In(L+ x*)

Evaluation of [ o
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We are going to evaluate this integral in two ways. The first is to employ the
technique of differentiation under the integral sign and the second is to use
Fubini’s Theorem. We include an arduous way of evaluating this integral.

Using Differentiation under the integral sign
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Define the function f(x,t) :In(fr—tzx) for (x, t) in [0,00)x[0,K], where K> 1.
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Then f is a continuous function in both variables.

The partial derivative with respect to t exists for all (X, t) in [0,00)x[0,K] and is
given by
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Note that f(x,0)=0, %(X,O)ZO for all x in [0,).
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We shall consider the case for f(x,t)= for (x, t) in [0,00)x[k,K], for 0
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absolutely convergent for 0<t<K
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Let G(t):jwq(x,t)dx:jw = —dx. Note that this is well defined since
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o (1+t*'x")(1+x?)
uniformly to G(t) with respect to t in [k, K].



Define F(t) = j: f(x,t)dx = j:%dx. Then by Theorem 60 of Chapter 14
Improper integral and Lebesgue integral, F'(t) = I:Z—ft(x,t)dx for tin [k, K].
Since this is true for any 0 < k < K, it follows hat F'(t) = I:%(x,t)dxfort in (O,

f (x,t)dx fort> 0.

K]. Since K is arbitrary, we conclude that F'(t) =j:%
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t<l1, tIiron F(t)=0=F(0) . It follows that F is continuous at O.

Observe that f(x,t) >0 as t— 0" and as
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We shall now find an anti-derivative of with respect to x.
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Obviously, whent =0, f (x)= f(x,t)=0 is the zero constant function. We have

thus [ 4 _2r (e .
.[o (1+t4x4)(1+x) =1t (\/_t sign(t)(t 1))
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Therefore, F/(t)= [~ —(x t)dx = 4(ﬁt3—sign(t)(t2—1)) fort> 0.
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It follows that, for t >0, F(t) =7r|n(1+J§t+t2)+C .
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Note that F(t) = I:f(x,t)dx: j: f.(x)dx, where f,(x)= f(xt)= e



f (x) tends to the zero constant function as t tends to 0 on the right. Since
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(2) Using f(x,t)=

Next, we are going to use another function to apply the differentiation under the
integral sign.

Let f(x,t)=% for all (x, t) in (0,0)x[0,K] with K >1. Then
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Since j In(x" )d and [ 4ln(K)1++2):n(l+X ) dx are both convergent, [ f (e tydx is

onvergent for all tin [0, K].
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Let G(t) = j —(x t)d —j dx. Note that this is well defined for all
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[k, K] with 0<k <K, K >1, andj 70X is finite. Smcej



dependent on t and the integral j dx Is convergent, this shows that

3
I : at dx converges uniformly to G(t) with respect to t in [k, K].
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Define F(t) =j: f(x,t)dx:jow In(1t:+)—(2><4) dx for tin [k, K]. Then by Theorem 60 of

Chapter 14 Improper integral and Lebesgue integral, F'(t) :rﬂ(x,t)dx for tin

[k, K]. Since this is true for any k > 0, it follows hat F'(t) = j —(x t)dx for tin
(0, K].

Observe that f(x,t) > Iln( ) as t—0*for x>0 and
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0 and 0 <t <K. The function h(x) is Lebesgue integrable on (0,«) . Therefore,
since f (x)=f(x,t)= In(t +2X ) for 0 <t <K is dominated by an integrable

function h(x), and each f,(x) is Lebesgue integrable on (0, «), by the Lebesgue
Dominated Convergence Theorem,

lim [ £, ()dx = j '”(X) j '”(X) T dx =4[ In(tan(x))dx = 0.

It follows that F is continuous at O.
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We shall now find an anti-derivative of
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with respect to x.
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Hence, F'(t) = j:% (x,t)dx = I/_ﬂ
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As before, the antiderivative of e (1-t*+2t°) is given byﬂln(1+ Jat+t?)+C;

It follows that F(t):;zln(1+J§t+t2)+C for tin (0, K]. Since
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Use of Fubini’s Theorem
This would involve double integral.

d t . Therefore,
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+X

convergent.

Forany b >0, f(x,t) is continuous on [0,b]x[0, 1]. Therefore by, Fubini’s
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j: a1 _dx _ 2 (J_t3 t2+1) and so
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The next method is the hardest to apply mainly of the problem with
intermediate integrals’ convergence with respect to limit.
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Now, E(X’t): (L+tx+x*)(L+x%) for (xt) & (=) x[1.2].

Consider the following expansion: for t =0,
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Therefore, for 0<t<2,
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Now, f (x)= f(x,t):w tends to fz(x)=w as ttends to 2
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from below.
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Note that | f (x,t)| = T T
+ +
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Convergence Theorem,

Since IS Lebesgue integrable on [0,«), by the Lebesgue Dominated
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For1<t<2 and x<0, 1+2x+x* <1+tx+x*> <1+x+X°.

If x<-2,thenx®+2x=x(x+2)>0 and so x*+2x+1>1. Thus, for x<-2 and
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|f(x,t)|:
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Is Lebesgue integrable on (-«,-2), by the Lebesgue Dominated
Convergence Theorem,
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Now we examine the integral over [-2,-1] .
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Therefore, —f,(x) is increasing in t with domain [-2, —=1] and t in [1,2]. Note
that each —f,(x)is an increasing function in x in [-2, —1]. This follows from the
fact that —In(L+tx+x?) is an increasing function in x in [-2, —1] for any t in [1,2].

Therefore, —f (x)+ f,(-2) =—f, + —— In( 3 IS non-negative and monotone increasing in

tin [1,2]. Therefore, by the Monotone Convergence Theorem,
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Hence, combining (1) to (4), we get
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Thus, limF(t) = |ir2nj°° f(x,t)dx = F(2).
We shall now evaluate F(2).
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3;’|n(2)+2j In(sin(x))d :%”ln(z)+2j§|n(sin(x))dx+2j;“”|n(sin(x))dx

-3 in2)+2[ In(sin(0) 4 2[ '”(Sing”Ddx

=10+ 2] In(sing0) i+ 2[ '”(Sin[%_xjjdx



3” In(2)+2J. In sm(x) dx — ZJ. In sm y))dy

- 37” IN(2) + 4] IN(SIN(X)) X . =mrmememmmememem e ()

[ = £ (200 IO% Xﬂf’@dx

=2[" In(L+tan(y))dy =2]" In(sin(y) + cos(y))dy ~2]_ In(cos(y))dy
=2[" In(«2sin(y + 9))dy-2[; In(cos(y)) oy

- zj(’ﬁ|n(\/§)dy+2j°z|n(sin(y+%))dy—2jf|n(cos(y))dy

=7 In(2) +2[ In(sin(x)) dx -2 'In (c0s(x))dx . ~-seomsromroeenees (6)

1n(1+x) —Iln(ly) j((1y))X

j f,(x)dx = j f(x,2)dx I 1+y? 1+y?

=In(y-1)
1o1+y?

=2 dy = 2j In(tan(x) 1) dx = 2j In (sin(x) —cos(x) ) dx - 2j In (cos(x)) dx
:ijln(\/isin )dx 2I In(cos(x))dx = ZI In( )dx+2j In sin dx—ZIfIn(cos(x))dx

:%In(2)+2f|n(sin(x))dx—zjjln(cos(x))dx. ----------------------------- (7)

Therefore,

F@)=[" f,(xdx :B?ﬁln(2)+4 Ifln(sin(x))dx+%ln(2)+2 ['In(sin(x)) dx— 2 " In (cos(x)) dx
+% In(2) + ZI; In(sin(x))dx— ZE In (cos(x) ) dx
=27In(2)-2 joz In(cos(x)dx +4 joz In(sin(x)dx

=2rIn(2)+ 2_[5 In(cos(x)dx =271In(2) — 7z In(2) = zIn(2) .

2
It follows that F(2) = lim F(1 =tIir2n£ﬂIn(t)7rln[2_ “t‘“t Dw —zIn(2)+C.



Since F(2)=xIn(2), C =0 and F(t)=7z|n(t)—nln(2_— “f—tzJ on[1, 2].

Thus,

f; In(1+1:/r§X>;+x2) dx = F(«/E)=7rln(«/§)—7rln(2_\/_‘;1 _2]:72_”](2)_”"](2—\/5)

:7z'|n(2)+7z|n(

+42
2_1\/§]=ﬂ|n(2)+ﬂln(2 > ZJzﬂln(2+\/§) .

4 4
It follows that | Ini“x)z( )dx=2z|n(2+ﬁ) and | %dx=ﬂ|n<2+\/§).
= 1+ +

References.
My Calculus Web at Firebase.com

[1] Mathematical Analysis, An Introduction, Chapter 14 Improper integral and
Lebesgue integral.

[2] Introduction to Measure Theory



