L' Hopital's Rule and A Generalized Version
by Ng Tze Beng

L' Hopital's Rule was actually discovered by John Bernoulli. The rule with its various
versions is widely used. As with the use of the Mean Value Theorem, a weaker version of the
Cauchy Mean Value Theorem suffices for the proof of L' Hopital's Rule. In this note I shall
present a generalized version of the L' Hopital's Rule (Theorem 11 and Theorem 12). The
converse of the rule is not true. Some of the common misuse of the Rule arise from using the
converse, particularly so with the derivative. First let us recall Theorem 1 from Darboux
Fundamental Theorem of Calculus.

Theorem 1. If f:[a, b] — R is differentiable on [a, b], then for any u, v in [a, b] with

u < v, there exists a point x and a point y in [u, v] such that

JOES =AU

or equivalently,

S O=u)2fW) =)= )-u) .

The proof can be found in my article, “Do we need Mean Value Theorem to prove f
'(x) = 0 on (a, b) implies that f = constant on (a, b)?”.

L' Hopital's Rule concerns the limit of a quotient of two functions that can be
expressed in terms of the limit of the quotient of their respective derivatives or derived
functions. Important to this is that the derived function of the denominator function should
not have infinite number of change of sign near the point where the limit is to be taken. Due
to the Intermediate Value Theorem for Derivatives, we can express this requirement simply
by stating that the derivative is non-zero around the point of limit. We state this as a

convenient reference as Theorem 2.

Theorem 2. Suppose f is differentiable on an interval / (not necessarily bounded). If
the derived function f' is non-zero on /, then f' is of constant sign, i.e., for all x in
L f'(x)>0 orforallxin/, f'(x)<0.

Proof. Suppose f'is not of constant sign. Then there exist x and y in / such that f
'(x)>0and f'(y) <0. Thus 0 is an intermediate value between f'(x) and f'(y).

Therefore, by Darboux's Theorem (see Intermediate Value Theorem for the Derived
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Functions), there exists a point ¢ between x and y such that f'(x) = 0. This contradicts

that /' is non-zero on / and so f" must be of constant sign.

Our next theorem follows from Theorem 1 above.

Theorem 3. Suppose f and g are two differentiable functions defined on the closed
and bounded interval [a, b]. Suppose that g'(x) # 0 for all x in [a, b]. Then there exist
points p, g in [a, b] such that

/@) WAQENAO) f(q)
g(p) = gb)-ga) =@

Proof. Define the function 4 :[a, b]— R by

h(x) =1 (x)(g(b)—g(a)) — gx)(/ (b)-f (a)),
for x in the interval [a, b]. Since f and g are differentiable on [a, b], /4 is also
differentiable on [a, b]. Thus, by Theorem 1, we can find points p and ¢ in [a, b] such

that

Wy "O=D 5 ). (1)

Now since h(a) = h(b) = f(a)g(b) — g(a) f(b), we have then A'( p) >0 > h'(g).
Therefore, since 4'(x) =f"'(x)(g(b)—g(a)) — g x)( f(b)- f (a)), we get
/'(p)gb)—g(@) 2 g'(p)(f(b)-f(a)) ------------=- (2)

and

1(9)@(b)-2(@)) < gV [ ()~ (@)). —wereemeemmeee 3).
Now since g’ (x) # 0 for all x in [a, b], by Theorem 2, either g’ (x) > 0 for all x in [a, b]
or g’ (x) <0 for all x in [a, b]. That means g is strictly increasing on [a, b] or g is
strictly decreasing on [a, b]. Hence, we conclude that if g'(p) > 0, then g is strictly
increasing and so g(b)—g(a) > 0 and if g'(p) <0, then g is strictly decreasing and so
g(b)—g(a) <0 and it follows from (2) that we get

[ ®)  fB)=f(a)
g(p) = gb)-ga) °

If g'(p) > 0, then g'(¢) > 0 since g' is of constant sign and so g(b)—g(a) > 0 and if g'( p)

<0, then g'(¢) < 0 for the same reason as before and so g(b)—g(a) <0. We obtain

similarly from (3),

[@ _fB)=f(a)
g(q) = gb)-ga)
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This completes the proof of Theorem 3.

The next theorem is the usual form of L'Hopital's Rule.

Theorem 4 L' Hépital's Rule. Suppose fand g are two functions that are
continuous on [a, b] and differentiable on (a, b). Suppose f(a) =g(a) =0. Suppose

!
that g’ (x) # O for all x in the open interval (a, b). If }5}1 j;g; exists and is equal to
!
L. then 1im £ [@) o f®

) exists and is also equal to L, i.e., 11m 11m (%) if the limit

T gx)

on the right hand side exists.

Proof. Since hm [ ,E ; L , given ¢ > 0, there exists 6 > 0 such that
/') & e & £
a<x<aq+d => g,(x)—L <22L 2<g’()<L+2 -------- 4)

We may assume that @ + 8 < b. (If this is not the case, then we can obviously choose a
smaller 6 > 0 such that 5 < b —a.) For any fixed x in the interval (a, a + 0), let y be
any point such that a <y <x. For example, we can let y =a + 1/n, where n is any
integer > N and N is some integer such that 1/N < x—a . Note that N exists by the
archimedean property of the real number system. Then by Theorem 3, since g'(x) # 0

on [y, x], for some point ¢ in [ y, x], we have

S-S0 f (0)
2 -2g0) Z g0

Now since a <c<x<a+ 39, by (4), f()

g'(c)
that a <y <x, % >L - % Therefore, since f(a) =g(a) =0, by the
S f)—=f(a) S-S £
g = g -g@) 1 gw-gp) 2L Ee

yAC)

That means for all x such thata <c<x<a+ 9, 2(Y) > L —¢ . Also by Theorem 3,

fO-/O) _[(d
20 -g0) = g'd)’

> L - 2 . Thus, we have, for any y such

continuity of f and g at q,

there exists a pointd in [ y, x], such that

have fg((x)) gg)) <L+ % Again, using the continuity of /" and g at a and the above

Then using (4) we

inequality,
[ _f@-f@ . f@-/0)
glx)  glx)—gla) ya' gx)—gy) ~
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]% <L +¢. Hence,

We have thus proved that for anyx witha < x<a+9d, L—¢< o(x

S
m e =

We now state the corresponding rule for the left limit.
Theorem 5 L' Hépital's Rule. Suppose fand g are two functions that are
continuous on [a, b] and differentiable on (a, ). Suppose f(b) =g(b)=0. Suppose

that g’ (x) # O for all x in the open interval (a, b). If 11m j; E g exists and is equal to
L, then hm fg g exists and is also equal to L, i.e. hm fg ; —hm f,g ; if the limit

on the right hand side exists.

Remark.

1. Combining Theorem 4 and Theorem 5 gives the limit version of the L' Hopital's
Rule.

2. If the derivative of the denominator function, g(x) changes sign infinitely often
near a, then g'(x) would take on the value zero infinitely often and the quotient f
'(x) /g'(x) would not be defined in any small interval containing a and we would

not be able to talk about the limit of f'(x) /g'(x) at x = a.

Theorem 6. Suppose f and g are functions differentiable at x for all x > K for some

positive constant K and that g'(x) # 0 for all x> K. Suppose lim f(x) =lim g(x) = 0. If
')

lim () exists and is equal to L, then lim fgxg exists and is also equal to L.

X—>00

We shall give a direct proof without using the usual conversion that

lim A(x) :}i%g h(%) = 0 and applying Theorem 4.

Proof of Theorem 6. Since lim A ,E ; L, given ¢ > 0, there exists a positive
number N > 0 such that
S/ /(x) & & S/ ’(x) &
x>N= g/(x)_L <2:>L_2<g/(x) <L+2- """""""" (5)
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We may assume that N> K. If need be, we can always pick an NV that is bigger than
K. Since g'(x) # 0 for all x> K, by Theorem 2, g'(x) is of constant sign for all x > K
and so we may assume that g(x) # 0 for all x > K. For a given fixed x > N, by

Theorem 3, for any y > x, there exists c in [x, y] such that

S -f0) f (©)
2 -20) = g0

and by (5),
['©
g'(©)

NACI A ))
Thus, for any x > N, g(x) o) = <L +

<L+

Hence,

[0 f@-0 JO-M/G) -1
2(x) T g()-0 T g(x) fll’ng(y) }IQ () — 2(») <L+—<L+g

Similarly, by Theorem 3 and (5), there exists d in [x, y], such that

S - f0) f(CD &
glx)— g(y)_g(d)_ 2"

Therefore,

@ f@-0 @m0 rw-re) .
gx)  gx)-0 g(x) lLrgg(y) yl—gg 2(x)—g() >L - > >L—e.

JAC))

Thus, we have shown that for allx > N, L —¢ <% <L +¢. Hence, }Cim ﬁ =L

yAC))

g(x)
As we can see, the proofs for Theorem 4 and 6 are similar. The next version will deal
with limit at — infinity. The proof is exactly similar to that for Theorem 6 with

appropriate interpretation for the corresponding limit.

Theorem 7. Suppose f and g are functions differentiable at x for all x < K for some
negative constant K and that g'(x) # 0 for all x <K. Suppose lim f(x)=1lim g(x)=0.
') )

If lim 700 exists and is equal to L, then lim, 20 exists and is also equal to L.
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The next version is the so called "/infinity or infinity/infinity" version of L' Hopital's

rule.

Theorem 8. Suppose fand g are two functions that are differentiable on (a, b) and

that g’ (x) # 0 for all x in the open interval (a, b). If g’'(x)> 0, then assume

')

lim g(x) = —c0. If g’(x) <0, then assume lim g(x) = co. If 11m (0 exists and is

Jx)

2() exists and is also equal to L. Here L may be +oo.

equal to L, then }l%l

Proof. The proof requires a careful handling of the limit. Firstly, assume that L is

finite.
!
Since }g}} % =L , given &> 0, there exists a 6> 0 with 6<b —a such that
/'™ & /')
a<x<a+o=> g,(x)—L <y :>L— <= (%) <L+ -------- (6)

Fixed a point y in (a, a + ). Then by Theorem 3 and (6), for any x such that

a <x <y, there exists points ¢ and d in [x, y] such that

f(C) BACAC)) f(cD<
4 g0 = g-20) =g

Hence, for any x such that a <x <y,

S -fO)
7 < g =gy) <Ltg )

Note that since g'(x) # 0 for all x in (a, b), by Theorem 2, g is strictly monotonic on

L—-

L+

L—

(a, b) , 1.e., g is either strictly increasing or strictly decreasing on (a, b).
We shall assume, without loss of generality, that g’ (x) > 0 on (a, b) and so g is strictly
increasing on (a, b). (The proof for the case g’ (x) <0 on (a, b) is similar.)

Since }LIarl g(x) = —o0, we may assume that g(x) < 0 for any x in (a, a + ). Thus, there

exists a & > 0 such that for all x in (a, a + &), Thus, let 77=min(o, ).

| <4

We may write for any x in (a, a + 1),

-0 gx)-g») [ fO)
gx)—g) gy gl g)

_f)-fO) .(1 B g(y)j
- g(x)—gb) gx) )

The main step of our argument is to show for x sufficiently near a,

(053 (e - ) o
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Now for x in (a, a + 1), define G(x) = ( gEyi) Observe that since g(y) and g(x) are

of the same sign, G(x) <1 for x in (a, a + 7). Since ;131 g(x) = —o0, we have that

}5}1 g( )= = 0. Hence, }gg} G(x)=1. Therefore, there exists 7, with 7 >7, > 0 such
that

a<x<a+m=|Gx)—- 1| <min(1/2, &(2(1+|L|)). Hence, letting & = min(1/2,
&(2(1+]|L])), we have that

a<x<a+t+m=1-g2<1l-<Gx)<1.  =mmmmmmmmmmmm- 9
Note that & < 1/2 so that for x, such thata <x <a + n, G(x) > 2> 0. Thus, from (7)

we get, for x such thata <x <a + 7,

R e RV 3/ R— (10)

But now %G(x) < % since G(x) < 1. Also from (9), we have, if L > 0, then
L—-e2<L—-|Llee<L-L&=<L.G(x)<L.
If L <0, then again from (9), we have,
L+e2>L+|Lleg2L-Le2L.G(x)=L.
Consequently, it follows that for x such thata <x <a + 7y,
L —-¢/2< L.G(x)<L+¢/2.

Thus, it follows from (8) and (10) and the above inequality that for x such that a <x <

a+7715
/& fO) & £_7.3
20 g0 <LG(x)+ - G(x)<L+2+4_L+4e
3 & & S(x) f(y)
and L—48—L 5 4<LG() 4G()< () " g0
Let now 0'= 7, . We have thus shown that for all x such thata <x<a+ 6",
&) [ 3.1, _
() <g(x) +L+ s<L+4s+4s—L+e
@ 10) 3,1 3. _
g(x) g(x)+L 4 ¢ 48+L 48—L E.
and thus for all x such thata <x<a+ "',
/&) ‘
—<-L .
g o =f
/&)

This means 11 (— =L.
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Suppose now L =+ 0.

Then given any K > 0, there exists 0 >0 with < b —a such that

/')
g'(x)

a<x<a+o=

>2(K+1). (11)

As explained above, we may assume that g(x) <0 for all x in (a, a+05). As above, fix a
point y in (a, a + 8). Then by Theorem 3 and (11), for anyx such thata <x <y,

there exists a point ¢ in [x, y] such that

fO=/O) _ [(©)

> >2(K+1). 12
g0 -g0) = gie) KD (12
As in the argument for the case L is finite, there exists a d; > 0 such that for all x in (a,
a+ o), % < 1. Taking n7=min(d, ). We may write for anyx in (a, a + 1),

f® f0) f®-fO) ,(l_g@)j (13)

gx)  glx) ~ gx)-g) g(x) )

Then for G(x) = ( g?;] there exists 7, with 7> 7, > 0 such that

a<x<atm=|Gx)-1<% =Gx)>%.
Thus, from (12), for x such thata <x<a + 7,

/&) [ fO-fO)
glx)  glx) — gx)—gO)

Therefore, for x such thata <x<a + 7,

fgxg K+ 1+f2y;>K+1 1=K.

This proves that hm fE ; =

-G(x)> K+ 1.

The proof for the case when L = — oo is similar.

The next theorem is the infinity version of Theorem 4.

Theorem 9. Suppose fand g are two functions that are continuous on [a, b] and

differentiable on (a, b). Suppose f(a)=g(a)=0. Suppose that g’ (x) # 0 for all x in

the open interval (a, b). If 11m f/g g , then }L m J% =
Proof. Since hm f,%; = o0, given any K > 0, there exists 0> 0 such that
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'
g'()

Take a fixed x in the interval (a, a + 8). Then for any y such that a <y <x, by

Theorem 3, there exists a point ¢ in (y, x), such that ];((x)) jgf((;)) _j; Ecg But by

o 5 xmsn L

a<x<a+od= Y G— (11)

>K.

Hence,

f@) _f@-0 TOTMIO) . fw-/0)
500 " 500 " g0 Timg0) 1 g0 g0 >

f _
gx)

>K.

This is true for any x in (a, a + ). Therefore, 11m

Remark. The corresponding results or conclusions for the left limit and limit hold as

well as for the case when the limit is — oo

There is a more complicated version of L' Hopital's rule. This deals with the version,
where f'(x)/g'(x) is not defined around the point x = a, nevertheless after appropriate
"cancellation" f'(x)/g'(x) does have limit at the point a. Our previous theorem cannot
handle this case simply because /' (x) / g'(x) is not defined in any neighbourhood of the point

a. First we need a refined version of Theorem 3.

Theorem 10. Suppose f and g are two differentiable functions defined on the
closed and bounded interval [a, b]. Furthermore, suppose that the derivatives of fand
g satisty f'(x) = k(x) ¢ (x) and g'(x) = k(x) y(x) for all x in [a, b]. Suppose y(x) and
k(x) satisfy anyone of the following conditions.

1. y(x) > 0 for all x in [a, b] and that k(x) > 0 except possibly for a set N of zero
measure in [a, b] and k(x) = 0 for x in N.

2. Y(x) <O for all x in [a, b] and that k(x) < 0 except possibly for a set N of zero
measure in [a, b] and k(x) =0 forxin N.

3. y(x) >0 for all x in [a, b] and that k(x) < 0 except possibly for a set N of zero
measure in [a, b] and k(x) =0 for x in N.

4. y(x) <0 for all x in [a, b] and that k(x) > 0 except possibly for a set N of zero

measure in [a, b] and k(x) =0 forxin N.

© Ng Tze Beng 2002 9



Then there exist points p, g in [a, b] such that

o) fB)- /@ _ 9(@)
y(p) = gB)-gl@) = wig)

Proof. We shall prove only the case, where condition 1 is satisfied. The other three

cases are proved similarly. Define the function 4 :[a, b]—> R by h(x)=f
(x)(g(b)—g(a)) — g(x)(f(b) — f (a)) for x in the interval [a, b]. Since f and g are
differentiable on [a, b], & is also differentiable on [a, b]. Note that i(a) = h(b) =f
(a)g(b) — g(a) f(b). By Theorem 1, there exist p and ¢ in [a, b] such that

W= "D o5 ).
Therefore, since 1'(x) = /'(1)(g(b)-g(@) — £ f (b £ (@), we et
T e g S ) — (12)
and
1(g) = K@) () (&(D)~(@)) ~ ) () (@)] € 0 e (13)

If k(p) > 0, then since y(p) > 0 and g(b)—g(a) > 0 (because g is strictly increasing as

pw) _ f(b)= f(a)
w(p) = gb)—ga) "

We need not use Theorem 1 here as

we shall show below), from (12) we obtain

o) _[(b)= f(a)
w(p) — gb)-gla)”

the following claim will show.

If 4'(p)=0and

k(p) > 0, then we obtain

We claim that there exists p in [a, b] — N such that 2'(p) >0 and k(p) > 0.

Note that the condition that y(x) > 0 for all x in [a, b] and that k(x) > 0 except possibly
for a set N of zero measure in [a, b] and k(x) = 0 for x in N implies that g'(x) = k(x)
w(x) > 0 except perhaps possibly for x in N, which is a set of zero measure, and g'(x) =
0 for x in N. Hence g'(x) > 0 for all x in [a, b]. Then g is non decreasing in [a, b].

This is because if there exist x <y in [a, b] such that g(x) > g(»), then by Theorem 1,
g(y) g( )

there exists a point z in [x, y] such that g'(z) < == < 0 contradicting g'(z) > 0.

Next we claim that g is strictly increasing. Suppose there existx <y in [a, b] such that
g(x) =g(y). Then for all z in [x, y], g(z) = g(x). This is because if there exists z in [x,
v] such that g(z) # g(x), then since g is non decreasing g(z) > g(x), and so g(z) > g(y) =
g(x), contradicting g(z) < g(v). Therefore, g is constant on [x, y] and so g'(x) =0 on
[x, v] implying that [x, y] < N and so since the measure of [x, y] is y —x > 0, the

measure of N is non-zero, contradicting the assumption that the measure of N is zero.
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The crucial property we use here is that N does not contain any non trivial open
interval. This shows that g is strictly increasing.

Suppose on the contrary that for all x in [a, b] either 4'(x) < 0 or k(x) = 0. This means
h'(x) < 0 except for points in the set N of measure zero where 4'(x) = 0 there.
Therefore, 4'(x) < 0. This implies that / is decreasing. But /(a) = h(b) implies that A
is constant on [a, b] and so /'(x) = 0 contradicting 4'(x) < 0 for x outside N. Hence,
there exists p in [a, b] — N such that 2'(p) > 0 and A(p) > 0.

o) _ f(B)= f(a)
yp) = gb)-gla)’

Similarly, if k(g) > 0, then since y(g) > 0 and g(b)—g(a) > 0, from (13) we obtain

p(q) _ ()= [f(a)
w(g) = g(b)—gla)”

see that it can give us some partial answer. We now claim that there exists ¢ in [a,

b]— N such that 4'(g)< 0 and k(g) > 0. Note that when k(g) = 0 then 4'(g) = 0.

This proves the claim. Hence there exists p in [a, b] such that

We need not use Theorem 1 here but all the same it is good to

Suppose on the contrary such a ¢ does not exist, then for all x in [a, b]- N, A'(x) > 0.
This means / is increasing on [a, b]. But i(b) = h(a) implies that /4 is constant on [a,
b]. Consequently, 4'(x) =0 for all x in [a, b], contradicting 4'(x) > 0 for x in [a, b]- N.
Hence, exists ¢ in [a, b]— N such that 4'(¢)< 0 and k(g) > 0. This proves the claim. It

then follows from the claim that there exists g in [a, b] such that ¢(q)(g(b)—g(a))

. @) _f)-f(@)
—u(q)(f(b)-f(a)) £0. This means w(q) < 2(b)—g(a)

This proves Theorem 10.

Theorem 11 Generalized L' Hopital's Rule. Suppose fand g are two functions
that are continuous on [a, b] and differentiable on (a, b). Suppose f(a) = g(a) =0.
Furthermore, suppose that the derivatives of fand g satisfy f'(x) = k(x)(x) and g'(x) =
k(x)y(x) for all x in (a, b). Suppose y(x) and k(x) satisfy any one of the following
conditions.

1. y(x) > 0 for all x in (a, b) and that k(x) > 0 except possibly for a set N of zero
measure in (a, b) and k(x) =0 forx in N.

2. Y(x) <0 for all x in (a, b) and that k(x) < 0 except possibly for a set N of zero
measure in (a, b) and k(x) =0 forxin N.

3. y(x) >0 for all x in (a, b) and that k(x) < 0 except possibly for a set N of zero

measure in (a, b) and k(x) =0 forx in N.
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4. y(x) <0 for all x in (a, b) and that k(x) > 0 except possibly for a set N of zero

measure in (a, b) and k(x) =0 forx in N.

x—at

.S p(x)
lim o6 =1 60

Proof. The proof is similar to the proof of Theorem 4. This time round we use

If lim Zi((x)) exists and is equal to L, then }ch}} % exists and is also equal to L, i.e.

if the limit on the right hand side exists.

Theorem 10. Since hm (p(( )) =L , given £> 0, there exists 0> 0 such that
a<x<a+o=L- w((x))<L -------- (14)

We may assume thata + 6< b. For any fixed x in the interval (a, a + ), let y be any
point such that a <y <x. Then by Theorem 10, applied to the interval [ y, x], for some

point ¢ in [ y, x], we have

J@ =) (o)
20 -g0) = w(©)

Note that by assumption, the conditions for Theorem 10 are met on [ y, x] < (a, b).

Now since a <c<x<a+ o, by (14), Zj(( )) L—<. Thus we have, for any y such

2
that a <y <x, % >L - % Therefore, since f(a) =g(a) =0, by the

. [x) _fx)—f(a) S -1
continuity of f and g at g, 2(0) ~ g(0)=g(@) ylﬁa+ 2(0)—20) >L- % >L—c¢.
That means for all x such that a <x <a + 9, [ E g > L —¢ . Also by Theorem 10, there
exists a point d in [ y, x], such that fg((x)) gg)) ;0/((3 . Then using (14) we have

% <L+ % Again using the continuity of " and g at @ and the above

inequality,

&) fO-f@ .. [f&)-fO) &
20 ~ g0 -g@ 1 g -g0) <L+ <L+e.

We have thus proved that for anyx witha < x<a+ 9, L—-¢< fE ; <L+¢. Hence,
VA

R g =

Remark.
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1. Taking k(x) to be the non zero constant function gives Theorem 4.

2. We can replace N by a set that is at most countably infinite, which is more
acceptable for reader uncomfortable or not familiar with measure theory.

3. We can replace N by a set, which is no where dense (i.e., it does not contain any
non trivial open interval) so that N would include sets like Cantor sets of positive
measure as well as any set of zero measure.

4. Theorem 11 also holds if we replace the limit by the left limit at the point 5. The
proof is exactly the same.

Example.

cos2(+) sin(x),x = 0

1. Take for example the functions A(x) = { 0. x=0

. Then both A(x) and y(x) are continuous functions

cos2(¥)x,x %0

defined on R. Define f(x) = jz AMD)dt and g(x) = jz y(t)dt for each x in R. This

is well defined since both A(x) and y(x) are Riemann integrable over any bounded

closed interval. Since by the Fundamental Theorem of Calculus, f'(x) = A(x) and

g'(x) = y(x) and since cosz(%) = 0 for only countably infinite number of x in any

neighbourhood of 0, by Theorem 11, hm fE ; )L m SH;C(X)

= 1. Note that we

cannot apply Theorem 4, the usual version of L' Hopital's Rule directly.

sin®(+)x%,x = 0

0. x=0 and

2. Take for example the functions f'(x) = {

. Then both f(x) and /(x) are continuous functions

B sinz(%) sin(x),x # 0
P(x) = { 0, x=0

defined on R. Define g(x) = jz y(t)dt for each x in R. This is well defined since

both A(x) and y(x) are Riemann integrable over any bounded closed interval. By
the Fundamental Theorem of Calculus, g'(x) = y(x) = sin?(+) sin(x) for x > 0.

Now

1) = =3 sin%(}) cos(F)? + dx? sin® (4) = sin?(F (-3 cos(L)x + 4x? sin(H)).

(=3 cos(E)x + 4x? sin(4))
lim

=0 sin(x) 0 sm(x) hm( 3COS( ) + 4x? sin(x ))
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X

sin(x)

because lirg =1 and liroq (—3 cos(%)x + 4x? sin(%)) = 0 by the Squeeze

£ x(—3 cos(%)x + 4x? sin(%))
Theorem. Thus, by Theorem 11, lim =lim -
=0+ g(x) x50+ sin(x)

Next we state the corresponding infinity version of Theorem 11.

Theorem 12. Suppose fand g are two functions that are differentiable on (a, b).
Suppose lim g(x) = £o. Furthermore, suppose that the derivatives of fand g satisfy
f'(x) = k(x)p(x) and g'(x) = k(x) p(x) for all x in (a, b). Suppose y(x) and k(x) satisfy
anyone of the following conditions.

1. y(x) > 0 for all x in (a, b) and that k(x) > 0 except possibly for a set N of zero
measure in (a, b) and k(x) =0 for x in N. Suppose ;Lrall g(x) = —oo.

2. Y(x) <O for all x in (a, b) and that k(x) < 0 except possibly for a set N of zero
measure in (a, b) and k(x) =0 for x in N. Suppose ;Lrall g(x) = —oo.

3. y(x) > 0 for all x in (a, b) and that k(x) < 0 except possibly for a set N of zero
measure in (a, b) and k(x) =0 for x in N. Suppose ;Lrall g(x) = o.

4. y(x) <0 for all x in (a, b) and that k(x) > 0 except possibly for a set N of zero
measure in (a, b) and k(x) =0 for x in N. Suppose ;Lrall g(x) = o.

Jx)

If lim o) exists and is equal to L, then lim “—— exists and is also equal to L, i.e.
x—a* W(X) x-at g(X)

[ ek
lim "oy =M 6o

if the limit on the right hand side exists or equal to *o.

Remark. The proof of Theorem 12 is the same as that for Theorem 8. We use here
Theorem 10 instead of Theorem 3. We also have the corresponding Theorem for the

left limit at x = b.

Proof of Theorem 12.
We prove the theorem when condition (1) is satisfied. The proof for the other 3 cases

are similar.

Firstly, we prove the case when ;lraq % = L is finite.
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Since 11m % =L, given ¢> 0, there exists 06> 0 with 0 < b —a such that

P(x) & & P(x)
a<x<a+5:>‘ W) —L‘ <y :>L—4 < ()

Fixed a point y in (a, a + ). Then by Theorem 10 and (15), for any x such that

<L+%. -------- (15)

a <x <y, there exists points p and ¢ in [x, y] such that

_00) _[0=S0) _ @)
<Y S g—g0) Swig <Lta

Hence, for any x such thata <x <y,

S - f0)
4 S o0 —o(v) 2(x) - 2(») <L+4 “““““““ (16)

Note that since g'(x) = k(x) y(x) > 0 for x in (a, b)) — Nand g'(x) =0 forx in N, gis

L-

L—

increasing on (a, b). We claim that g is strictly increasing in (a, b). If there exists ¢, d
in (a, b) such that ¢ < d but g(c) = g(d), then g(x) is constant in [c, d ] and so g'(x) =0
for x in (¢, d) and so (¢, d) = N. As measure of N is zero and measure of (¢, d) =d — ¢
>0, (c,d)z N. This contradicts (¢, d) = N. Therefore, g is strictly increasing on (a,

b). In this case, ;Lraq g(x) = —oo, we may assume that g(x) < 0 for any x in (a, a + 9).

As }EE g(x) = —oo, there exists a & > 0 such that for all x in (a, a + &), 2 <

Thus, let 7=min(o, ;). We may write for any x in (a, a + 7)),
SO0 gW)-g) [ [fO)
gx)-g() gk gl gl
_S@-/O) (1 ~ g(V)J
gx) —g() gx))

The main step of our argument is to show for x sufficiently near a,
g _/® fO) 80
(-5 -55) <59 59 < H0-55) —am

Now for x in (a, a + 1), define G(x) = (1 - g(_(yi) Since lim g(x) = -0, we have that

}g}} g(x) =0. Hence, lim G(x)=1. Therefore, there exists 7, with 7 >n, > 0, such

thata <x <a+ nm = |G(x) — 1] <min(1/2, &(2(1+|L|)). Hence, letting & = min(1/2,
€/(2(1+[L])), we have that

a<x<a+tm=1-g2<1-<Gx)<1. —-mmmmmmmmmmmv (18)
Note that & < ' so that for x, such that a <x <a + 7, G(x) > %2> 0. Thus, from (16)

we get, for x such thata <x <a + 7,
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&) fO)
(L_4)G() 20 " gr) <L 4)G() -------------- (19)

But now %G(x) < Z since G(x) < 1. Also from (18), we have, if L > 0, then
L-g2<L-|Lla<L-L&<L.Gx)<L.
If L <0, then again from (18) we have,
L+e2>L+I|Lla>2L-L&>L.Gx)=>L.
Consequently, it follows that for x such that a <x <a + 7,
L—-¢2< L.G(x)<L+¢/2.

Thus, it follows from (18), (19) and the above inequality that for x such that a <x <a

+ 11,
f;gg {;83<LG()+8G(x)<L+ +EW)=L+3e,
3 NACI VAN
and L—Ze—L— u)<LG@) jG() 20~ 2
Let now 0= 1. We have thus shown that for all x such thata <x<a+ ',
fgg f83+L+48<L+4318+4118_L+8
and
[ fO) 3, 31
g(x)>g(x)+L 4¢ L—Ze—ze:L—e.
Hence, for all x such thata <x<a+ o',
JAC))
%—L <é
JAC))

This means }l (— =L.

@(x)

S 1 —<=L=+
uppose now lim e 0.

Then given any K > 0, there exists 0> 0 with < b —a such that

P(x)

a<x<a+o0= ()>2(K+1) (20)

As above fix a point y in (a, a + 6). Then by Theorem 10 and (20), for any x such

that a <x <y, there exists a point ¢ in [x, y] such that

[ =) le)
20— 20 = w(e)

>2(K+1). Q1)
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As in the argument for the case L is finite, there exists a 6 > 0 such that for all x in (a,

a+ o), % < 1. Taking n7=min(o, ;). We may write for any x in (a, a + 7),
&) [ f-fO) gy
o) 20 = 2031~ 55 ) @2)

gk
g(x)

a<x<a+m=|Gx)—1|<% = G@)>Y. -mwmeev (23)

Then for G(x) = ( J there exists 771, with 7> 7, > 0, such that

Thus, from (21), (22) and (23), for x such thata <x <a + n,,

f&) [0 fO-fO)
glxr)  gx) ~ g(x)—gO) -G(x) > K+1.

Therefore, for x such that a <x <a + 7,

fgg K+ 1+%>K+1 1=K.
S

This proves that hm () =

The case when L = — oo is similar.

Remark.
1. Note that the requirement that £(x) does not change sign infinitely often is

necessary. Consider the following functions.

1 .
fe=| , cos?(dt forx>0and g(x)=f (x)es"®). Then obviously

S 1

for all x > 0 and so
g(x) = gsin()

lirq f(x) =1£n1 g(x) =oo. Then

lim S&x) . 1

x-0+ g(.X) x—}g} esin (X)

1 1,1 sin(+ sin(+ 1,1
Now f'(x) = —cos’(3) 5 and g'(x) = —cos’(3) 25" ) — £ (W)™ cos(3)

does not exist simply because liron sin(+) does not exist.
x-0*

and so if we were to take k(x) =— cos(%)xl2 and after "canceling" k(x) from both
/f'(x) and g'(x) we would obtain the quotient of f'(x) by g'(x) as

1 1
cos(x) . Then lim cos(x) =0. Butwe

CoS(%)esinH) + £ (x)esinh) =07 Gos(Lyesind) + £ (x)esinch)

yACY)

certainly cannot conclude that hm () = =0.

2. The corresponding results for Theorem 11 and Theorem 12 for limit at o or — oo

hold.
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Some Misuse of L' Hopital's Rule.
We must remember that L' Hopital's Rule is a theorem. Most theorems have a set of
conditions and a set of implications. Some theorems give implication in both

direction. L' Hopital's Rule gives an implication in one direction. Only when the
!

limit }ch}} g,g) exists, then we can make deduction about the limit hm [

EOK

provided the initial condition is fulfilled. On the other hand, when ;131 % exists, it

')

does not necessarily follow that hm ) should exist. Put it another way, if

['®)

}191 () does not exist, it is not necessary that hm J% does not exist.

13\,.2
Example 1. f(x) :{ COS(()X )i ixoi O o(r)=sin(x). Then

S . cos(z?
Eclg)l glx) — et sin(x) 0 s1n(x)

hm cos()x=1-0=0. Butg'(x)=cos(x) and .

. Therefore, forx # 0 and —7/2 <x < m/2

Iy o (L
f’(x):{ 2xcos(3) +sin(3), x = 0

0, x=0
f'@)  2xcos(x) | sin(x) /') o
20r) ~  cos(r) cos()" Thus, hm (0 does not exist simply because
: 1
1{1151 f:lons((xg does not exist and %gl(} %ZE)) =0.

1 1
Example 2. f(x)= { XC(())S( ;)’:xoi 0 » g(x) =sin(x). Then lim fg § =lim x;:i(r)ls(gc))c)
x

does not exist because lim — = 1 and lim cos(+) does not exist. Note that
x>0 sin(x) x>0

f'(x) cos(¥) +sin(¥)
g'(x) ~ cos(x) T cos(x) -
0s(3) .

cos(x)

7'(x) = cos(+) + ~ sin(2),x = 0 and g'(x) = cos(x) and so

')

Therefore, hm () does not exist simply because

is bounded say for all x # 0

Lsin(d)

in a small neighbourhood of 0 and
cos(x)

is unbounded for all x # 0 in any small

neighbourhood of 0. Logically, if the conditions, that lim f(x) =lim g(x) = 0 and that
g'(x) # 0 for x in a small open interval containing a except possibly at a, are satisfied,

['®

then lim /() does not exist implies that lim =—7—- does not exist. This is just the
i g(x) =0 g'(x)
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contra positive equivalent statement for L' Hopital's Rule. The above example is just

an illustration of this fact.

Example 3. It is very tempting to use L' Hopital's Rule for differentiation. By

definition of the derivative of a function f atx =a,

1) 2l LD =L@ [~/ (@

if and only if the limit lim Wexists. That means that

NACRVA())
xX—a

exists, then we can say that the derivative f'(a)

f() f(a)

only if the limit lim

exists. Suppose we apply L' Hopital's Rule to the limit lim ———7"—. Then we can

')

only say that if the limit lim 1 exists at a, then f is differentiable atx =a. But

we cannot say in general that if lim / '(x) does not existatx =a , then f is not

differentiable at x = a. This is because that a function f can be differentiable at x = a
but its derived function need not be continuous at x =a. Take

1y 2 1 .1
_ ] cos(x)x,x#0 oy ) 2xcos(x)+sin(x),x# 0 )
f(x)—{ 0. x=0 . Thenf(x)—{ 0. x=0 . Indeed [ is

- 15,2
differentiable at x = 0, because %g%l % =lim M :1)615{)1 cos(+)x=0 by

x—0

the Squeeze Theorem and so /' (0) =0. But linol f'(x) does not exist.
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