Anti-derivative of In(1-¢¥)
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Let F(x)=In(1-¢*). Observe that F(x) is only defined when e* is less than 1,
that is, when x < 0. Thus, the domain of F(X) is the interval (-«,0). Thus, an
appropriate antiderivative of F(x) would have (-«,0) as its domain.

Note that F(x) is just a composite of In(1-x) and e*. We shall begin by
examining the function In(1-x) and its power series expansion. It is easy to
show that

In(1—x):—x—X—2——3+---:—iixn+1 for |x| <1
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and that the power series on the right-hand side converges uniformly on any
closed interval in the interval (-1, 1) and so it converges uniformly on [0,R] for

0 <R <1. Consider the function,

In(1—x), for 0< x <1,
H(x) = X
-1, forx=0
. . In(1—x)
Since lim 9 =-1, H(x) is continuous at x =0. Moreover, for 0<x<1,
Z—x for0<x<1, Z—x for0<x<1, & 1
H(x)= 51+n =< mo1+n =— 1—x.
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Note that this power series converges uniformly on [0,R] for 0 <R <1.
Therefore, we can integrate H(x) term by term from O to R for 0 <R <1.

Thus, for 0<x<1,

G(x) = [ H(t)dt = —ni; e fl:iz

G'(x)=H(x) for 0<x<1
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Since Z—Zx converges at x =1, the power series Z—Zx converges
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uniformly on [0, 1]. G() = |irpjox H (t)dt = —lim Z - —zi -z
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Now, let L(x)=G(e*)

—in—lze”x , for x<o0.
’ 1{AX\AX X\ A X In(l_ex) X X
L'(x) =G'(e")e* =H(e")e :e—xe =In(1-¢*) forx<0. Thus,
L'(x) = Inl—e*) = F(x) for x < 0 and so L(x) is the anti-derivative of F(x).
Now,

X
—0

j;m(l—e‘)dt:[e(et)] =G(e") - im G(e') =G(e) ~G(0) =G(e*) forx <0.
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I In1—e")dt = Ilrp_[_ In(l—e")dt = IlrpG(eX)zG(l):—g.
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