n(x). Therefore,

n(x) >-h(x). Hence, ¢,(x)=-n(x) <h(x).

Suppose now X <a. g(x)—h(x)=f(x)- f(a)=—p(x)—n(x) > g(x)-n(x). Therefore,
n(x)>h(x). It follows that ¢,(x)=n(x)>h(x).

Upper and Lower Derivates
Next, we examine the derivative property of a function of bounded variation.

Firstly, we recall the definition of the upper and lower derivates of a function.

Definition 7. Let f: A— Rbe a finite valued function. Let X be a limit point of

A. The upper derivate of f at X is defined as aDf (x) = limsup{w:t S A}

t—x —X

and the lower derivate of f at X is ,Df (x) = lirtninf{wzt € A}.
—X _X

Let a, =sup{ f(x+hz— f(x):h¢O,X+he(X—5,X+5)mA}. Then we have,

ABf(x)znmsup{M:teA}:limsup{ fx+m- f(x):h¢0,x+he(x—5,x+5)mA}

t—x 50" h

=lim a;.
50"

Likewise, let b, :inf{f(x+h;_ f(X):h;«rsO,x+he(x—&,x+§)mA}and we get

Df (x)=liminf{M:t e A}=liminf{ f(“hr)]_ T 1 £ 0.x+h e(x—5,x+5)mA}

t—>x t—X 50"

= limb,.
50"



Note that a; 1s a decreasing function of ¢ and b, is an increasing function of &.

Theorem 8. Suppose f:A—Ris a finite valued function of bounded variation

on A. Then, for almost all X in A, the upper and lower derivates of f at X exist,
are finite and equal. The common value ,Df (x) is called the derivative of f over

A at X.

Remark. If A is an interval, then ,Df (x)is just the usual definition of the
derivative of f at Xx. Note that ADf(x)= ,Df (x) if, and only if,

D f(x)=,D,f(x)=,D f(x)=,D_f(x). (See Arbitrary Function, Limit
Superior, Dini Derivative and Lebesgue Density Theorem.)

Theorem 9. Suppose f:A— Ris a finite-valued function of bounded variation
on A. Assuming that A is either bounded or of finite outer measure. Then,
except for a set of measure zero in A, aDf (x) and , Df (x) exist and are finite.

Proof.

Observe that if limsup{ fx+m- f(X):h¢0,X+he(X—§,X+5)mA}:oo, then

50" h

f (x+h)— ()
h |

limsup{| :h;tO,X—i-he(x—§,x+5)mA}:ooandif

50"

liminf{ fix+h) - f(x):h¢0,x+he(x—5,x+5)mA}=—oo, then

507 h

50" h

1imsup{| fx+)- f(X)I:h¢OX+he(X—5,X+5)mA}:oo.

Note that if limsup{ fx+m- f(X):h;«rsO,x+he(x—5,x+5)mA}:—oo, then

50" h

liminf{ fx+h) - f(x):h¢0,x+he(x—§,x+5)mA}:—oo and if

507 h



liminf{ fx+h) - f(x):h¢0,x+he(x—5,x+5)mA}:+oo, then

507 h

50" h

limsup{ fx+m- f(x):hiO,X+he(X—5,X+5)ﬁA}:oo.

Let E, Z{XEA: ABf(x)=+oo} and E, ={xeA: ,Df(x)=—x}. Observe that

{XEAZ ADf(X) =0 or ,Df (X) =+ }:EluE2 and

E, UE, c E:{XeA:limsup{| fox+hy - f(X)I:h¢0,X+he(x—§,x+§)mA}:oo} .

50" h
We shall show that E is of zero measure.

Let a; :supﬂ f(x+h;_

f(x)I:h¢o,x+he(x_a,x+5)mA}. If X €E, then

limag=o0 .
50"

Hence, for an arbitrary positive number K, there exists a 5 >0 such that for all
0<6<6 , a; >K.

Choose an integer N such that ﬁ< 5.

Thus, for any integer n > 1, we can find x, e[x— ! X+ ! Jm A such that

N +n N +n

f(Xn)_ f(X)

X, — X

. In this way we obtain a sequence (x,)

>Kand 0<|x,—X <

N +n

such that x, > x. Let v,(x) be the closed interval determined by the points X
and x,, 1.e., v,(x)=[x,x,]11f x, >x and v, (x) =[x, x] if x, <x. Let A, ={v,(x)} be
the family of closed intervals. Then Q=U{A, :xeE} constitutes a covering of E

in the Vitali sense. Since A i1s of finite outer measure, E is also of finite outer
measure. Therefore, by the Vitali Covering Theorem, for any &> 0, there exists
a finite disjoint set J of closed intervals in Q such that

m*[U IiJ>m*(E)—g .

lied

Suppose the number of members in Jis L. For I, € J, there exists y, € E such

that 1, =v, (y,) :[yi,xni] or [xni,yi], where x, — ;. Thus, we have

10



>

i=1

Nowm[u.)

fxy)=1 ()

y,‘and S0 Z‘ (yl)‘ K(m*(E)-¢).

Suppose the variation bound of f is M. Suppose m*(E) > 0. We can take the
number K such that Km*(E)>M +1. By taking &> 0 sufficiently small so that
Ke<1 . We then obtain

x

(%)= f ()| >K(m*(E)-2)>M,

contradicting that f is of bounded variation on A with bound M. Therefore,
m*(E) = 0. Hence, E, and E, are of measure zero. It follows that

ADf (x) and , Df (x) exist and are finite for almost all X in A.

We may remove the assumption imposed on A in Theorem 9.

Corollary 10. Suppose f:A—Ris a finite valued function of bounded
variation on A. Then, except for a set of measure zero in A, ADf(x) and , Df (x)

exist and are finite.

Proof. If A is bounded, then the conclusion is given by Theorem 9. Suppose A
is unbounded. Subdivide A into countable non-overlapping bounded pieces. We
can do this by taking each piece as A = An[n,n+1]. Since the conclusion is

valid for each A, , it follows that it also holds for the whole space A.

Proof of Theorem 8.

Suppose f:A—Ris a function of bounded variation on A. By Theorem 6, f is a

difference of two increasing and bounded function. It suffices to prove the
theorem for f an increasing and bounded function. We shall assume that A is
either bounded or of finite outer measure. By Theorem 9 or Corollary 10,
outside of a set of measure zero, aDf(x) and , Df (x) exist and are finite. Let

E= { xe A: aDf(x) and , Df (x) exist and are ﬁnite} . Since f is increasing, ,Df (x)>0.

11



For any rational number h, k such that 0<h<k, let

E,\ ={XeE: and,Df () <h <k < aDf ()} .

Let X eE. By definition of ,Df (x), there exists a sequence (x;) in A such that

X, —>X, X% =x and

f(xi>—f(x>=§f<xi>—f(x>|<h. __________________________ ()

X; —X X; —X ‘

Thus, we have arbitrary small closed intervals [x;,x] or [X, x ] satisfying (1).
These intervals for each of the points X in E,, form a Vitali covering for E, , .

Hence by the Vitali Covering Theorem, there exists a finite set of disjoint closed
intervals, v,,v,,---,v. such that

m*(E, ) —-¢< zm*(Eh,k mVi)Szm*(vi)<m*(Eh,k)+5 .
i=1 i=1

If x 1s the point x € E,, associated with the closed interval, v, , then

f — f(x
v, =[x, %, Jor[x,,%], where x_#x and —(X)”(‘) X(X') <h. We then have
Zn: f(Xni)—f(Xi)\<th:m*(vi)<h(m*(Eh,k)+e). ---------------------- (2)

i=1 i=

Consider the set (Uvi]m E.. < E.,. Foreachinteger 1 <i<n,let int(v,) be the

i=1

interior of v,. For each X in [Uint(vi)jm E,., we have that aDf (x) > k.
i=1

Therefore, by definition of aDf (x), for each X in [Uint(vi)jm E,., there exists a

i=1

sequence (y;)such that y, # x, y, » xand

(¥ = FOO> K|y, = X[ =mmmmmmmmmmmmmmmmeeeeeee (3)

Thus, we have arbitrarily small closed intervals [y, x] or [X, y,] satisfying (3).

Furthermore, we may restrict these small intervals to be in Uint(vi) , since
i=1

12



xe| Jint(v;). These collection of arbitrarily small closed intervals for each X in
i=1

(Uint(vi )J NE,, forms a Vitali covering for [Oint(vi )j NE,, Hence, by the

i=1 i=1

Vitali Covering Theorem, there is a finite disjoint sets of closed intervals,
V/,Vy,--,vo in | Jint(v;) such that
i=1

12

p n
> m*) >m*(E,, N[ Jv)-e>m*(E,,)-2¢ .
i=1 i=1

Thus, if y, and y; are end points of v/ , then by (3) we have

p

p
2| )= F O]k m* () > k(m*(E, ) =2z). --mrmrmrmemeees (4)

i=1

n P
Since v <[ Jv, and fis increasing, » |f(y,)- f(y))
i=1

i=1

then from (2) that

SZ::‘ f(x,)—f (xi)‘. It follows

p n
DT = O[] 06) = FO)[<h(m* (B )+ 6). ommmemeeees (5)

i=1

Therefore, from (4) and (5) we get, k(m*(E,,)-2¢)<h(m*(E,,)+¢)

and so (k—h)(m*(E,,)—2¢)<&(2h+h). Since gis arbitrary, we conclude that
(k—h)m*(E,,) <0.

This is only possible if m*(E,,)=0 ask—h>0.

Let E ={XE E:,Df(x)< ABf(x)}. Then E= |J E,, . Since each E,, is of

h,k rational,h<k
measure zero by we have just shown, E is of measure zero. This means except
for a set of measure zero, ADf(x) and , Df (x) exist, are finite and equal.

Note that if f is of bounded variation on A, then by Theorem 6, f =¢, —¢, ,
where ¢, and ¢, are increasing functions on A. Since, except for a set of
measure zero in A, aDg,(x) and , Dg,(x) exist, are finite and equal and also

+Dgp,(x) and , Do, (x) exist, are finite and equal, it follows that except for a set of

13



measure zero in A, aDf (x) and , Df (x) exist, are finite and equal. This means f is

differentiable almost everywhere on A.

If A is unbounded or of infinite outer measure, then we can subdivide A into
countable union of bounded subsets. Since the conclusion is true for each
bounded piece, it is true also for the countable union as countable union of set
of measure zero is of measure zero.

Now we examine the measurable property of the derivative of measurable
function. Iff is measurable, then its derivative is also measurable.

Theorem 11. Suppose f:A—R is a measurable finite valued function and A
is measurable. Suppose ,Df (x) exists and is finite for every X in A. Then

A Df (x) is a measurable function on A.

We shall need the well-known Lusin Theorem (see Royden and Fitzpatrick,
Real Analysis) for approximation of measurable function by continuous
function. We shall state the theorem without proof.

Theorem 12. Suppose f:E — R is a measurable finite valued function and E

is measurable. Then, for any &> 0, there exists a continuous function g on R
and a closed set F contained in E for whichf=gon F and m(E-F)<e.

Proof of Theorem 11.

We shall prove this theorem in stages.

Firstly, suppose A is an interval, say, (a,b) and f is defined on R. Extend f

trivially to a measurable function on R. Then since f is differentiable on A, for
any sequence (h,) with h, #0 and h, — 0, the function

14



f(x+h)-f(x)
h

n

9.(0) =

is measurable. Since ,Df (x) exists for X in A, g,(x) > ,Df (x) on A. This

implies that , Df (x) is measurable on A.

If f is only defined on A and A is not an interval, then it is not necessary that for
X in A, that x+h, is in A. Thus, we need to find a function defined on R and

closed to f on A or some subset of A. We use Lusin Theorem to furnish this
function.

By Lusin Theorem, for each integer n, there exists a closed set C, c A and a

continuous function ¢, : R — Rsuch that ¢, (x)= f(x) for allxe C, and
1

m(A-C,)<— .
n
Now since C, is closed the complement of C,is at most a countable union of

disjoint open intervals. Therefore, the boundary of C, is of measure zero. Now

@, = f on the interior of C_, intC,. Note that ,Df (x)is defined for all X in intC, .

n?

Now for each xeintC,_, there exists an open interval (x—¢,x+¢)cintC, < A. It
follows that D¢, (x)= ,Df (x) on intC_ . Thus, D¢, (x)= ,Df (x) almost
everywhere on C,. Now intC, is a countable disjoint union of open intervals.
Therefore, by what we have just shown, D¢, (x)is measurable on each of the

open intervals and so it is measurable on intC, and hence on C,. It follows that

A Df (x) is measurable on C, . Note that as m(A—Cn)<l, m(A-C,)—>0 as n > .
n

For each integer n > 1, let K, =C, uC, u---UC,. Let

ADf (X),xe K,

X) =
Xa (%) {QXGK;

Then y, is measurable. Note that K < A and m(A-K,)— 0. Take
K :0 K, cA. As m(K,)=m(A)-m(A-K,), m(K,) > m(A). By the continuity
n=l1

from below property of measure, m(R) =m(A) and so m(A— R) =0
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Hence, y,(x) > ,Df (x) for almost all X in A. Since each y, is measurable,

4 Df (x) is measurable.

Total Variation

Suppose f:A—Ris a finite valued function of bounded variation on A. Take
an anchor point a in A. Then we have that f = f(a)+¢, —¢, , where

p(x),x >a —n(x),x >a
9, (X)=410,x=a, and ¢,(x)=40,x=a,
-p(x),x<a n(x),x<a

and p(X) and n(x) are defined in the proof of Theorem 6.

We define the total variation function of f, v, :A—>R by

p(X)—n(x),x >a
Vi (X) =@ (X)+9,(X) =10,x=4a,

n(x)—p(x),x<a
Note that v, is an increasing function. Moreover, v,(x)>0for all x>a in A and

v.(x)<0 for all x in A with x<a. Observe that for x and y in A,

[ ()= F 0| <vi(y)-v(x) for y>x.

Theorem 13. Suppose f:A—Ris a finite valued function of bounded variation

on A. Then v.:A—R is continuous at X in A if, and only if, f is continuous at

X.
Proof.

Note that we choose a point a in A as the anchor point for the definition of the
positive and negative variations of f. Observe that ¢,(x),¢,(x) >0 for x>a and

@,(X),p,(x)<0for x<a. Itis to be noted that for all x in A, p(x)>0 and n(x)<0.

We shall first consider the isolated points of A. fis of course always continuous
at any isolated point of A. Suppose C is an isolated point of A. Since it is an
isolated point, there exists 6> 0 such that (c-5,c+8)nA=. Suppose c=a.

Let ¢’=sup{ye A ,y<c} and d'=inf{yeAy>c}. Then ¢'<c-5<c and
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d'>c+6>c. Then ¢ and ¢, are not defined at any point in (c’,d")-{c}. Hence,

trivially v, (x) =¢,(X)+¢,(X) is continuous at C.

We may assume that the anchor point, @, is not an isolated point of A.

Take ¢ a limit point of A. Suppose that f is continuous at ¢. Then for any &> 0,
there exists &, >0 such that

x—c| <4 andXeA:>|f(x)—f(c)|<§. ------------------- (D

Suppose C is a right limit point of A. We assume that ¢ > a. Then for any >0,
(c,c+5)nA=@. Takeany be(c,c+6)nA. Now, we take the variation

function of f anchor at the pointc, v, .:A—>R.

Then by definition of the total variation of f,

v (b)= sup{2| f(x)-f (Xi_])| :C=X, <---<X, =Db, asubdivision of [c,b] by points in A} .
i=1

Hence, given ¢ >0, there exists a partition of [C, b] by points in A,
C=X, <X <--<X,=b, X €A

such that
Vie®) =2 < |0 F0x )| <v 0.
i=1
Let 6=(x,—x,)=(x,—c). Then for xe(c,c+5)NA,

V)= < £ )= F @]+ X[ Fx) - Fx.)
<f(x) = FOO|+] F (0 - f(c)|+i|f(xi)— f (%)

_|f (0 f<c>|+[|f<x1>— o0+ 3] F ) f(xi1>|j

<[F ()= f(©)|+v,,(b)
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£§+vf’x(b) by (1).
Hence,
Vf,c(b)_vf,x(b)<g- """"""""""" (2)

Next we claim that
Vf,a(x) —Via (€)<v; < (b)— Vix (b).

Now

Vi (X) = sup{2| f(x)—f(x_):a=%,<--<X, =X, asubdivision of [a,X] by points in A}

i=1

< sup{2| f(x)-f (XH)| ra=X, <---<X, =C, asubdivision of [a,C] by points in A}
i=1

+sup{2| f(x)-f (XH)| :C=Y, <---<Y, =X, asubdivision of [, X] by points in A} .
i=1

Thus, we have
TN (5 T ¢ V¢ F—— (3)
Hence, v,,(X)-v,(C)=v, (X).

Similarly, we can derive that

vi D) <v (X)+v, (b)<v, (b)
and so
Vi) =vi ,(0) =V (X). =mmmmmmmmmmmmmmm oo 4)
Therefore, v, ,(X) v, ,(€)=v; . (X) =V, (b)-Vv, (D) <&.
This shows that v, ,(x) is continuous from the right at c.

Suppose now C is a left limit point of A. Take any 6, >0 such that §, <c—a and

[x—c|< 6, andxe A= |f(x)— f(c)|<§.

18



Take a point b in (c-5,,c)nA. Then we can find a partition of [b, ] by points

mA, x,=b<x <--<x,=c, such that
& n
Vf,b(c)_§<2|f(xi)_f(xi—1)|svf,b(c)-
i=l
Let 6=c—x,,. Then for Xin (c-8,c)nA,

V@) < 4TI TO0 - TR+ F©) - Fx,)
<2 RITO0- PR+ 00 T )]+ F©) - F )

& &
<E+vf,b(x)+5=vf’b(x)+g.
Hence, v, ,(c)-v,,(X)<¢ and so
Vf,a(c)_vf,a(x) = Vf,x(c) = Vf,b(c)_vf,x(x) <¢&.
This shows that v, ,(x) is continuous from the left at C.

We have thus shown that if ¢ > a and c is either a left or right limit point or
both, then f is continuous at ¢ implies that v, ,(x) is continuous at C.

Similarly, we can show that if f is continuous at ¢ and ¢ < &, then v, ,(x) is

continuous at C.

Suppose now C is not an isolated point of A and v, ,(x) is continuous at C. Then

given ¢ >0 , there exists 6 >0 such that
x—¢|<Sandxe A= v, ,(X)-v, (0)|<e.
It follows that |f(x)- f(c)|< ‘vf,a(x)—vfﬁa(c)‘ <¢. Hence, f is continuous at C.

This completes the proof of Theorem 13.

Derived Numbers
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Suppose f:A—R is a finite-valued function defined on an arbitrary subset of

R. Let X be in A. Suppose there exists a sequence (a,)in A such that a, — x

and F@) =00
a, —X

tends to a limit, finite or infinite. Then this limit is called a

derived number of f. If ,Df (x) exist (finitely or infinitely), then f can have only

one derived number at X.

The next theorem is a key technical result to a de La Vallée Poussin's Theorem
for a function of bounded variation.

Theorem 14. Suppose f:A— Ris a finite-valued function of bounded variation

on A. Let h an K be positive numbers such that h <k. Take ae Abe the anchor
point for a total variation function of the function f as defined above. We
assume a is a limit point of A and denote the total variation function by v, . Let

E = {x € A: there is a derived number of v, at X greater than k and a derived

number of f at X, whose absolute value is less than h.} and

S = {x € A: there is a positive derived number and a negative derived number of
fatx.}.

Then m*(v,(EUS))=m*(f(EUS))=m*(EUS)=0.

Proof.

By Theorem 4, the set of discontinuity of f is at most denumerable. Since
denumerable subset of A and its image under f are null sets, we may thus
assume that f is continuous on A. We may assume that A has no isolated points,
that is, every point of A is a limit point of A.

If EuS is denumerable, then trivially the conclusion of the theorem holds.
We now assume that EuUS is non-denumerable.
We assume that A is bounded.

Let /=inf Aand L=supA. Since A is bounded, ¢ and L are finite.
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We begin by considering the case when 7, L A.
Thus Ac[/,L].

Suppose f is a function of bounded variation with bound M. Then, given any &
> 0, there exists a partition of [/, L]by points in A,
P:x,=0<X <---<x,=L,

n

such that
I M LIC S I 100 1 BUSS———— (1)

Note that we may take M =v, (L).

Observe that the derived number of v, is independent of the anchor point for v,

since Vf,a(x)_vf,a(y) = Vf,b(x)_vf,b(y) for a, ba X,y in A.

Thus,

(Vi @)=V @)= v DM <Y [FX) - Fx )]+

t
i=1

<2[f@)-t@))+e, )

for any partition, Q:z,=/<z <---<z, =L, containing all the points of the

partition P. We shall denote this special partition P by

P:u,=/¢<u <---<u, =L.

Now fand v, , are bounded functions. Thus, v, ,(E) has finite outer measure.
Thus, there exists an open set U containing v, ,(E) such that

MU) <M* (v, (E))+& . =wmmmmmmmmmmmeemmmmeem oo (3)

Since f is continuous on A, by Theorem 13, v, , is continuous on A and hence is
continuous on E. Since U is open, for each e e E, there exists ¢ >0 such that
(vi,(®-S.vy,(e)+<)cU . By continuity of v, , at ee E, there exists 5> 0 such
that
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xe(e-d,e+8)NA=v, (Ne(v,,(©)-C v ,(©)+L)cU.

Thus, we can find arbitrary small closed intervals [x, y] with x <e <y, x <Y,
X,y €A such that

v @e[v 00w, ] (v (©-Sv (O)+5).

Note that € is a limit point of A, it may be a left limit point only or a right limit
point only or both. Since v, ,has a positive derived number > k at e, we can find

such arbitrary small intervals [X, y] such that

Vf,ﬂ(y)_vf,ﬂ(x) >

o e (4)

We deduce this claim as follows.

Since there is a derived number at e greater than k , there is a sequence (x,) in A

v, (X )=V, (€
such that x, #e and lim (%) Vi )>
n—oo Xn_e

k.

Note that for any 0> 0,

k .

{Vf,/(x)_vf,/(y)
up

14 X )—v e
:X>e2y0TX<9Sy,|X—y|<5,X,yeA}21im () f’/*()>
X=y

n—>co X —e
Hence, there exist X, y €A with |x-y|< & such that

Vf,z(x)_vf,z(y) S
X—y

k.

Thus, we can cover v, ,(E) by arbitrary such small closed intervals
[v,(¥.v,,(y)]for each v, ,(e) corresponding to arbitrary small choice of ¢ .

Note that X may be equal to e or y may be equal to e. Therefore, by the Vitali
Covering Theorem, we can cover v, ,(E)almost everywhere by countable

mutually disjoint closed intervals {[vf,ﬁ(ai),vf,[(bi)},ai <b,a,b e A} . It follows

that the collection of intervals {[ai,bi],ai <b,a.b e A} are also mutually disjoint.

1271

Note that for each I, [Vu, @)y, (bi)} cU and
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v (B)—vi,(8)>k(b —a) --mmmmmmmmmmee- (%)
by inequality (4).

Hence, m*(v, (E))+&>mU)= Z(vf,g(bi)—vu(ai)) > kZ(bi —a;) by inequality (5).

It follows that

Z(bi_ai)<&(m*(vf,ﬂ(E))+g)' """"""""" (6)

Without loss of generality we may assume that the set of points of the partition

P:u,=/<u, <---<u, =L does not contain any point of E. If P contains a point in
E, we may just remove this point from E without affecting the conclusion of the

theorem. We may thus remove all the points in P that are in E from E. Observe

that the partition P depends on ¢. By taking ¢ :ﬁ and letting N tends to

infinity, we would remove at most a denumerable number of points from E.
Since denumerable set of points has zero measure, the removal of these points
does not affect the conclusion of the theorem.

Next, we observe that if the anchor point chosen is ae(/,L), then
Vi () =v;,(X)-v; (a). Thus, the definition of E and S does not depend on the

anchor point.

We now assume that for any of the partition P, PnE =& . Now we shall refine
our covering. Firstly, we examine the end points of the intervals
{[a.b].a <b.a.b € A}. We shall examine the points in E—{a,,b;}. Note that the

1271

collection {a;,b }is at most denumerable and so by not considering these points

will not affect the conclusion of the theorem. So, we now remove the end points
{a;,b} from E.

1271

For each eeE-{a,b}, corresponding to any ¢ >0 with

(vf,f(e)—g“,vf,g(e)vtg)gu ,as PNE =0, there exists a § >0 such that

(e-6,e+8)NP=2, (e-5,e+5) U(a,,b,)
and
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xe(e-d,e+8)NA=v, (Ne(v,,(©)-C v ,(©)+L)cU.

Thus, we can find for e in E, arbitrary small interval [X, y] with x<e<y,
x#Y,X,yeAsuchthat x,ye A-{a,b}-P,

Vi (e)e [Vf,(/(x):vf,z (e)] o (Vf,(/(e) _é/’vf,é(e) + é/) .

Now we consider the other property that the points in E have, namely that at
each point of E, there is a derived number whose absolute value is less than h.
So, at each point e of E—{a;,b} there is a derived number of f whose absolute

value is less than h.

We claim that we can find arbitrary small interval, [c, d], with ¢, d € A, such
that e is either one of the end points of the interval such that

If(d)—f(C)I<h’
d-c

[c,d1=|Jla.b] and that Pn[c,d]=2.

We elaborate and prove this claim as follows.

We may assume that every point of A is a two-sided limit point of A. As one-
sided only limit points or non-limit points constitute at most a denumerable set,
this assumption would not affect the conclusion of the theorem. If need be, we
shall remove these points from A.

Let ec E—{a,b}. Suppose S is a derived number of f at the point e such that

a =|B|<h. Then there exists a sequence, (x,), such that x, e, x, >e and

> a<h.

‘f(xn—f(e)

X, —€

Thus, there exists N such that

f(Xn)_ f(e)

X,—€

nN>N=0< <h.
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As x,—e, we may choose N such that n>N = 0<|x,—¢/<5. Hence, we can

f(xy,) = f(e)

choose N, >N such that
X, —€

<h and 0< ‘XNO —e‘ <6 . Inparticular we

No

may choose 0> 0 sufficiently small so that (e—5,e+5)m(PuU{ai,bi}j =0.

Take c=x, . Thenc>eorc<e. Ifc<e,letd=e.Ifc > e, rename C as d and
let ¢ =e. Hence, we have Pn[c,d]=Jand [c,d]gU(ai,bi).

f(d)- f(c)
d

< h. This is because by

If a> 0, then we can choose ¢ such that 0<

—@ %} , there exists integer N such that

definition of limit, by taking & = min { h

nZN:>0<%<‘

F(x) =T

X, —€

<a+e<h.

and then we can pick c arbitrarily closed to e as before. It follows after
renaming € and d so that ¢ <d, |f(d)- f(c)|>0 and v, ,(d)-v,,(c)>0.

If =0, then for any 0< ¢ <h, there exists an integer N such that

f(x,)—f(e)

X, —€

nN>N=0< <eg<h.

Since f is continuous at € and x, —e , we have that f(x )— f(e). We may

assume that x, #e for all integer n > 1.

Suppose the sequence { f(x,)} is not eventually constant, i.e., for any integer N ,
there exists ny > N such that f(x, )= f(e). We may then replace the sequence
(x,) by the subsequence (an ) We shall then obtain the closed interval [C, d]
with v, (d)-v,,(c)>0.

Suppose the sequence { f(x,)} is eventually constant, i.e., there exists an integer
N, and n>N = f(x,)= f(e). Ifthere exists an integer fi such that
ve (%) =v,,()>0, then, as x, #e, v, 1s constant on [x;,e]" A or on [e,x,]NA.

It follows that (x,,e]"E ={e} or [e,x,) N E = {e} as every point X in (x,,e) " Aor
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(e,x;)"Awould have ,Dv, (x)=0 so that every derived number of v, , at X in
(x.,e)NAor (e,x.)nAis zero. Thus, ee a(R—E) and so e belongs to a set, which

is at most denumerable. We may remove these points from E without affecting
the conclusion of the theorem. We may thus assume that v, ,(x,) = v, ,(e)>0for

all integer n > 1, that is,

ve, (%)=, ()[>0 for all integer n > 1.

Hence, we can cover v, ,(E) by arbitrary small such closed interval

[v (9N% f’é(d)} with [c,d]c U[ai,bi] and that Pn[c,d]=3. Therefore, by the
Vitali Covering Theorem, we can cover v, ,(E) almost everywhere by countable
disjoint closed intervals {[v . (C)v f,ﬁ(di)}} with Pn[c,d]1=2, [c.d]<=|](@.b)

and

|f(di)_f(ci)|<h(di_ci)- """"""" (7)

Now, consider the partition Q=P u{c;,d,}, .

i(vf,[(di)_vf,/(ci))+ Z ‘f(di’)_ f(ci,)‘
i=1 ¢, €Q,¢/ #¢c; ordy' #d;
Si(vf,f(di)_vf,z(ci))+ Z ‘Vf,f(di’)_vf,f(ci')‘=Vf,€(L)

i ¢ .0, Q¢ #c; ord;'#d;

<2 T - @)+ >

¢’ .0, €Q.¢/'#c; ord; =d;

f(d')- f(ci’)‘+g by inequality (2).

Hence,
(Vi (@) -vi (@) < X[fd)-Fe)+e.

Now letting N tends to infinity we get,

2V d)=ve (@) 2IFA)~ ()| +e. —mmmmmmmmmees (8)
Note that m*(vM(E))sZ(vf,f(di)—vf,,(ci)) and so
m* (v, ,(E)) < Z| f(d)-f(c)|+e< hZ(di —¢,)+¢ , by inequality (7),
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<h> (b —a;)+e, since | Jlc,.d;1=(Jla.b].

1 ]
Hence,

m* (v, (E) ¢

0 Z(bi -a,)

<&(m*(vf’4(E))+5) by inequality (6).

As ¢ :ﬁ , by passing N to infinity, we get

m*(v, ,(E) 1
s (v, (B)).

Since h <Kk, this is possible only if m*(v, ,(E))=0.

We shall now show that m*(v, (S))=0.

We proceed almost exactly as for the set E.

For g:ﬁ , we pick a partition P:u,=/<u,<---<u =L,

such that

M —g<Zn:|f(ui)— fu_)|<M.

We may remove the points in P from S for ¢ :ﬁ and for all positive integer N.

We assume that SNP=0.

Note that v, ,(S) has finite outer measure. Thus, there exists an open set V

containing v, ,(S) such that

M) <M*(v, (S))+&. =mmmmmmmmmmmmmmmmmnnaae )

Since v, , is continuous for each € in S, there exists a ¢ >0 such that

(vf,[(e)—g,vf,l(e)+§) cV . By continuity of v, at ee S, there exists 6> 0 such

that
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xe(e=d,e+8)NA=v, () e(v, (O)-Cv, ()+S)cV

Now, f has a derived number at e greater than 0. Thus, we may pick arbitrary
small closed interval, [r, S], such that e is one of the end points of the interval,
[r.s]nP =, [v,,(N.v,, ()< (v, (&)-C.v (0)+¢) cV and

f©-fm_,

S—r

Since we can choose ¢ >0 to be arbitrarily small, these arbitrary small intervals
[vi,(r),v,(s)] for € and for each e in S form a Vitali covering for v ,(S).
Therefore, by the Vitali Covering Theorem, we may cover v, ,(S) almost
everywhere by a countable mutually disjoint such closed intervals

{lvy,(6).vy,(s)]} such that [r,s]1nP =@, f(s)-f(r)>0and

I’I

m*(vf,/,(s))SZ(Vf,/,(Si)_Vf,g(ri))- """""""""""""" (10)

We deduce similarly as for inequality (8) that

2=y M) XTE) = Fmlre=2(TE)=TM)+e. —mmmmm- (11)

Now, we remove the end points of the collection {r,s;} from S. Since {r,s} is

countable, this will not affect the conclusion of the theorem. We now proceed
similarly as for the case of the set E. We now assume that S {r,s;} =&. Each

point € in S —{r,s;} has a negative derived number. Following the case for the
set E, we cover v, ,(S)almost everywhere by a countable mutually disjoint such

closed intervals {[v,,(p,).v,,(q)]} such that f(p)> f(q), [ p,,q]cU( S.)

[p.q]NP=0, and

m*(Vf,a(S))SZ(Vf,a(qi)_vf,a(pi))
<Z|f(CI) f(p)|+e= Z (F(p)—F(Q))+&. —mmmmmmemmr (12)

We deduce the last inequality as for inequality (8).
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Since | J[p;,a1<|JIr.s]1 and both collections are collections of disjoint

intervals, as f(qg,)— f(p,) <0 for each i,

2 (F@)=f(p))= 20, (s)-n . (R),

where n, ,is the negative variation of f as defined in the proof of Theorem 6.
Note that by definition, as /€ A and ¢=inf A, n; , <0 and n, is decreasing.
As f(s)-f(r)>0foreachi,

Z(f(si)_ f(l’l))Sz pf,é(si)_ pf,é(ri)a

where p,, is the positive variation of f as defined in the proof of Theorem 6.

Note also that p,, >0 and p, ,is increasing.

Therefore,

Z(f(pi)_ f(qi))+2(f(si)_ f(ri))gznf,ﬁ(r-i)_nf,ﬁ(si)+z P, (S)—Ps, (1)

< 2P ) =N, (8)) = 2 (P () =0, (1)) =D v (5) =D v, (6.

i
Hence,

SR = @)+ 2 (F(s)=F1) <D (Ve (8) =y (). ===mmmmemmme (13)

Thus, it follows from inequalities (11) and (12) that

Z(Vf,é(si)_Vf,e(n))_‘9+Z(Vf,é(qi)_Vf,,f(pi))_g

SZ(f(Si)— f(ri))"‘Z(f(pi)_ f(qi))SZ(Vf,é(Si)_Vf,é(ri))'

Hence, Z(vf’f(qi)—vf,é(pi)) <2¢. Therefore,

m*(v, (9)) <D (ve (@) =vi,(p))< 2.
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As g:ﬁ ,and so as N — o0, m*(v,,($))<0. We conclude thatm*(v, ,(S))=0.

Next, we assert that m*( f(EuS))=0. This is a consequence of the fact that for
a function f of bounded variation, if H is a subset such that m "‘(vf (H )) =0, then

m*(f(H))=0.

We give a proof here for the case when ¢ =inf(A) e A. The proof for the general
case is exactly the same.

Suppose H is a subset of A such that m *(vf (H )) =0. Then given any &> 0, there
exists an open set U such that v, ,(H)cU and m(U)<e&. Since U is open, U is a

disjoint union of at most countable number of open intervals, i.e., U = JI, and

mU)=Y m(l)<e . Moreover, v,, (U)o H. Let A=f(v,,"(I))). Forany x,y

in A, there exist a,bev, ,”'(I;)such that x= f(a) andy = f(b). Then
x=y|=[f@-fb) <] @) -v,, b <m*(l).

It follows that the diameter of A is less than or equal to m*(1.). Hence,

m*(A)<m*(l,).

Now, f(H)c f(v,,'U))=f (vf’é‘ (U |iD= f (va’él(li)}u fve, (1))
Therefore,
m*(F(H) <Y m*(f(v,,(1)))=Dm*(A)< > m*(I)<e.

Since £> 0 is arbitrary, we conclude that m*(f(H))=0. This completes the
proof of our assertion.

We shall now show that m(EuS)=0.

Since f is of bounded variation, by Theorem 8, f is differentiable almost
everywhere. Evidently, f is not differentiable at every point of S and som(S)=0.
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At each point of ec E, v, has a derived number greater than kK. We may

assume that f is continuous at every point of E as the discontinuities of f form at
most a denumerable set.

Since we know that m(v, ,(E))=0,given &> 0, there exists an open set U such
that v, ,(E)cU and mU)<e. Since U is open, for each e in E, there exists £ >0
such that (vf,é(e)—g,vfgé(e)+§) cU. By continuity of v, , at ee E, there exists
0> 0 such that

xe(e-d,e+8)NA= v, (Ne(v,,(©)-L v, (0)+L)cU.

Thus, as in the first part of the proof, at each point e, we can find arbitrary small
closed intervals [X, y] with X < e <y, x <y, X,y€A such that

vi,@¢e[v, 00w, M]s(vi (©-Sv,(0)+5)

and v (Y)=v,(X) .
y—X

k.

Thus, these arbitrary small intervals at each point of E and for all points in E
form a Vitali covering for E. Therefore, there exists a countable sequence of
pairwise disjoint closed intervals, {[a. b, ]} , covering E almost everywhere.

We claim that{[vf’é(ai),vu(bi)]} is a family of non-overlapping intervals. If

[a.b]N[a,,b,]=2, then either b <a, or b, <a . Hence, v,,(b)<v,,(a,) or
v, ,(b,)<v,,(a), consequently, [vw,(al),vu(bl)} and [vf’g(az),vu(bz)] are non-

overlapping. Therefore,

m*(E)S Zm*([aisbi]:Z(bi _ai)<Z%(Vf,:;(bi)_‘/f,(/(ai))
= Z&m*([vf,e(ai),vf,é(bi)}) :&m*[UI:Vf,(/(ai)’Vf,l(bi)]J

1 1
<—m*U)<L—¢.
()=e

Since ¢ s arbitrary, we conclude that m*(E)=0 .
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If ¢=inf(A)e Aand L =sup(A) ¢ A, then take a sequence (b, )in A such that b, /L.

A may not be bounded above and so L may be .

Apply the argument to An[/,b,Jwith the corresponding E and S in An[/,b,]
denoted by E, and S,. Plainly, E =( JE, and S = JS, . It then follows by the

continuity from below property of Lebesgue outer measure that the conclusion
of the theorem holds for E and S since it holds for each E, and S, .

Now if /=inf(A) ¢ A, take a sequence (a,)in A such that a, v /. We note that if
A is not bounded below, then /=-w. Then apply the theorem to An[a, o) with
a, as the anchor point for the variation function of f and the reference partition

P. If A is not bounded above and below, we can apply the theorem to each
bounded part An[n,n+1] and conclude that the conclusion of the theorem holds.

We are now ready to state and prove our main theorem.

Theorem 15. Suppose f:A— Ris a finite-valued function of bounded

variation on A. Then there is a subset N of A such that

m(v,(N))=m(f(N))=m(N)=0,

where v, is any total variation of f defined using a point a in A and for each
xe A-N, ,Df(x) and ,Dv,(x) exist (finitely or infinitely) and that
ADv (X) = ,Df ()] .

Proof.

We note that for different anchor points for the total variation of f, the image of
one of them is a translation of the other. Thus, for different anchor points, say,

aand b, m(v, ,(N))= m((vf,b(N))). Moreover, if the derivative, ,Dv, (x), exists, it
is independent of the anchor point used for the definition of the total variation

function v, .

For any rational numbers, 0 <h <Kk, let E,, = {X € A: there is a derived number
of v, at x greater than k and a derived number of f at X, whose absolute value is

less than h.}
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Let S= {x € A: there is a positive derived number and a negative derived
number of f at X.}.

Let E= U{Eh,k :0<h<k,h and k are rational numbers.}

Then, E = {X €A: there is a derived number of v, greater than the absolute

value of a derived number of f at X.}.

Let N=EuS. We have already shown in the proof of Theorem 14, that
m(S)=m(f(S))=m(v($))=0.

By Theorem 14, m(E,,)=0 , for each pair (h, K) of rational numbers with h <k.
Therefore, m(E) = m(U{Eh’k :0<h<k,h and k are rational numbers.}) =0. It follows
that m(N)=m(EuS)=0 . Note that m(f(E))< > m(f(E,,))=0, since the

0<h<k,h.k rational

set f(E)= U{ f (Eh’k ) :0<h<k,h and k are rational numbers.} is a countable union of
sets f(E,,) each of measure zero. Hence, m(f(E))=0. Similarly, we can show
that m(v, (E))=0. It follows that m(v,(N))=0.

We now prove the remaining assertion of the theorem.

Take any X in A—N. Then x¢ S andx¢ E. This means firstly, that f does not
have both a negative and a positive derived number at X and secondly, that for
any finite derived number, DV, of v, at X, DV <|Df|for any derived number, Df,

of f at X.

Therefore, if v, has a finite derived number DV at X, then
DV <inf {| Df |: Df is a derived number of f at X} . - (14)
This statement is meaningful if inf {|Df |: Df is a derived number of f at x| exists.

Now, by definition of derived number of v, , there exists a sequence (x,)in A

Ve (X)) — v, (X
such that x = x, x, - x and DV :limM

. Hence, the sequence
n—oo Xn — X

v (%)=, ()|
X, — X

| f(x)— F(x)

X, — X

, the

{Vf () =vi (X

— } 1s bounded. Since for each n,
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Fx) -

sequence
X, — X

} is also bounded. Therefore, by the Bolzano Weierstrass

f(x )-f
Theorem, it has a convergent subsequence {W} Let
f —f
Df, fim ) = 1)

_ , then this is a derived number of f at X. Hence statement
I—>00 Xn- — X

Vi (%) =V (%)
X, — X

(14) 1s meaningful. Note that the subsequence { } must converge to

the same value DV. Thus, we must have

|Df,|<DV .
By (14), since X eA-N, DV <|Df,| and so DV =|Df|. It follows that
DV :|Df1| < inf{|Df | : Df is a derived number of f at X}

and so |Df,|=inf {|Df|: Df is a derived number of f atx}. Therefore, since infimum
is unique, there can be only one derived number for v, at x. We have thus
shown that if v, has a finite derived number at X, then v, is differentiable at X. It
then follows that for any derived number Df of f at X, |Df|< ,Dv,(x). But

ADv (X)= inf{|Df |: Df is a derived number of f at X} <|Df|. Hence, ,Dv, (x)=|Df| for

any derived number of f at X. Since x¢$S , f does not have positive and negative
derived number at X and so there can only be one derived number for f at x and
so f is differentiable at X. Therefore, ,Dv,(x)=|,Df (x)|.

Since, v, 1s an increasing function, either it has a finite derived number or it has

only one derived number, equal to infinity. We have shown that if x € A—-N, and
v, has a finite derived number, then v, and f are both differentiable at X and

ADv; () =|,Df (%)

Suppose now v, has an infinite derived number at xe A—N. Since x¢ E, any
derived number Df of f at X must have |Df|=«. Since x¢ S, f cannot have

derived number of opposite sign and so as any derived number of f at X must
have its modulus equal to oo, f can have only one derived number at X, either oo
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or —oo. It follows that f is differentiable infinitely at X. Thus,v, is differentiable

infinitely at X and f is differentiable infinitely at X with , Dv, (x) =| ,Df (x)| =c.

This completes the proof of Theorem 15.

Definition 16.

Suppose f:A—Ris a finite-valued function and A is an arbitrary subset of R .

The function f is said to satisfy a Lusin condition or is a Lusin function, if it
maps sets of measure zero to sets of measure zero.

Theorem 17. Suppose f:A—Ris a finite valued function and A is an arbitrary

subset of R. Suppose E is a subset of A, where f is differentiable at every X in
E. Then fis a Lusin function on E.

Proof.

Since f is differentiable at X in E, ,Df (x)= ,D*f(x)= ,D_f(x).

For each positive integer n, let E, ={xeE:|,Df (x)|<n}. Then E=JE, and

n=1

E.cE.c .

Suppose B is a subset of E of measure zero. Then m(BNE,)=0. Now for every
pointXin E, , -n< ,D_f(x)= ,Df (x)= ,D"f(x)<n. It follows from Theorem 10,

Arbitrary Function, Limit Superior, Dini Derivative and Lebesgue Density
Theorem that m*(f(BNE,))<nm*(BNE,)=0. Therefore, m*(f(BNE,))=0.

Now, m*(f(B)):m*(f (OBmEHDSim*(f(BmEn)) and it follows from this
n=1 n=l1

that m*(f(B))=0. Thus, fis a Lusin function on E.

Theorem 18. Suppose f:A—Ris a finite-valued function of bounded variation
on A. Let N be the subset of A given by Theorem 15 such that
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m(v,(N))=m(f(N))=m(N)=0,

where v, is any total variation of f defined using a point a in A and for each
xe A—N, ,Df(x) and ,Dv,(x) exist (finitely or infinitely) and that
ADv,(x)=|,Df (x)|. Let Ec A—N be the subset E ={xe A-N: ,Df (x)=+x}.
Then m(E) =0 and f is a Lusin function on A—-(EUN).

Proof. By Theorem 15, f is differentiable and has finite derivative at every
point in A—(EuUN). By Theorem 8, m(E) =0. By Theorem 17, f is a Lusin

function on A—-(EUN).
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