Absolutely Continuous Function on Arbitrary Domain and
Function of Bounded Variation

By Ng Tze Beng

The aim of this article is to discuss absolute continuity in a wider sense. That is,
we shall study absolutely continuous function with domain an arbitrary subset
of R, not necessary an interval. We examine the properties that an absolutely
continuous function must satisfy. It must be a Lusin function, that is, it must
satisfy the Lusin condition that it maps null set to null set. It must be a function
of bounded variation on bounded subset of its domain. Hence, the property of
bounded variation for a function is included in the study. We explore when
these properties, when satisfied by a continuous function, are also sufficient to
guarantee that the function is absolutely continuous.

Absolute Continuity and Bounded Variation
We recall the definition of an absolutely continuous function.

Definition 1. Let A be an arbitrary subset of R. Let f:A—R be a finite-
valued function. The function f is said to be absolutely continuous on A, if
given any &> 0, there exists a ¢ > 0 such that for any sequence of non-
overlapping intervals {[a,b,]} with end points, a,b A,

dYb-al<s=lfl)-f@)<e. =mmmmmemmeneeee (1)

Plainly, if f is absolutely continuous on A, f is uniformly continuous on A.

Note that absolutely continuous function need not be of bounded variation on its
domain. For instance, the function f(x)=x is absolutely continuous on R but is

certainly not of bounded variation on R since it is not bounded on R.



Recall that a function f:A— R is said to be of bounded variation (with bound
M), if for any sequence of non-overlapping intervals {[a,,b ]} with end points,

abeA, Y|fl)-f@)<M.

Many results and facts concerning function of bounded variation may be found
in the two articles, “Functions of Bounded Variation on Arbitrary Subset and
Johnson’s Indicatrix” and “Functions of Bounded Variation and de La Vallée
Poussin’s Theorem”.

Lemma 2. Let A be an arbitrary subset of R. Suppose f:A—R is absolutely

continuous on A. Let E be a bounded subset of A. Then fis of bounded
variation on E.

Proof.

Since f is absolutely continuous on A, it is absolutely continuous on E.
Therefore, there exists ¢ > 0 such that for any sequence of non-overlapping
intervals {[a,b ]} with end points, a,b €E ,

Dlb-a|<s=>|f(b)-f(a) <l --------mmm- (2)
Let a=infE andb=supE. Partition [a, b] into a finite number of subintervals
X, xLi=L--n} with a=x,<x <x,<---<x, and |x—x_|<5 fori=1--n.

If [x_,,x]"E=J,pickan a e[x_,,x]"E. Then forall xe[x_,,x]"E,
|f(x)—f(a)|<1. Hence, |f(x)|<|f(a)[+1. It follows that forall x in E,

f[< > |f(@)|+n.

1[4, % INE=D

Thus, f is bounded on E.
Now we shall show that f is of bounded variation on E.

Note that the total variation of f on each [x ,,x]"E is less than or equal to 1.

Now let M =sup{| f (x)|:x e E}.



Take any non-overlapping sequence of closed intervals, {[a,b ]} with end points,
a,b eE. Observe that if [a,b]<[x_,, ] for some k, then | (b) - f(a)| < total

variation of fon [x _,,x 1< 1.

If x,,<a <x, <b forsomejand [a,b]~{x, %, - x}=X, then
[T(0)-f(a)<2M.

If for some j<k<nand x;, <a <x; <xj, <--<X_ <X <b <X, then

k
|f(b)- f(a)|< D (total variation of f on [x, ,, X, ]1NE)+ > 2M.

m=j m=j

=~

Note that it is possible that [x,x_.,]NE = or asingleton set, in which case we
define the total variation of f on [x, x,]"E to be zero.

If for some k, x,_,<a, <x,_,<b =x,, then
| f (b,)— f (a,)| < total variation of f on [x,_,,x,]1NE+2M .

Similarly, if for some k, x;, <a <x; <X;,; <---X_, <X <b <X, then

1=
k K

| f(b)— f(a)]< D (total variation of f on [x, ;,%,]NE)+ > 2M

m=j m=j

Since {[a;,b]} is a sequence of non-overlapping closed intervals with end points,
a,b €E , it follows that

n n-1
D |f(b) - f(a)| <D (total variation of f on [x,;, X, ]NE)+> 2M <n+(2n-2)M .
n m=1

m=1

This proves that f is of bounded variation on E.

Lusin Condition

A function f:A— R is said to satisfy the Lusin condition, if f maps sets of

measure zero to sets of measure zero. The function with this condition is said to
be a Lusin function. We also call a set of measure zero, a null set.



Lemma 3. Let A be an arbitrary subset of R. Suppose f:A—R is absolutely

continuous on A. Then fis a Lusin function on A, i.e., f maps sets of measure
zero to sets of measure zero.

Proof.

Let H< A be aset of measure zero, i.e., m(H)=0.

We claim that there exists a 6> 0 and a sequence of non-overlapping intervals
{I.} with > m(l,) <5 and covering H such that
k

> (sup(F(H A1) =inf (f(HAL))) <. —mmmmmmmmmmmmmmmmemmemenaes (1)

k

Since f is absolutely continuous, given &> 0, there exists a 6> 0 such that for
any sequence of non-overlapping closed intervals, {J,} with end points in A,

Yim() <8 = D[ (d) = (G| <5, wromromroromero e @)

where J, =[c,,d,].

Since m(H) =0, forany & >0, there exists an open set U, o H such that
mU,)<eg. Since U, isopen, itis a disjoint union of at most a countable

number of bounded open intervals, {1,}. Thatis, U, =( JI, 2 H and im(li)<gl :
Take ¢ =5 asgivenin (2). Let I, =(a.,b). Let

m, =inf (f(H N (a.,b))) and M, =sup(f(H n(a,,b))). By the definition of
infimum and supremum, there exists a sequence {¢,, :n=1.---} in HnN(ab)
such that lim f (¢, ,)=m, and a sequence {L,, :n=1.---} in HnN(a,b,) such that
lim f(L,,) =M, . It follows that

[f(L)- ()| > M -m as n—>w. Since im(li)<gl, it follows that

Ln,k - ﬁn,k

X

<>'m(1,)<s. Therefore, by (2), for any positive integer N,
k

i‘ f (Ln,k)_ f(fn,k)‘<§.



Letting n tends to infinity we get,
N
&
2 (M) <3
Now, letting N tends to infinity we get, i(l\/lk -m, )< g <eg.
k=1

This proves our claim.

Note that m*(f(H A 1,))<sup(f(H n1))=inf(f(HAI1))=M, -m,.
We have,

m*(f(H)=m*(f(HAJ1)) < S m*(f(HAIL))<> (M, -m)<

k

Since ¢1is arbitrary, we conclude that m*(f(H))=0. Thus, fis a Lusin function.

This completes the proof of Lemma 3.

We have shown that if A is bounded and f: A— R is absolutely continuous on

A, then f is continuous of bounded variation and is a Lusin function. Thus, these
two properties are indispensable for a function on a bounded set to be absolutely
continuous.

Note that not all continuous function of bounded variation, satisfying the Lusin
condition, is absolutely continuous, even on bounded domain. Consider the

1 1 X, O£x<l,
function f:{O,EJu(E,l}—ﬂR defined by f(x)= . 2" This function

x+1 —<x<l1
2

is continuous of bounded variation on [0,%)&{%,1}. Plainly, it is a Lusin

function. But it is obviously not an absolutely continuous function.

Banach Zarecki Theorem



The next theorem is usually known as the Banach-Zarecki Theorem.

Theorem 4. Suppose A is a closed and bounded subset of R. Suppose
f : A—> R is a finite-valued function, continuous of bounded variation on A and

Is a Lusin function. Then fis absolutely continuous on A.
Proof.

The function f is continuous of bounded variation implies that its total variation
function, v, is continuous and bounded on the domain A. (See Theorem 13,

Functions of Bounded Variation and de La Valléee Poussin’s Theorem.) Since f
Is a Lusin function, by Theorem 10 of Function of Bounded Variation on
Arbitrary Subset and Johnson’s Indicatrix, v, is also a Lusin function. Itis

sufficient to prove that v, is an absolutely continuous function on A, since v, is
absolutely continuous implies that f is absolutely continuous.

Since A is bounded and closed, inf A and sup A belong to A. Leta=inf A and
b =sup A. Then Ac[a,b]. The idea is to extend v, to a continuous function of

bounded variation satisfying the Lusin condition on the whole interval [a, b].
We can then use the result known on such function on a closed interval.

Since Ais closed and a,be A, [a,b]-A=(a,b)— A is open and so is at most a

countable disjoint union of open intervals. Moreover, its boundary is at most
denumerable and is in A, as o([a,b]- A)=09((a,b)-A)=0Ac A. This implies that
each of the open interval in [a,b]- Ahas its end points in A. Suppose (c, d) is
one of these intervals, and since c,d € A, we define a function on (c, d) linearly
by taking the value at c to be v, (c) and the value of d to be v, (d). In this way

we extend v, to all of [a,b]-A. We thus obtain a continuous and increasing
function F:[a,b] - R, such thatF(x) =v, (x) for x in A and F is differentiable
with finite derivative on [a,b]-A. Since v, is a Lusin functionon Aand F is a

Lusin function on [a,b]— Abecause F is differentiable with finite derivative on
[a,b]- A (see Theorem 17 of Functions of Bounded Variation and de La Vallee
Poussin’s Theorem), F is a Lusin function on [a, b].

Now we appeal to the well-known results about increasing function on a closed
interval. Since F is increasing on [a, b], its derivative, F'(x) exists almost
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everywhere on [a, b] and is Lebesgue integrable on [a, b]. Therefore, by
Theorem 7 of Functions Having Finite Derivatives, Bounded Variation,
Absolute Continuity, the Banach Zarecki Theorem and de La Vallée Poussin’s
Theorem, F is absolutely continuous on [a, b]. Hence, F is absolutely
continuous on A and so v, is absolutely continuous on A.

Hence, Lemma 2, Lemma3 and Theorem 4 give the necessary and sufficient
condition for a continuous function on a closed and bounded domain to be
absolutely continuous:

Suppose A is a closed and bounded subset of R and f:A—>R is a finite-
valued continuous function. Then f is absolutely continuous on A if, and
only if, f is of bounded variation on A and is a Lusin function.

Integral of the Derivative and Bound for the Measure of the
Image

The next result gives the bound for the measure of a function on the subset,
where the derivative exists and is finite for each point in the subset. Itis a
useful result as we shall use it quite often.

Theorem 5. Let A be an arbitrary measurable subset of R and f:A—>R isa

finite-valued measurable function. Suppose f has finite derivative at every point
of a measurable set D in A. Then ,Df (x) is measurable on D and

m*(f(D))st|ADf (x)|dx.

Proof.

We may assume that every point of D is a 2-sided limit point of D for non-limit
points or only one-sided limit points of D constitute at most a denumerable set.

Since ,Df (x)< ,Df(x)<oDf(x)< aDf(x) for every x in D, and as
ADf(x)= aDf (x) for xin D, ,Df (x) exists and is finite. Hence, by Theorem 11
of Functions of Bounded Variation and de LA Vallée Poussin’s Theorem, since



the restriction of f to D is measurable, ,Df : D — R is measurable. Note that
o Df (x) = ,Df (x) for x in D.

Suppose D is bounded. Take an arbitrary > 0.
Let E, ={xeD:(n-1e<|,Df (x)|<ne}. Then D= 0 E,. Therefore,

m*(f (D)) Sim*(f(En)). Now, since for all x in E,, |,Df (x)|<ne, by Theorem
12 of Denjoy Saks Young Theorem for Arbitrary Function,
m*(f(E,)) <nem*(E,).

It follows that

0

m*(f(D)) <> nem*(E,) =Y (n-1em*(E, ) +£> m*(E,)

n=1

<3 [ |,DFf (fdx+em*(D) = [, | ,DF (x)lcx+ em* (D).

Since ¢is arbitrary, it follows that m*(f (D)) st|ADf (X)[dx .
If D is not bounded, let D, =[-n,n]nD. Then
m*(f(D))=!irpom*(f(Dn))sLin;ID | ,Df (x)|dx=jD|ADf (x)[dx .

The last equality is given by the Lebesgue Monotone Convergence Theorem.

Bound for the Integral of the Derivative and the Total Variation
Function

When the function is of bounded variation, we have also the bound for the
integral of the derivative of the function over the set of points, where the
derivative of the function exists and is finite. The bound is given by the
measure of the image of this set under the total variation function of the
function.



Theorem 6. Suppose A is a measurable subset of R and f:A— R isa finite-
valued function of bounded variation on A. Then ,Df (x) exists and is finite for
almost all x in A. The function ,Df (x) is measurable on A. Suppose Ec A isa
measurable subset of A on which ,Df (x) exists and is finite. Then ,Df(x) is
integrable on E, i.e., —oo<jE ,Df (X)dx <o, More precisely,

jE|ADf ()| dx=m*(v, (E)).
Let F={xeA: ,Df (x) exists and is finite} . Then
jA|ADf (x)|dx:jF|ADf ()] dx =m*(v, (F))<m*v, (A).
Moreover, if f is defined and increasing on the interval, [a, b],
[ .Df (x)dx < f (o)~  (a).

Proof. Firstly, note that f is a measurable function on A. By Theorem 5, ,Df (x)
is measurable on {xe A: ,Df (x) exists and is finite} .

By Theorem 18 of Functions of Bounded Variation and de La Vallée Poussin’s
Theorem, there is a null set N < A such that m(N)=m(f(N))=m(v,(N))=0 and

forall xe A~N, ,Df(x) and ,Dv,(x) exist finitely or infinitely and that
| ADf (X)|= ADv; (x). Moreover, the set H ={xe A: ,Df (x) =400} has measure zero.

Therefore, m(A—{xe A: ,Df (x) exists and is finite} ) =0. It follows that ,Df (x) is
measurable on A.

Suppose E c A is a measurable subset of A on which ,Df (x) exists and is finite.

We may assume that Ec A—N and further assume that Ec A-N-H, since
ADf (x) is finite for all x in E. Thus, |,,Df (x)|=,Dv, (x) and is finite for all x in E.

Note that ,Df (x) is measurable on E.

To prove that ,Df (x) is integrable on E, it is sufficient to prove that ,Dv, (x)is
Lebesgue integrable on E. Note that v, (x) is a bounded function on E.

Let E,=En[-n,n]. Then E, is measurable and bounded. Let
c=infE, andd =supE, and so E, <[c,d]. The total variation function v, is
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defined on E,. We shall extend v, to all of [c, d]. Firstly, we extend v, to the
boundary of E,, 0E,. Let xedE,. If xeE,, define G(x)=v,(x). Suppose
xedE, —E,. If xisa left limit point of E,, define G(x)=sup{v,(y):y<xyeE,}.
If x is not a left limit point of E,, then it must be a right limit point of E_, define
G(x)=inf{v,(y):y>xyeE,}. Thus, G so defined is increasing on E, UeE,,
which is the closure of E,. The closure of E,, E, =E, UoE, c[c,d]. Note that
both ¢ and d belong to oE,. Therefore, [c,d]-E, =(c,d)—E, is at most a

countable disjoint union of bounded open intervals. The end points of these
open intervals are in 6E,. Now extend G to [c,d]-E, by linear maps joining

the values of G at the end points of these open intervals. Thus, G is defined and
increasing on the closed interval, [c, d], and G(x)=v,(x) for xin E,. Moreover,

G'(x)= ,Dv,(x)for x in E, =En[-n,n].

By Theorem 15 of Arc Length, Functions of Bounded Variation and Total
Variation, we can decompose G =g + h, where g is absolutely continuous and
increasing on [c, d] and h is an increasing singular function on [c, d].

By Lemma 10 of Functions of Bounded Variation and Johnson’s Indicatrix,

m*(G(E,)) >m*(g(E,))=m(g(E,)). By Theorem 11 of Functions of Bounded
Variation and Johnson'’s Indicatrix, J.E g'(x)dx=m(g(E,)) as g is increasing and

absolutely continuous on [c, d]. Since G'(x) = g'(x) almost everywhere on [c, d],
J. 6'dx=]_g'(x)dx=m(g(E,))<m*(G(E,) =m*(v,(E,).

It follows that Ln Dy, (X)dx = jEn G'(X)dx <m*(v, (E)) <m*(v, (A) <.

Therefore, jE »Dv; (X)dx = lim Ln Dv, (x)dx<m*(v, (E)) <.

Hence, ,Dv, (x) is Lebesgue integrable on E and it follows that , Df (x) is
Lebesgue integrable on E. It follows that

[_[.Df (0ldx=[_ 4Dy, ()dx <m*(v, (E)). -=-=-=w-m==-=- (1)

Since |, Df (x)|=,Dv, (x) and is finite for all x in E, by Theorem 5,

10



m* (v, (E) < [ | sDv; (¥)|dx=[_ ,Dv; (X)dx . ====-=m=- )
It follows from (1) and (2) that IE|ADf ()] dx =m*(v, (E)).

Suppose F ={xe A: ,Df (x) exists and is finite}. Then m(A-F)=0, ,Df (x)is
measurable on F and since m(A-F) =0, we may extend ,Df (x) to a measurable
function on A. Hence,

jA|ADf (x)|dx=jF|ADf (X)|dx =m* (v, (F)) <m*(v, (A)).

If f is defined and increasing on the interval, [a, b], then we have just proved by
the above argument that,

j[a ;A Df ()dx = j[ g A0V (A <m* (v, ([a,b])) < £ (b) - ().

This completes the proof of Theorem 6.

Constancy of a Function

Note that in the proof of Theorem 11 of Functions of Bounded Variation and
Johnson’s Indicatrix, we have made use of the special case that if fisan

absolutely continuous function on an interval [a, b], then Lb f'(x)dx = f (b) - f(a).

This is a standard characterisation of absolutely continuous function on a closed
and bounded interval. Theorem 11 cited above is a special case when the
absolutely continuous function is also monotone.

We present a proof of this fact.

We shall need the following well-known result.

Theorem 7. Suppose | is an interval and f:1 — R is an absolutely continuous
function on I. Suppose f'(x)=0 almost everywhere on I. Then f is a constant
function.

Proof. By Lemma 3, fis a Lusin function. Let E be the set on which f'(x)=0.
Then m(1-E)=0. By Theorem 11 of Arbitrary Function, Limit Superior, Dini

11



Derivative and Lebesgue Density Theorem, m( f(E))=0. Since fis a Lusin
function, m(f (1-E))=0and so m(f(1))=0. Since I is an interval and f is

continuous, f (1) is an interval. The only interval with measure zero is the

trivial interval consisting of one point, a singleton set. Therefore, f is a constant
function.

Fundamental Theorem of Calculus for Absolutely Continuous
Function on Interval

Theorem 8. Suppose f :[a,b] - R is an absolutely continuous function on [a,
b]. Then j" F(x)dx = f (b)— f (a) .

Proof.

Since f is an absolutely continuous function on the bounded interval [a, b], by
Lemma 2, it is of bounded variation on [a, b]. Hence, by Theorem 6 of
Functions of Bounded Variation and de La Vallée Poussin’s Theorem, f is the
difference of two increasing functions, whose derivatives are measurable and
Lebesgue integrable on [a, b]. (See Theorem 3, page 100 of Royden’s Real
Analysis, Third Edition.) It follows that f'(x) is Lebesgue integrable and so

| f'(t)| is also Lebesgue integrable over [a, b].

Let F(x) :Lx f'(t)dt. By Lemma 10 of Convergence of Fourier Series, almost

every point of [a, b] is a Lebesgue point of f'. That is to say, for almost all x in

1t , -
[a, b], mzjoﬁ (x+u)— f'(x)|du=0. Now,

F(x+t)-F(x)
t

f(x) = %j:“( f'(u)— £'(x))du = %j;( f/(u+x)— f/(x))dt

and so

L AR RAOL

f/(u+x)— F/(x)|dt 0.

1
Smﬁ
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It follows that if x is a Lebesgue point of f, then F'(x)= f'(x). Hence,
F'(x) = f'(x) almost everywhere on [a, b].

To show that F is absolutely continuous on [a, b], it is sufficient to show that
H(x) :LX| f'(t)|dt is absolutely continuous. To show this, we use the following

result. Its elegant proof is due to Royden.

Proposition 9. If g is a non-negative function integrable over a set A,
then for any &>0, there exists a § >0 such that for any set Ec A, with

m(E) <&, then IE g(x)dx< .

Proof. If g is bounded say by M. Then given any € > 0, take oto be less
than ﬁ .Thus, [ g(xdx<[ M<m(E)M <. Ifgis not bounded, let

g,(x)=9g(x), ifg(x)<nandg,(x)=n,ifg(x)>n. Then g,(x) = g(x)
pointwise and {g,(x)} is an increasing sequence of functions. By the
Lebesgue Dominated Convergence Theorem, jA gn(x)dx—>jAg(x)dx and

that, given any & >0, there exists an integer N such that for all n > N,
IAg(x)dx—g < J.Agn(x)dx < IAg(x)dx and .[E|g(x) —g,(x)|dx <§ :

(See Theorem 33, Introduction to Measure Theory.)
Taking n = N, we get

[_909dx=]_(9(x) gy ())dx+ [_gy ()dx < _(g(x)— gy, (X)) dx+ Nm(E)

< %Jr Nm(E)

<§+§=g, for any subset E with m(E) <sany 5<%.

This completes the proof of Proposition 9.
Now, we continue with the proof of Theorem 8.
Thus, applying Proposition 9, for any sequence of non-overlapping closed

intervals, {1.}, in [a, b], Wichm(Ii):m(Ulij<5, we have that
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jU|i|fr(x)|dx:ZLi|fr(x)|dx=Z|H(bi)_|-|(a1_)|<g,

where I, =[a,b] and H(x):j:|f'(t)|dt. Therefore, H is absolutely continuous on

[a, b]. Then F is absolutely continuous follows by observing that for the same &
> 0 as above,

ZU,i f’(x)dX‘ <> f.i [f'()|dx<e.

Let G(x)= f(x)-F(x). Then G’(x) =0 almost everywhere on [a, b]. Thus, by
Theorem 7, G(x) = f(x)—F(x)=c for all x in [a, b], since the function, G, is also
absolutely continuous because it is the difference of two absolutely continuous
functions. Therefore, c=f(a)-F(a)= f(a)-0= f(a). It follows that

F(b) :jb f'(x)dx = f (b)— f (a).

Remark.

It follows from Theorem 8 that if f :[a,b] > R is an absolutely continuous
function on [a, b], then f(x) =LX f'(x)dx+ f (a) . That s, f is an indefinite integral
of its derivative. We have shown in the proof of Theorem 8, that if g:[a,b] > R
Is Lebesgue integrable, then the indefinite integral, G(x)= J’:g(t)dt is absolutely
continuous and that G'(x) = g(x) for almost all x in [a, b]. Thus, f is absolutely
continuous if, and only if, it is the indefinite integral of its derivative.

Measurability of Image of Measurable Set

The next result is known for absolutely continuous function on closed and
bounded interval.

Theorem 10. Suppose A is a non-empty subset of R and f:A—R isa finite-

valued continuous function and also a Lusin function. Then f maps measurable
subsets of A to measurable sets.

Proof.

14



Take a measurable subset E of A.

Suppose E is bounded. Then by the inner regularity of the Lebesgue measure,
there is a F, set K in E such that m*(E-K)=0. Now, a F, set is a countable

union of closed sets and so K is a countable union of closed sets in E. Let
K =|JK, , where each K, is aclosed subset of E. Since E is bounded, each K,

Is closed and bounded and so by the Heine-Borel Theorem, each K is compact.
Since f is continuous, each f (K, ) is compact and so is measurable. Therefore,
f(K)={Jf(K,) is measurable. Since fis a Lusin function, m*(f (E-K))=0

and so f(E—K)is measurable. It follows that f (E) is measurable.

Suppose E is not bounded, then let E, = En[-n,n]. Note that E, is measurable.
Hence, f(E,) is measurable. Therefore, f(E)=(Jf(E,) is measurable.

Corollary 11. Suppose A is a non-empty subset of R and f:A—R isan

absolutely continuous function. Then f maps measurable subsets of A to
measurable sets.

Proof. By Lemma 3, fis a Lusin function. Since f is continuous, by Theorem
10, f maps measurable subsets of A to measurable sets.

Lusin Function
Note that Lusin condition is a necessary condition for absolute continuity.

The next result gives a criterion for a function to be a Lusin function. The most
general result may be deduced from Denjoy-Saks-Young Theorem, Theorem 13
of Denjoy Saks Young Theorem for Arbitrary Function.

Theorem 12. Let A be an arbitrary subset of R and f:A—R isa finite-valued

function. Suppose f has finite derivative at every point of a measurable set D in
A, then fis a Lusin function on D.

Proof.
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Suppose A is measurable and f is measurable. Suppose E < D is a set of
measure zero in D. Then by Theorem 5, m*(f (E)) SJEIADf (x)|dx =0 implies that

m(f (E))=0. Hence, fis a Lusin function on D.

In general, since ,Df (x) is finite implies that ,D* f (x) is also finite, by Theorem

5 of Denjoy Saks Young Theorem for Arbitrary Function, f is a Lusin function
on D.

Remark. In view of Theorem 5 of Denjoy Saks Young Theorem for Arbitrary
Function and its analogue for the other extreme Dini derivates, Theorem 12
holds true if we replace the condition of f, by “f has any one of its Dini derivates
finite at every point of a measurable set D in A”.

Integral of the Derivative and the Measure of Images

For increasing function, we have a precise result that the outer measure of the
image of the set of points, where the function has finite derivative, is equal to
the Lebesgue integral of the derivative of the function, over the same set.

Theorem 13. Suppose A is a non-empty measurable subset of R and f:A>R

Is an increasing bounded function. Let B be a measurable subset of A and let
E={xeB: ,Df(x) exists and is finite} . Then ,Df (x) is measurable on B and

jB ,Df (x)dx:J'E ADF ()dx=m*( f(E))<m*(f(B)).
If f is absolutely continuous, then jB ADf ()dx=m( f(B)).

Proof. Since A is measurable and the set of discontinuities of f is at most
denumerable, f is continuous almost everywhere on a measurable set and so is a
measurable function on A. Note that f is a measurable function of bounded
variation on A. By Theorem 8 of Functions of Bounded Variation and de La
Vallée Poussin’s Theorem, ,Df (x)exists and is finite for almost all x in A.

Therefore, E is measurable since B is measurable.

16



By Theorem 5, m*( f (E))sjE|ADf (x)|o|x=jE .Df (x)dx. To prove the opposite
inequality, we proceed as in Theorem 6 to prove that jE|ADf ()|dx=m*(v, (E)).

The proof is almost word for word the same. For convenience we record it
below. Let E, =En[-n,n]. Then E, is measurable and bounded. Let

c=infE, andd =supE, and so E, c[c,d]. Now f is defined on E,. We shall
extend f to all of [c, d]. Firstly, we extend f to the boundary of E,, 0E,. Let
xedE,. If xeE,, define G(x)=f(x). Suppose xedE, —E, . Ifxisa leftlimit
point of E,, define G(x)=sup{f(y):y<x,yeE,}. Ifxisnota left limit point of
E,, then it must be a right limit point of E,, define G(x)=inf{f(y):y>xyeE,}.
Thus, G so defined is increasing on E, UJE,, which is the closure of E,. The
closure of E,, E,=E, UdE, [c,d]. Note that both ¢ and d belong to ¢E, .
Therefore, [c,d]-E, =(c,d)—E, is at most a countable disjoint union of bounded
open intervals. The end points of these open intervals are in oE,. Now extend

G to [c,d]-E, by linear maps joining the values of G at the end points of these

open intervals. Thus, G is defined and increasing on the closed interval, [c, d],
and G(x)= f(x) forxin E,. Moreover, G'(x)= ,Df (x)for x in E, =En[-n,n].

By Theorem 15 of Arc Length, Functions of Bounded Variation and Total
Variation, we can decompose G = g + h, where g is absolutely continuous and
increasing on [c, d] and h is an increasing singular function on [c, d].

By Lemma 10 of Functions of Bounded Variation and Johnson’s Indicatrix,

m*(G(E,)) =m*(g(E,))=m(g(E,)). By Theorem 11 of Functions of Bounded

Variation and Johnson's Indicatrix, IE g'(x)dx=m(g(E,)) as g is increasing and

absolutely continuous on [c, d]. Since G'(x) = g'(x) almost everywhere on [c, d],
J G'00dx= [ g’(x)dx=m(g(E,))<m*(G(E,) =m*(f (E,).

It follows that Ln . Df (x)dx = jEn G'(x)dx <m*(f (E,)) <m*(f(E)).

Therefore, jE . Df (x)dx = ijn LDf (x)dx <m*(f (E)) and so

m*(f(E))=[_,Df (x)cx.
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Thus, as m(B—-E) =0,
jB Df (x)dx = IMH) . Df (X)dx = jE Df (X)dx =m*(f (E)) <m*(f(B)).

If f is absolutely continuous on A, then by Lemma 3, fis a Lusin function and by
Corollary 11, f maps measurable subsets to measurable subsets.

m*(f(B))=m(f(B))=m(f(E)u f(B—E))
<m(f(E))+m(f(B-E))=m(f(E))+0=m(f(E)),

since m(f(B—E))=0 because B-E is a null set. It follows that
m(f(E))=m(f(B)). Therefore, | ,Df (x)dx=m(f(B)).

More generally, we have:

Theorem 14. Suppose A is a measurable subset of R and f:A—>R isa

continuous function of bounded variation on A. Suppose f is a Lusin function
on A. Then ,Df (x) exists and is finite for almost all x in A. Moreover, ,Df (x) is

measurable on A. Suppose B is a measurable subset of A. Let
E={xeB: ,Df (x) exists and is finite} . Then

jB|ADf (x)|dx=jE|ADf ()| dx=m(v, (E))=m(v,(B)),
where v, is the total variation of f.

Proof.

By Theorem 18 of Functions of Bounded Variation and de La Vallée Poussin’s
Theorem, there is a null set N < A such that m(N) =m(f(N))=m(v,(N))=0 and
for all xe A-N, ,Df(x) and ,Dv,(x) exist finitely or infinitely and that

| ADf (X)|=ADv; (x). Moreover, the set F ={xe A: ,Df (x) =+o0} has measure zero.

We may assume that Bc A-N and E c A—N—F, without affecting the
conclusion of the theorem. As fis a Lusin function, by Theorem 10 of Function
of Bounded Variation on Arbitrary Subset and Johnson’s Indicatrix, v, is also a

Lusin function. Hence, |,Df (x)|=,Dv, (x) and is finite for all x in E. By

18



Theorem 5, ,Df (x) is measurable on A-N-F and hence on A. It follows that

ADv,(x) is measurable on A. Note that
m(BAN)=m(f(BAN))=m(v,(BAN))=0.

We may assume that B A-N and E c A—N-F, without affecting the

conclusion of the theorem. Note that both ,Df (x) and ,Dv, (x) are measurable on

B. Since fis continuous, by Theorem 13 of Functions of Bounded Variation
and de La Vallée Poussin’s Theorem, v, is continuous on A. Therefore, by

Theorem 10, v, (E) andv, (B) are measurable.
By Theorem 13,
[ aDv; ()dx=m*(v, (E))=m(v, (E)).
Thus, IE|ADf (x)|dx=m(v,(E)). Since m(B-E)=0 and v, isa Lusin function,

jB|ADf (x)|dx :jE|ADf (X)]dx=m(v, (E))=m(v, (B)).

Remark. 1. If A is a bounded measurable subset of Rand f: A— R is an

absolutely continuous function on A, then by Lemma 2 and Lemma 3, f satisfies
the hypothesis of Theorem 14. Hence, the conclusion of the theorem holds for
an absolutely continuous function on a measurable bounded domain.

2. If we assume that f:A— R isa just a function of bounded variation on a
measurable A, the same proof as in Theorem 14 gives the conclusion that

jB|ADf (x)|dx=jE|ADf ()] dx =m*(v, (E)) <m*(v, (B)).

This is essentially, the conclusion of Theorem 6.

Theorem 15. Suppose | is an interval not necessarily bounded. | may be open,
half open, or closed. Suppose f :1 — R s a continuous function of bounded

variation. Then f is absolutely continuous if, and only if, f is a Lusin function.
Proof.
If f is absolutely continuous, then by Lemma 3, f is a Lusin function.

Suppose fis a Lusin function. Then by Theorem 14, f'(x) exists and is finite
for almost all x in I. Moreover, f'(x) is Lebesgue integrable. Let B be any
measurable setin I. If E ={xeB: f'(x) exists and is finite.}, then m(B-E) =0, and

J

f(x)ldx = jE

£/(0ldx =m*(v, (E)) .

19



Now. m*(v, (E)) =m*(v, (B)) because f is a Lusin function and so by Theorem 9

of Function of Bounded Variation on Arbitrary Subset and Johnson’s
Indicatrix, v, is also a Lusin function. Therefore, jB f'(x)dx =m*(v, (B)) .

By Proposition 9, given any &>0, there exists a § >0 such that for any
measurable set E < I, with m(E) <5, then jE fr(x)|dx<e.

Take any sequence of non-overlapping intervals {[a,,b ]} with end points,
a,b el ,suchthat Y |b—a|<s. Let I, =[a,h]. Since the total variation

function, v, , is also continuous, for each i, |v, () -v, (a)|=m(v,(1))).
For each i,

[£(0) = F(@)| <l (0)—v;@)|=m(v, (1)) =] | f'()]dx.
Therefore, since >’ |b -a|= m[U IiJ< 5, we have then
>IfB)-f@)< Y m*(v, (Ii)):Zjli|f’(x)|dx:jU|i|f’(x)|dx<g.

Hence, f is absolutely continuous on I.

The next theorem, when applied to strictly monotone function with domain, a
closed and bounded interval, is known as the Zarecki Theorem. It affords a
guick way of deciding when a continuous function of bounded variation is
absolutely continuous, just by examining the measure of the image of the set of
points, where f is not differentiable finitely.

Necessary and Sufficient Condition for Absolute Continuity

Theorem 16. Suppose A is a non-empty closed and bounded subset of R and
f : AR is a continuous function of bounded variation. Then f is absolutely

continuous if, and only if, m(f ({x A: ,Df (x) =+o})) =0.

20



Proof. Suppose f is absolutely continuous on A. Then by Lemma 3, fis a Lusin
function. By Theorem 8 of Functions of Bounded Variation and de La Vallée
Poussin’s Theorem, ,Df (x) exists and is finite for almost all x in A. Therefore,

the set {xe A: ,Df (x) =+o0} is of measure zero. Hence, f ({XE A: ,Df (x) =ioo}) IS

anull set and so m( f ({xe A: ,Df (X)=ioo}))=0.

Conversely, suppose m(f({xe A: ,Df (x) =+w}))=0. By Theorem 18 of
Functions of Bounded Variation and de La Valléee Poussin’s Theorem, there is
a subset N of A such that m(N) =m(f(N))=m(v,(N))=0 and for all x in A-N,
ADf (x) exists finitely or infinitely. Let E={xeA: ,Df (x)=+w}. Then, fis a
Lusin functionon A-N-E. Note that

m*(f (N UE)) <m*(f(E))+m(f(N))=m*(f(E))=0.

Therefore, m(f(NUE))=0. It follows that fis a Lusin function on A. By,
Theorem 4, f is absolutely continuous.

This completes the proof of Theorem 16.

For continuous function known to satisfy the Lusin condition and is
differentiable almost everywhere, we may also examine the integral of the
derivative for deciding the absolute continuity of the function.

Theorem 17. Suppose f :[a,b]— R is a continuous Lusin function. Suppose
f'(x) exists and is finite almost everywhere on [a,b]. Then f is absolutely
continuous on [a,b] if, and only if, ' is Lebesgue integrable on [a,b].

Proof. Suppose f is absolutely continuous on [a, b]. By Lemma 2, f is of
bounded variation on [a, b]. By Theorem 6, ' is Lebesgue integrable on [a, b].

Conversely, suppose f' is Lebesgue integrable on [a,b]. Then |f’

integrable. By Proposition 9, for any &>0, there exists a § >0 such that for
any set E c[a,b], with m(E) <5, we have that j’E fr(dx<e.

is Lebesgue

Note that since f is a continuous Lusin function, by Theorem 10, f maps
measurable subsets of [a, b] to measurable sets. Take any non-overlapping
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sequence of closed intervals, {1, } with end points in [a,b]. For each integer i > 1,
letl. =[a,b]. Then

|f(b)—f(a)<m(f(l,)),since fis continuous on [a,b],
=m( f(E)), where E ={xe[a,b]: f is differentiable at x and is finite.},
since f is differentiable finitely almost everywhere on [a, b] and fis a

Lusin function,

< IE, | £/(x)|dx, by Theorem 5. =----nmmmmmmmmmmemoe e )

Therefore, if >’|b —ai|=m[U|ij<5, then letting E = JE;,

m(E):m(LiJEiJ:m(LiJIij:Zi]bi—ai|<5and

PDHOE f(ai)|$ZIEi|f’(x)|dx:jE|f'(x)|dx<g.

Hence, f is absolutely continuous on [a, b].

Remark.

Theorem 17 is for function on closed and bounded interval, that is, a path
connected closed and bounded domain. It is easy to find function with non-
closed domain, continuous with finite derivative almost everywhere and
satisfies the Lusin condition and yet be non-absolutely continuous.

Corollary 18.

Suppose f :[a,b] - R is a continuous function. Suppose f'(x) exists and is
finite except for x in a denumerable set in [a,b]. Then f is absolutely continuous
on [a,b] if, and only if, ' is Lebesgue integrable on [a,b].

Proof. By Theorem 17 of Functions of Bounded Variation and de La Vallee
Poussin’s Theorem, f is a Lusin function on E ={xe[a,b]: f'(x) exists and is finite} .
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By hypothesis, [a,b]-E is denumerable and so f([a,b]-E)=0. It follows that f

Is a Lusin function on [a, b]. Thus, fis a continuous Lusin function. Therefore,
by Theorem 17, fis absolutely continuous on [a,b] if, and only if, ' is

Lebesgue integrable on [a,b].

Corollary 19. Suppose f :[a,b] > R is a continuous function. Suppose f'(x)
exists and is finite for every x in [a, b]. Suppose f’ is Lebesgue integrable or
f'(x) i1s bounded for all x in [a,b]. Then f is absolutely continuous on [a, b] and

f(x)=f(a)+ j f'(x)dx for x in [a,b].

Proof. Since f'(x) exists (finitely) for every x in [a, b], f is continuous on [a,

b]. By Theorem 17 of Functions of Bounded Variation and de La Vallee
Poussin’s Theorem, T is a Lusin function on [a, b]. Hence, f is a continuous
Lusin function. By Theorem 5, f'(x) is measurable. Suppose |f'(x)|<M for all

x in [a, b]. Then J'[ab]

[a,b]. Therefore, by Theorem 16, f is absolutely continuous on [a, b]. By

f'(x)|dx<M(b—a)<andso f' is Lebesgue integrable on

Theorem 8, f(x) = f(a)+ j f'(x)dx for x in [a,b].

Some Observation on Cantor Function.

The generalized Cantor Lebesgue function, f. :[0,1]—[0,1], is continuous,

increasing and maps C; onto | = [0,1], where C; is the Cantor set of measure
zero. (For the notation, please refer to The Generalized Cantor Set, Generalized
Cantor Lebesgue Function, Canonical Function Mapping Cantor Set to
Another, Absolute Continuity, Arc Length and Singular Functions.) Since it is
obviously not a Lusin function, it is not absolutely continuous. Therefore, by

Theorem 16, m(fCl ({XE[O,l]Z fcl'(x):+oo}))¢0. Since f.'(x)=0 forxin [0,2]-C,,

m( fe, ({x eC,:f'(x)= +oo})) #0. It follows that the set of points in Cy, where the

derivative is infinite, is non-denumerable. Moreover, the set of points in C,,
where f. is not differentiable finitely or infinitely is of the power of the

continuum according to Eidswick in “A Characterization of The Non-
differentiability Set of The Cantor Function, Proc Amer Math Soc, Vol 42,
p214-2177, although it gets mapped to a set of measure zero.
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Take the Lebesgue Cantor like function, 9o, 0, :[0.10—[0.1], which maps the

Cantor set D, of measure 1-, onto the Cantor set D, of measure 1-6,. This

function is defined in The Generalized Cantor Set, Generalized Cantor
Lebesgue Function, Canonical Function Mapping Cantor Set to Another,
Absolute Continuity, Arc Length and Singular Functions. It is strictly
Increasing and continuous on [0,1]. Withs, =1 and 0< 5, <1, Jo,0,, IS not

absolutely continuous. Given any 0<e& <1, we can take 1-¢ <6, <1. Then the
measure of D, is lessthan &. We deduce as before that

m*(ngyDD_2 ({x €D,1gp 0, (0= +oo})) #0.
Note that m*(ng‘DO_Z ({Xe D,: ng~Da~2’(X) =+oo})) <m(D,)<e. Thus, we can find

strictly increasing, continuous but non-absolutely continuous function that maps
the set of points of infinite derivative to a set with prescribed arbitrary small but
non-zero measure. We conclude that the set of points in D;, where the
derivative is infinite, is non-denumerable. Note that D, is compact, nowhere

dense, and is its own boundary points. For the Cantor function f_ it is known

that it is not differentiable finitely in C,. We can show similarly as in “R. B.
Darst, Some Cantor Sets and Cantor Functions, Mathematics Magazine, vol.
45(1972), pp. 2- 77, that 95,0, is not differentiable finitely in D,. Itis not clear

how one can characterize the set of points in D,, where g, , is not

differentiable finitely or infinitely. We may ask the question: “Is it of the power
of the continuum?”.
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