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We are going to evaluate this integral in two ways.  The first is to employ the 

technique of differentiation under the integral sign and the second is to use 

Fubini’s Theorem.  We include an arduous way of evaluating this integral. 
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Next, we are going to use another function to apply the differentiation under the 
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tan 1

1 1(1 )( 2 ) t t

t t x
dx dx C

t t tt t tx x x

−
 

= = − +  + ++ − + − +  
   , 

( ) 2

1

24 44 2 2

22

2 2 1 2 2 2
tan 1

1 1(1 )( 2 ) t t

t t x
dx dx C

t t tt x tx t x

−
 

= = + +  + ++ + + + +  
   and 

3 3
1

4 2 4

4 4
tan ( )

(1 )(1 ) 1

t t
dx x C

t x t

−= +
+ + + . 

3 4 2 2 2 2
1 1

4 4 2 4 42 20

0

4 1 1 2 (1 ) 2 2
ln 2 tan 1 tan 1

(1 )(1 ) 1 12 2

b

b t x t x tx t t x x
dx

t x x t t t tx tx t

− −
        + + + +

= − − + +               + + + +− +          
  
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x

t t t t t
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    

+ − + + +       + + +     

 

3 4 2 2 2 2
1 1

4 4 2 4 42 20

4 1 1 2 (1 ) 2 2
ln 2 tan 1 tan 1

(1 )(1 ) 1 12 2

b t x t b tb t t b b
dx

t x x t t t tb tb t

− −
       + + + +

= − − + +              + + + +− +        
  

                             ( ) ( ) ( )( )
2 2

1 1

4 4

1 1 1
ln 1 2 tan 1 tan 1

1 12

t t

t t

− −   + +
+ − − +   

+ +   
  

                             
3

1 1 1

4 4 4

2 2 2 2 2 2 4
tan 1 tan 1 tan ( )

1 1 1

b b t
b

t t t t t

− − −
   

+ − + + +      + + +   
 

                             ( ) ( )
3

1 1 1

4 4 4

2 2 2 2 4
tan 1 tan 1 tan (0)

1 1 1

t

t t t

− − −− − + + −
+ + +

 

                         
2 2 2 2

1 1

4 42 2

1 1 2 (1 ) 2 2
ln 2 tan 1 tan 1

1 12 2

t b tb t t b b

t t t tb tb t

− −
       + + + +

== − − + +              + +− +        

            

                              
3

1 1 1

4 4 4

2 2 2 2 2 2 4
tan 1 tan 1 tan ( )

1 1 1

b b t
b

t t t t t

− − −
   

+ − + + +      + + +   
. 

Thus, for t > 0, 

3 4 3 4

4 4 2 4 4 20 0

4 4
lim

(1 )(1 ) (1 )(1 )

b

b

t x t x
dx dx

t x x t x x



→
=

+ + + +   

       
2 2 2 2

1 1

4 42 2

1 1 2 (1 ) 2 2
lim ln 2 tan 1 tan 1

1 12 2b

t b tb t t b b

t t t tb tb t

− −

→

        + + + +
= − − + +               + +− +         

            

                
3
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4 4 4

2 2 2 2 2 2 4
tan 1 tan 1 tan ( )

1 1 1

b b t
b

t t t t t

− − −
   

+ − + + +       + + +     

 

( )
2 2 3

4 4 4 4 4

1 1 (1 ) 2 2 2 2 4
ln 1 2

1 1 2 2 1 2 1 2 1 22

t t t

t t t t t

      + +  
= − + + + +    

+ + + + +   
  

2 3

4 4 4

(1 ) 2 2 2
0 2

1 1 1

t t

t t t
  

+
= − + +

+ + +
  

( )
2 3

2 3

4 4 4 4

(1 ) 2 2 2 1
0 2 2 2 2

1 1 1 1

t t
t t

t t t t
   

+
= − + + = − +

+ + + +
 

( )2 3

4

2
1 2

1
t t

t


= − +

+
. 



Hence, ( )2 3

40

2
( ) ( , ) 1 2

1

f
F t x t dx t t

t t

 
 = = − +

 + for t in (0, K].  Since, K is arbitrary, 

( )2 3

4

2
( ) 1 2

1
F t t t

t


 = − +

+
 for t > 0. 

As before, the antiderivative of ( )2 3

4

2
1 2

1
t t

t


− +

+
 is given by ( )2ln 1 2t t C + + + ; 

It follows that  ( )2( ) ln 1 2F t t t C= + + +  for t in (0, K].  Since 

00
lim ( ) lim ( ) 0t
t o t

F t f x dx
+ +



→ →
= = , C = 0 and so we have ( )2( ) ln 1 2F t t t= + + .  Thus, 

( ) ( )
4

20

ln(1 )
(1) ln 1 2 1 ln 2 2

1

x
dx F

x
 

 +
= = + + = +

+ . 

 

Use of Fubini’s Theorem 

This would involve double integral. 

First of all, note that 
4 3

1
4

4 40

4
ln(1 )

1

x t
x dt

x t
+ =

+ .  Therefore, 

4 4 3 4 3
1 1

2 2 4 4 4 4 20 0 0 0 0

ln(1 ) 1 4 4 1

1 1 1 1 1

x x t x t
dx dt dx dt dx

x x x t x t x

     +
= =   

+ + + + +   
      . 

Let 
4 3

4 4 2

4 1
( , )

1 1

x t
f x t

x t x
= 

+ +
 for ( , ) [0, ) [0,1]x t     .  Then f (x,t) is non-negative and 

continuous on [0, ) [0,1]  .  We have already shown that 
4

20

ln(1 )

1

x
dx

x

 +

+  is 

convergent. 

For any b > 0, ( , )f x t  is continuous on [0, ] [0,1]b  .  Therefore by, Fubini’s 

Theorem, 
4 3 4 3

1 1

4 4 2 4 4 20 0 0 0

4 1 4 1

1 1 1 1

b bx t x t
dt dx dx dt

x t x x t x

   
=   

+ + + +   
    .  Hence, 

4 3 4 3 4 3
1 1 1

4 4 2 4 4 2 4 4 20 0 0 0 0 0

4 1 4 1 4 1
lim lim

1 1 1 1 1 1

b b

b b

x t x t x t
dt dx dt dx dx dt

x t x x t x x t x



→ →

     
= =     

+ + + + + +     
      . 

Since 
4 3

4 4 2

4 1

1 1

x t

x t x+ +
 is non-negative and 

4 3

4 4 20

4 1

1 1

x t
dx

x t x



+ + is convergent for all t, 

4 3 4 3
1 1

4 4 2 4 4 20 0 0 0

4 1 4 1

1 1 1 1

x t x t
dt dx dx dt

x t x x t x

    
=   

+ + + +   
    .  Now by (1)                 

 



( )
4 3

3 2

4 4 2 40

4 1 2
2 1

1 1 1

x t
dx t t

x t x t



= − +
+ + +  and so 

( ) ( ) ( )
4 3 11 1

3 2 2

4 4 2 40 0 0 0

4 1 2
2 1 ln 1 2 ln 2 2

1 1 1

x t
dt dx t t dt t t

x t x t


 

   = − + = + + = +   + + + 
   . 

Hence, ( )
4

20

ln(1 )
ln 2 2

1

x
dx

x


 +
= +

+ . 

 

The next method is the hardest to apply mainly of the problem with 

intermediate integrals’ convergence with respect to limit. 

Using 
2

2

ln(1 )
( , )

1

tx x
f x t

x

+ +
=

+
 

Note that 
4 2 2

2 2

ln(1 ) ln(1 2 ) ln(1 2 )

1 1

x x x x x

x x

+ + + + − +
=

+ +
 and so        

                   
4 2 2

2 2 2

ln(1 ) ln(1 2 ) ln(1 2 )

1 1 1

x x x x x
dx

x x x

  

− − −

+ + + − +
= +

+ + +   .   

Observe that  
2 2

2 2

ln(1 2 ) ln(1 2 )

1 1

x x x x

x x

 

− −

− + + +
=

+ +    by a change of variable 

argument and  
4 2

2 2

ln(1 ) ln(1 2 )
2

1 1

x x x
dx

x x

 

− −

+ + +
=

+ +  .  We need only to evaluate 

2

2

ln(1 2 )

1

x x

x



−

+ +

+ .  For this we shall use the function, 

                     
2

2

ln(1 )
( , )

1

tx x
f x t

x

+ +
=

+
 for ( , ) ( , ) [1,2]x t  −   . 

Now, 
2 2

( , )
(1 )(1 )

f x
x t

t tx x x


=

 + + +
 for ( , ) ( , ) [1,2]x t  −   .   

Consider the following expansion: for 0,t    

                           
2 2 2 2

1 1

(1 )(1 ) (1 ) (1 )

x x x

tx x x t x t tx x
= −

+ + + + + +
. 

Therefore, for 0 2t  , 

              1 1

2 2 2 2

1 1 2 2
tan ( ) tan

(1 )(1 ) 4 4

x x t
dx x C

tx x x t t t t

− −
 +

= − + 
+ + + − − 

  

For t = 0,  
2 2

( ,0)
(1 )

f x
x

t x


=

 +
 so that 

2 2 2

1 1
( ,0)

(1 ) 2 (1 )

f x
x dx dx C

t x x


= = − +

 + +  . 



Therefore, for 0 2t  ,          

1

2 2 2 2 20 0

1 2 1 2
( , ) tan

(1 )(1 ) 2 24 4 4

f x t
x t dx dx C

t tx x x t t tt t t

  
−
 

= = − + + 
 + + + − − − 

  . 

and  

0 0
1

2 2 2 2 2

1 2 1 2
( , ) tan

(1 )(1 ) 2 24 4 4

f x t
x t dx dx C

t tx x x t t tt t t

  −

− −

 
= = − − + 

 + + + − − − 
  . 

Thus, for 0 2t  , 

                      
2 2 2

1 2

(1 )(1 ) 4

x
dx

tx x x t t t

 

−
= −

+ + + −
  . 

For t = 2,  
2 2 2 2

1 1 1 1

(1 2 )(1 ) 2 (1 ) 2 (1 )

x

x x x x x
= −

+ + + + +
, 

11 1 1
( ,2) tan ( )

2 2 (1 ) 2

f
x dx x

t x





−

−
−

 
= + = 

 + 
 . 

For 0 < k <1 and k < K < 2 k t K  , 

           1 1 1 1

2 2 2 2

1 1 2 2 1 1 2 2
tan ( ) tan tan ( ) tan

4 4 4 4

x t x K
x x

t t k kt t K K

− − − −
 + +

−  + 
− − − − 

 , 

so that  

1 1 1 1

2 2 2 2

1 1 2 2 1 1 2 2
tan ( ) tan tan ( ) tan

4 4 4 4

x t x K
x dx x dx

t t k kt t K K

 
− − − −

− −

    + +
−  +     

− − − −   
  . 

This implies that the integral 
0

( , )
f

x t dx
t

 

   converges uniformly with respect to t 

in [k, K].  It follows that the function, 
2

2

ln(1 )
( ) ( , )

1

tx x
F t f x t dx dx

x

 

− −

+ +
= =

+  is 

differentiable with respect to t in (0,2)  and  

                         
2

1 2
( ) ( , )

4

f
F t x t dx

t t t t

 

−


 = = −

 −
 . 

Now, 
2

2

1 1 2 4
ln

24

t
dt C

tt t

 − −
= + 

 −  
   for t in (0,2)  and so 

           
22 4

( ) ln( ) ln
t

F t t C
t

 
 − −

= − + 
 
 

 for t in (0,2) .   -------------------- (3) 



Now, 
2

2

ln(1 )
( ) ( , )

1
t

tx x
f x f x t

x

+ +
= =

+
 tends to 

2

2 2

ln(1 2 )
( )

1

x x
f x

x

+ +
=

+
 as t tends to 2 

from below.   

Note that 
2 2

2 2 2

ln(1 ) ln(1 2 ) ln(1 )
( , ) 2

1 1 1

tx x x x x
f x t

x x x

+ + + + +
=  =

+ + +
 for 0x   and 1 2t  .  

Since 
2

ln(1 )

1

x

x

+

+
 is Lebesgue integrable on [0, ) , by the Lebesgue Dominated 

Convergence Theorem,  

              
2 2

2 20 0 02 2

ln(1 ) ln(1 2 )
lim ( , ) lim

1 1t t

tx x x x
f x t dx dx dx

x x− −

  

→ →

+ + + +
= =

+ +   . --------- (1) 

For 1 2t   and 0x  ,  2 2 21 2 1 1x x tx x x x+ +  + +  + + .   

If  2x  − , then 2 2 ( 2) 0x x x x+ = +   and so 2 2 1 1x x+ +  .  Thus, for 2x  −  and 

1 2t  , 

               
2 2 2

2 2 2

ln(1 ) ln(1 ) ln(1 )
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1 1 1

tx x x x x
f x t

x x x

+ + + + +
=  

+ + +
. 

Since 
2

2

ln(1 )

1

x

x

+

+
 is Lebesgue integrable on ( , 2)− − , by the Lebesgue Dominated 

Convergence Theorem, 
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2 2 2
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ln(1 ) ln(1 2 )
lim ( , ) lim

1 1t t

tx x x x
f x t dx dx dx

x x− −

− − −
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+ + + +
= =

+ +     --------- (2) 

If  1 0x−   , then 2ln(1 ) 0x x+ +    and so 
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x x tx x x x
f x t

x x x

+ + + + + +
 =  

+ + +
. 

Hence, 
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2 2
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tx x x x
f x t

x x

+ + + +
= −  −

+ +
.  Since 

2

2

ln(1 2 )

1

x x

x

+ +
−

+
 is Lebesgue 

integrable on [ 1,0]− , by the Lebesgue Dominated Convergence Theorem, 
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1 1t t

tx x x x
f x t dx dx dx

x x− −− − −→ →

+ + + +
= =

+ +   .  ---------- (3) 

Now we examine the integral over [ 2, 1]− −  .   

For 1 2t t  in [1, 2] and 0x  , 1 2xt xt  so that 2 2

1 2ln(1 ) ln(1 )t x x t x x+ +  + + and  
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ln(1 ) ln(1 )
( ) ( , ) ( )
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t t

t x x t x x
f x f x t f x

x x

+ + + +
= =  =

+ +
 



Therefore, ( )tf x−  is increasing in t with domain [−2, −1] and t in [1,2].  Note 

that each ( )tf x− is an increasing function in x in [−2, −1].   This follows from the 

fact that 2ln(1 )tx x− + +  is an increasing function in x in [−2, −1] for any t in [1,2]. 

Therefore, 1

ln(3)
( ) ( 2)

5
t tf x f f− + − = − +  is non-negative and monotone increasing in 

t in [1,2].  Therefore, by the Monotone Convergence Theorem,  
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t
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f x dx dx f x dx

−

− − −

− − −→

   
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   . 

It follows that 
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f x t dx f x dx f x dx dx
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 Hence, combining (1) to (4), we get  
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 
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=

+  . 

Thus, 
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F t f x t dx F
− −



−→ →
= = . 

We shall now evaluate F(2). 
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  , 

                                                        since ( )
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