Riemann Summable Everywhere Series, Two Special
Cosine Series and Abel Summable Series

By Ng Tze Beng

In this note, we present a result about trigonometric series, which are
everywhere Riemann summable to a bounded function. We present two
well-known special cosine series, one that is divergent but Riemann
summable to zero except at multiples of 2z and another which converges
dominatedly to an unbounded Lebsgue integrable function. In the later, we
sum the series using complex variable technique. We show also that under
certain condition on the trigonometric series, Riemann summability implies
Abel summability.

The first result we discuss is an observation that for a trigonometric series
whose coefficients are uniformly bounded, R-summability everywhere to a
bounded function implies that the trigonometric series is the Fourier series of
that function. Although a necessary condition for the trigonometric series to be
a Fourier series is that the coefficients must tend to 0, we need not use this fact
in the following proof. Theorem 35 of my article Ideas of Lebesgue and Perron
Integration in Uniqueness of Fourier and Trigonometric Series states that if the
trigonometric series converges except in an enumerable set E to a bounded
function f, then it is the Fourier series of f. If there is no exceptional set E, i.e.,
E is empty, we may use, instead of Theorem 35 cited, the result stated above to
make the same conclusion. In this case, the trigonometric series converges
everywhere to f and so it is R-summable to f everywhere and we can conclude
that it is the Fourier series of f.

Suppose T(6) =%a0 + > (a,cos(nd) +b,sin(n)) is a trigonometric series. Letting

n=1

A (8) =a_ cos(nd) +h, sin(nd), we can write T(0) = %ao +iA](H). Suppose T(@) is
Riemann summable or R-summable to a bounded function f( ) forall & in[
—7, 7] . Suppose that the series i(a“ Cos(nx)“Lb“Sin(nX)j:i% is the

n2

n=1
Fourier series of a continuous function W in [-z, z#]. This supposition is
always satisfied if the coefficients a,, b, are bounded.

Then we have:

Theorem 1. Suppose the trigonometric series T(6) satisfies the condition
stated above. Then T( 0 ) is the Fourier series of f.

1



Proof. Since i(a“ cos(nx) + b, Sin(nx)j =3 A s the Fourier series of a

2
n=1 n n=1 n

continuous function \, for integer n> 1,

1 ["®w@)cos(no)do="0 e (1)
T n

and ir T(Q)sin(n@)dezb—g.
o n

Since T(@) is Riemann summable to f (&), there exists 6> 0, such that

forall 0<h|< o,

sin’(nh)
(nh)?®

—ao ZM )

Is convergent and

lhim( a +ZM0)S'? (;'h)j TC;) VR ————— 3).

AL W(0) W(O+2h)+W(0—2h)—2¥(0)
4h? 4h?
function in 8. Observe that

Now, for h %0, IS a continuous

1~ 1 ez+2h
ad j ¥ (6 +2h)cos(ng)do == j ¥ (u) cos(nu — 2nh)du
Y-z T —+2h

= %fﬁ‘l’(@) cos(né —2nh)d@, by periodicity
and
ifﬂ‘{’(e —2h)cos(n@)do = %f:h ¥ (u)cos(nu + 2nh)du

_ % [* w(6)cos(n +2nh)de.

Hence, forn>1,



1 2 P (0)
;J'_ﬂ T cos(n@)dé

:l ”‘P(Q) cos(né@ + 2nh) +cos(n@ —2nh) — 2cos(n9)d9
R 4h?

sin (nh) sin (nh)

:__j ¥(0) cos(nd) de_——j ¥(6) cos(nd)de

o sin"t(pb)
- a‘n (nh)z ' (4)

Plainly, j e

Similarly, we can deduce that for integer n> 1,
=N 2a¥O) G no)do
rd-=  4h?

sin (nh)

sin’(nh)
h?

:__I P(8)sin(nd) de_——j P(0)sin(nd)do

sin?(nh)
(nh)?

2
This shows that the Fourier series of %2(0) IS given by

—Z (a, cos(nd) +b, cos(nd)) sin (nh) ZAW( )S'(nnr(];'h)_ ................ (6)

is convergent for O<lh|< &, so —z Ah(,g)S'(n (;lh)

2
M is continuous, for L2(6))
4h n

sin’(nh)
(nh)?

IS

Since aO+ZA1(0)

convergent for 0<|h|< 6 and as

A% P (0) B sin (nh) ________________________
YTV ZM) (h)? (7)




sin*(nh)
(nh)®

But ( a0+ZA1(¢9) j: f(8) and so,

(& sin’(nh) ) _ 1
ngg(;/%(@) oy’ ]—f(e) 5%

It follows then from (7) that

. AP(0) 1
nggngz()jao— F(O) . e (8)

Define ®(0) = %aoé?z —Y(#). Then @ is continuous and

00 1, AL¥6)

a2 s ©)
Therefore, by virtue of (8),
N
This means
D,®(0)= f (@) forall @in[-7 x]. ------------ (10)

Since f isbounded in [-7, 7], |D,®(8)|=|f (8)|<M for some positive real
number M. Andso —M <D,®(8) <M forall &in [-7, 7] .

Since @ is continuous on the whole of R and D,®(0) =D,®(8) <M, by
Theorem 25 in Ideas of Lebesgue and Perron Integration in Uniqueness of
CD(H)

Fourier and Trigonometric Series, for all and h =0 <M. Similarly,

since 52613(9) =D,®(8) >—-M , by Theorem 25 of Ideas of Lebesgue and
Perron Integration in Uniqueness of Fourier and Trigonometric Series, for all

A cp(e) A7 ®(9)

andh=0in R, >—M . It follows that < M for all 8and all

: AL D) . . .
h #0. This means that R, (6) = —m is uniformly bounded in @and all h #
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An®(0) _

0. Since Llrro1 Rh(a):lhim = f(#) and R, () is continuous for each h

# 0, it follows that f is Lebesgue integrable.

We also have that

R, (€)cos(nb) = 4h (0) —=—2cos(nd) is uniformly bounded and

2

R, (6)cos(nd) = %@cos(n@) — f(8)cos(nd) boundedly,

and so, by the Lebesgue Bounded Convergence Theorem, for integer n > 0,

ash —0,

lj” R, (6)cos(nd)dd — RGN0 L — (11)
T 7 Ty

Similarly, also by the Lebesgue Bounded Convergence Theorem, for integer n >
1,ash— 0,

e R T A T O Y T —— (12)
T Ty

ARPO) 1. A5W(0)

Recall R (8) = =
() 4h? 2 4h?

so that by (4) for integer n > 1,

11" Ry (0)cos(no)do
7Z' —7T

A2}1‘1’(6’)

-2 [ cos(noydo-= [ cos(n9)do
2797 T

2
= — 1 J‘ Mcos(ne)dg
-7 4h?

:an(sinrfgh)j by (@)




—a ash—->0 e (13)

and

21" R,(0)sin(no)do
72' 7T
ao A5P(6)
j sin(nd)dé — j”Tsm(nH)d@

2
__d I A ¥(6) sin(n@)dg
rd-=  4h?

b, (sm(nh)j by (5),
nh

Observe that ij.” R,(8)d6 =a,.
T -

It follows from (11) and (13) that lr f (8)cos(n@)dd =a, and from (12) and
Ty

(14) that = [ £ (6)sin(n6)do =b, . Also, we have
Y-z

1 s . 1 7
;j_ﬁ f(6)d6 = L'L‘S;I_ﬂ R, (0)d0=a,.

This shows that T (&) is the Fourier series of f (89).

This completes the proof.

Note that if T(0) = %ao + i(an cos(nd) + b, sin(ng) ) converges everywhere to a
n=1

bounded function f, then the coefficients (a,) and (b,) are bounded and the series

i(an cos(nx) + b, S'”(nx)) -3 ﬂn(zx) converges uniformly to a continuous

2
=1 n

function and is the Fourier series of its sum function. Since R-summability is



regular, T(@) is R-summable to f everywhere. Thus, the condition of
Theorem 1 is satisfied. Hence, T(&) is the Fourier series of f.

Lemma 2. The condition that T( #) be Riemann summable or R-summable to a
bounded function f (@) for all € in[-7z, ] cannot be relaxed even for a single
pointin [-7z, 7].

The proof is by way of the following counter example.

Consider the cosine series

(®) % +cos(d) +cos(26) +--- .

Note that 3" %™ converges uniformly and absolutely to a continuous
=1

function and hence it is the Fourier series of its sum function. (C) is plainly not
a Fourier series.

Lemma 3. (C) is Riemann summable to O for & in [-7z, #] — {0} but not at
=0.

Proof.
To show that (C) is R-summable to O for € in [-z, 7] — {0}, we consider the

following even function for each h such that O<h sg

2h-0
220 lifo<o<2n
) T —— (15)
0 if 2h<o<x

J(=8)=J(0) for 8in[0, #]. Jisextended to the whole of R by
periodicity.

Then we have

%IJ (6)dég =§I§h~1 (6)dé =2—i2j02h(2h Y I (16)
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and for integern>1,

L [* 3(0)cos(no)do _2 ["3(0)cos(no)d0 - [ (2h~0)cos(no)do
T 7T 0 2h* Jo

1 ¢2n 1 ¢2h
:ﬁjo cos(n«9)d¢9—ﬁj‘0 @cos(ngd)d o

:isin(Znh) [125|n(n0) }
nh 2h n 0

2h
- L sinanh) - L sin(2nh) -~ {COS(”Q)}
nh nh 2nh 0

n
1 sin’(nh
7 (cos(2nh)~1) = (mf)z ) an
Hence, the Fourier series of J(&) is given by
—+Zco (n H)Sm (nh) ---------------------------- (18)

(nh)*

Since J(#) is continuous and (18) is convergent for 0<h s% , the Fourier
series of J(@) tends to J(9).
Hence, we may write

sin (nh)

—+Zco( ) o =J(9).
Thus, for 2h<6<r,
—+Zco (n 0)sm (nh)
(nh)’
0 sin?(nh)
That is to say, forall 0<h<— <. —+Zco (n6) =0 and so for any
2 2 2 T (nh)?
0<0<r, —+Zcos(n6?)5'(rl “(nh) =0 for h <§



Letting h tends to O we have for 0 < < r, |Im[—+2co (n H)SI? r(];]h)j

_ (1 & sin®(nh) | _
Plainly, for—z< 6 <0, Lm(§+nz_llcos(n9) (nh)? ]_

2
Hence, by periodicity, "m(—+2cos(n9)s'” (nh)

: j:o for 7 < 60 <2rx.
m (nh)

That means (C) is Riemann summable to O for @ in [-z, 7] — {0} or
(C) is Riemann summable to O for @ in (0, 27).

Note that for 0<h<Z | J(O)=Z andso 14> _7 _ 7
2 2h 2 43 (nh)>  2h 2fh|

2
follows that lim— + zsm (nzh) —lim-Z— =w. This means (C) is not R-
h—0 2 Y (nh) h—0 Z‘h‘

summable at = 0.

We now state a slightly more general version of Theorem 1.

Theorem 4. Suppose

T(6’)——a +Z a, cos(nd) + b, sin(nd)) —Ea +2Ah(6’)

IS a trigonometric series. Suppose T( @) is Riemann summable to a function
f (@) forall @ in[-x, 7] except for a denumerable subset E in [ -7, 7].
Suppose f is bounded in [-7, 7] — E. Suppose that the series

i(a" cos(nx) + b, Sin(nx)j -3 ﬁn(zx) is the Fourier series of a continuous

2
n=1

n

function W in [-7, 7] and that ¥ is smooth at every point in E. Then T( 8) is
the Fourier series of f.

Proof. The proof is almost exactly the same as for Theorem 1, using Theorem
25 in Ideas of Lebesgue and Perron Integration in Uniqueness of Fourier and
Trigonometric Series. Here, we use D,®(8) = f (@) forall fin[-z, z]-E

and is bounded in [-7, 7] — E and that ® is smooth in E since ¥ is smooth in E.



Observe that for the trigonometric series (C),

D) = —92 \P(@):%ez—icoiffe)

A5 P(0) _ismz(nh) <o that
4h? (nh)?

AZO@0) 1 AZYW(0) 1 +isin2(nh)

IS not smooth at 0. For

4h2 2 4h? 2 &= (nh)?

T ; © P2
and so, for 0<h<Z=, since LFZS'” (”Zh)= T _ =z
2 2 & ()7 T 2n 2

A2, @(0) oz
4h? 2)h|
Thus, lim h 2(0) limh =2 0, consequently, @ is not smooth at 0.
h—0* 4h h—0" 2|h| 2

Remark.

If a, — 0 and b, — 0, then for the trigonometric series,

T(@)——a +Z a, cos(nd) + b, sin(nd)) :Ea +ZA1(6’)

D () = %92 —i% Is continuous and smooth in R by Theorem 26 of Ideas of

Lebesgue and Perron Integration in Uniqueness of Fourier and Trigonometric
Series. Thus, we may formulate Theorem 4 as follows:

Theorem 5. Suppose a, — 0 and b, — 0. Suppose the trigonometric series

T(H)_Ea +Z a, cos(nd) +b, sin(nd)) = 2a +ZA1(¢9)

n=1

Is Riemann summable to a function f ( @) for all & in [-x, 7] except for a
denumerable subset E in [-7, 7] and f is bounded in [-7, 7] - E.
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Then T(&) is the Fourier series of f.

Consider the trigonometric series

(S2) stm(ne) ----------------------- (19)

Note that we cannot apply Theorem 5 to (S2).

It is known that (S2) is not a Fourier series of any function and it converges
everywhere to a non-Lebesgue integrable function g. (See Example 4 (1) of my
article, Fourier Cosine and Sine Series.) Note that g is not bounded in [-7, 7].

(S2) converges everywhere and so it satisfies the first condition of Theorem 5, it
Is Riemann summable everywhere but to an unbounded function.

However, the trigonometric series

(C2) chos(ne) ---------------------- (20)
converges for all @except for & which are multiples of 2 = and is the Fourier
series of its sum function. (See Example 4 (1) of my article, Fourier Cosine and
Sine Series.) (C2) is thus Riemann summable everywhere except for 8 which
are multiples of 2 7. The sum function is unbounded in [-7, 7] —{0}.

Thus both (S2) and (C2) are Riemann summable to an unbounded function and
so Theorem 5 is not applicable. Observe that since

S L opss e inaeon-1and lim-in@-r =,
n r-1-

(C2) is not Abel-summable at = 0. Moreover, since the sequence [%} IS
n(n
convex and tends to 0, by Theorem 2 Part (1) of Fourier Cosine and Sine
Series) , (C2) converges to a non-negative Lebesgue integrable function and is
the Fourier series of its sum function. Since it is not Abel-summable, it is also

not Riemann summable. (See Theorem 12 below.)
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If we replace the condition of boundedness on f in Theorem 5 to integrability,
then we have the following:

Theorem 6. Suppose a, — 0 and b, — 0. Suppose the trigonometric series

T(@)——a +Z a, cos(nd) + b, sin(n)) —Ea +ZA1(6’)
Is Riemann summable to a function f ( @) for all 8 in [z, 7] except for a
denumerable subset E in [-7, 7] and f is Lebesgue integrable in [-7, 7].
Then T( @) is the Fourier series of f.

Proof. The proof is exactly the same as for Theorem 1 in my article Ideas of
Lebesgue and Perron Integration in Uniqueness of Fourier and Trigonometric

series. Here, we have ®(6) = %aoé’2 NIOE %aoé?z -> A“(f) is continuous
n=1 n

and smooth in R and we can compare this with the iterated integral of f. Via
this and similar consideration for the Fourier series of f, it allows us to compare
T(8) with the Fourier series of f as in the proof of Theorem 1 in Ideas of
Lebesgue and Perron Integration in Uniqueness of Fourier and Trigonometric
series.

Remark.

We can apply Theorem 6 to (C2) since (C2) converges to a Lebesgue integrable
function.

For result starting from Abel summability we have the following Theorem of
Verblunsky and Zygmund:

Theorem 7 (Verblunsky, Zygmund) Suppose the trigonometric series

T(@)——a +Z a, cos(nd) + b, sin(nd)) —Ea +ZA1(6’)

satisfies that a, and b, are of o(n). 1f T(&) is Abel summable everywhere to a
finite and integrable function, then T(&) is the Fourier series of f.
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We may replace the condition that a, and b, be of o(n) by that a,— 0 and b, —
0, as this is a necessary condition for T(&) to be a Fourier series. The proof is
also easier than that for Theorem 7, whose proof would not be given here.

Theorem 8. Suppose the trigonometric series

T(6’)——a +Z a, cos(nd) + b, sin(n)) —Ea +2Ah(6’)

satisfies that a,— O and b, — 0. If T(#) is Abel summable everywhere to a
finite and integrable function f, then T(&) is the Fourier series of f.

Before we prove Theorem 8, we state Rajchman’s Lemma without proof.

Let g"(09) = Iimsup(%aO + i(an cos(nd) +b, sin(ne))r”] = Iimsup(%a0 + iA](e)r"j

r-1- n=1 r-1-

and g.(0) = Iimilpf (%ao +iﬁ(9)r”] :

Lemma 9. (Rajchman’s Lemma).

Suppose that the series i(

a, cos(nx)+b sm(nx)j >
n=1

n? n=1

of ¥in[-z 7] Let CD(Q):%aO@Z—‘P(H). Suppose %%92—2% is

Abel summable at 6 to ®(8). Then

D)<y’ (6) , 6.(6)<D,0(0).

For the proof of Lemma 9 see (7.6) pages 353-354 of Trigonometric Series
Volume 1 by Zygmund.

Proof of Theorem 8
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Sincea,— 0and b, —» 0, Z A (0) converges absolutely and uniformly to a
n=1

continuous function W in [-z, #]. Hence, %aoé?z — Z A‘(f) converges
n=1

uniformly and absolutely to a continuous and smooth function
D) = %aoez —Y(0) (see Theorem 26 in ldeas of Lebesgue and Perron

Integration in Uniqueness of Fourier and Trigonometric series).

It follows that 1a0492 —Z A‘(f) is Abel summable at 8 to ®(0) for all 4.
4 = N

Since T(@) is Abel summable everywhere to a finite and integrable function f,

g («9)_I|msup[2a +ZA1(6’)r j g*(<9):Iirrnilpf(%aoJriA](e)r”]: f(o) forall 4.

r-1-

Therefore, by Lemma 9 (Rajchman’s Lemma),
D,(0) < f (6) < D,(6)
forall 6.

Then by Theorem 28 of Ideas of Lebesgue and Perron Integration in
Uniqueness of Fourier and Trigonometric series, ®(8) —J(8), where

J(0) = I(I f(u)du)dt is linear. If we take

o0

%ao + > (&, cos(nd) + B,sin(nd)) to be the Fourier series of f and
n=1

H(H)_— ia” cos(n9)+ﬂ sin(nd) , then H(8)—J(6O) is linear.

n=

It follows that

L(6) = (6) - H(6) =%(ao—ao)92—i((an —,)cos(ng) + b, —/msin(ne)j

el n?
is linear.

Hence, as in the proof of Theorem 1 of Ideas of Lebesgue and Perron
Integration in Uniqueness of Fourier and Trigonometric series, we deduce that
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a,—a, =0 and i((a“ —,)cos(nf) + (b, _ﬂ“)sm(ne)j -C. By taking the integral

2
n=1 n

on both sides from 0 to 2z we see that C = 0. It then follows that
(@,—«,)=0and (b,—B3,)=0 and so a,=«, andb, =3,. Thus, T(@) is precisely the
Fourier series of f (€). This completes the proof of Theorem 8.

If a,—> 0 and b, — 0, then ®(0) = %aoez —Y(0) is continuous and smooth in

R. To apply Theorem 28 of Ideas of Lebesgue and Perron Integration in
Uniqueness of Fourier and Trigonometric series, we require only that the
inequality D,®(0) < f (0) < D,d(8) be satisfied for all #in [-7, ] except for
a denumerable set E in [-z, 7] and that @ is smooth in E.

Thus, we have a variation of Theorem 8.

Theorem 10. Suppose the trigonometric series
T(@)——a +Z a, cos(nd) + b, sin(nd)) —Ea +ZA1(6’)

satisfies that a,— 0 and b, — 0. If T(@) is Abel summable to a finite value
f(@) for all 8in [-x, 7] except for a denumerable set E in [z, #] and f is
Lebesgue integrable in [-z, 7], then T(&) is the Fourier series of f.

The proof of Theorem 10 is exactly the same as for Theorem 8.

Remark. ldea of the proof of Theorem 7.
Under the hypothesis of Theorem 7, i.e., a, and b, are of o(n) and T(&) is Abel

summable everywhere to a finite and integrable function, Zif) need not be
n=1

uniformly convergent to a continuous function and so we cannot conclude
immediately that it is A-summable. However, by the Riesz-Fisher Theorem,

Zif) Is a Fourier series. It can be shown that T(&) is Abel summable
n

n=1

15



implies that Z A(0) Is A-summable to H (@). Itis harder to show that H (&)
n=1

n2
A(9)

> is the Fourier

IS continuous everywhere. Once this is established then Z
n=1

series of H (&) by Theorem 8 and %aoez — z A‘n(f) Is A-summable
n=1

everywhere to the continuous function %aoez —H(#). We can then deduce that

T(@) is the Fourier series of f by using Rajchman’s Lemma as in the proof of
Theorem 8.

Next consider the cosine series:

cos(20) N cos(36)

(C3) cos(0) + i

Theorem 11. (C3) converges pointwise and dominatedly to the continuous

function In[ ] for 8 in (0, 27). (C3)is the Fourier series of

2sin(%)

] and converges to In[ j in the L norm.

'n{ZSirf(z) 2sin (3)

Proof.

Consider the complex valued function f(z)=Log(l-z), where Log is the

principal complex logarithmic function. Since 1 — z maps the open unit disc
D ={a:| z |<1}into the analytic domain of the principal logarithmic function, f is

analytic in the open unit disk and in particular, by the chain rule, for all z in D,
[ 1 2
f(z):—l—:—(1+z+z ) I (22)
—Z

And so for z in D,

f()=[  f(Qdc=—[ Y¢de=->[ cde

16



- —iin N — (23)

n=1 n

Let z=re" for 0<r<1. Substitute this value of z in (23) we get

f(re'’) = —im r"— |im AT (24)

n=1 n n=1 n

Hence, the real part of f (re') is given by

B — (25)

n=1 n

That is to say, the real part of Log(1—re') is given by (25).

Hence,
i0 = cos(nd)
ReLog(l-re?)=-> ",
n=1 n

Since —Z cos(nd) Is convergent for & not a multiple of 2z, by Abel’s

n=1 n
theorem,
-3 cos(nd) _ limRe Log(1—re') or
oy n r—1"
ZCOSf]”_@ = —limReLog(-re”).  ereeemeeeeeeee (26)
= r—>

But ReLog(1—re”) =In(j1-re"|) :%In(1+ r? —2rcos(6)) and so
Iirp ReLog(l—re") = Iirp%ln(1+ r* —2rcos(6))

—~In(2- 2c05(0)) =, In(4sin’(4)) = In(2sin(4)

for € in (0, 27).

Hence, it follows from (26) that for  in (0, 27),
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icosﬁne) — —In(2sin(2)) = In[ 1 J

n=1 28'”(%)

We shall show that the convergence is dominated by a Lebesgue integrable
function.

Let t (0) = Z”:cos(ké?)

k=1

be the n-th partial sum of (C3). Let a, = 1 . Then
n

we can write

NI S T, F o

Using Abel’s summation formula with a, =0, we have

NG N T () ———— (28)
where
1 k oy sin(kk+))
D, (0) = > JZ_l:cos( j6) = “2snG0) (29)

is the Dirichlet kernel. (See (8), (9) and (16) of my article Fourier Cosine and
Sine Series.)

Applying the summation formula again gives

t (0)= nf:(k +1K, (0)A%, +nK__(9)Aa, ,+a D (), ---------------- (30)

k=0

1y 2 [sinak+1)0)]” . g
where Kk(e)_k+1§Dj(e)_k+1{ 25in(3 0) } is the Fejér kernel. (See (14),

(15) and (19) of my article Fourier Cosine and Sine Series.)
Forafixed @ in (0, 27),

1sin((n+3)0)

a,D,(0) = .
n 2sin(0)

—0 a8 N—>o . e (31)

Note that [D, (6)|< %+ n sothat |a,D,(0)|<2. e (32)
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Observe too that

sin($nd)

. } Aa ,—>0a8S N—>00 =-—-mmmmmmmmmmmmmeee (33)
2sin(36)

nK,,(0)Aa, , = 2{

and |nK, ,(x)|= nZDj(x) SHZ\Dj(x)\gngnT_ln:%nz so that for n > 2,
j=0 j=0
()Y N S e —— (34)
n-1 n-1 2 n(n—l)
Observe that, for k> 1,
0 o SNGKDO] o
(k+1)K, (8)A%a, _2{ 25n(10) } A%, >0. (35)

For k = 0, K,(6)A%a, = D,(8)(Aa, — Aa,) :%(—1—%) :—g and so, forn >3,

,.(0))< S (k+ DK, (6)A%, +3+§. ------------------------------- (36)
k=1
Plainly, |tn(9)|33% forn=1and 2.

If we define b, :g and b, =a, forn> 1, then A’b,=0and A’h, =A%, forn >

1and
nf:(k +1)K, (0)A%a, = nf‘(k +D)K (O)AD, . = (37)
k=1 k=0

It follows that

It, (0)] < f(k +1)K, (0)A%D, + % < i(k +1)K, (8)A%D, +% L (38)
k=0 k=0

Since each term of the series i(k +1)K, (9)A%h, IS non-negative, by Bepo Levi

k=0

Theorem, Zn:(k +1)K, (9)A%h, converges to a Lebesgue integrable function g(&)
k=0

in (0, 277).
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Indeed, since (b,) is a decreasing null convex sequence, i(k +1)A%, =b, and

[T 9(0)d0=3 (k+)a%, [ K, (0)d6 =3 (k + DA%, 2 =7h- %7[ . - (39)
k=0 k=0

This shows that the partial sums of (C3) are dominated by g(&) +15/4. Hence,
(C3) converges dominatedly in (0, 27). It follows that (C3) is the Fourier

series of In( j and that (C3) converges to In[ ) in the L norm.

2sin(%) 2sin(%)
Remark.

(1) Since the convergence of (C3) is dominated by a Lebesgue integrable

function, the limit function In( ] is Lebesgue integrable on [0, 27]. A

1
2sin(%)

direct calculation shows that In[

tha tj [Sm
"zanm)

jln{zsm(g)JdH j|n[ (g)Jde zIn(2)

zl2 1
- zj In[sin(u)]du —7zIn(2)=0.

This confirms that the constant term of the Fourier series is 0.

Observe that |* In| —— |do=lim [ In| = |dg
serve tha L/z n sin(6) _tirp.[ﬁ/z " sin(6)

- t 1 . t 1 . /2 1
=lim InNf —————|dé=—-lim| In|— du=Ilim In| — du
tor Jri2 | sin(z - 6) 0" Jxi2- | sin(u) t-0" Jt sin(u)
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jis Lebesgue integrable on [0, 7] and

1
sin(6)

}d@ = EIn(2) from which we can deduce that

()
( - j—ln(Z) Is Lebesgue integrable and that
sin(%)




zl2 1 T
:L m(gMQJdezngy

(2) Note that adding % to (C3) gives

cos(26) N cos(36)
3

(C4) % +cos(@) +

and this is the trigonometric series %bo Jribn cos(ng) , where (b, ) is given as
n=1

above and is a convex sequence. By Theorem 2 of my article Fourier Cosine
and Sine Series, (C4) converges exceptat d=0in [- z/2, x/2] to a Lebesgue
integrable function and is the Fourier series of its sum function and that the
convergence is also in the L* norm. It follows that (C3) also converges to a
Lebesgue integrable function and is the Fourier series of its sum function and
that the convergence is also in the L! norm. Indeed (C4) converges to

3

| =
4 2|sin(4)]

} in[— 7/2, 7/2] except at 8= 0.

Note that i(k +1K, (9)A%h, converges to 3 +1In

_t
= 4 2|sin(4)]

g(¢9)=%+ln(

] in (0, 27) and so

in (0, 27) . Indeed, the partial sums of (C3) are

)

dominated by %+ In( Jin O, 27x).

2|sin(4)]

(3) Knowing that (C3) converges almost everywhere in (0, 27) to

In _1 , Which is Lebegsue integrable in [0, 2], an application of
2sin(%)

Theorem 1 in my article Ideas of Lebesgue and Perron Integration in

Uniqueness of Fourier and Trigonometric series, concludes that (C3) is the

Fourier series of In[ We may apply also either Theorem 6 or

Theorem 10 to make the same conclusion.
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(4) We may use complex analytic function in the unit disk and Abel’s Theorem
to sum a trigonometric series as above. Suppose

T(O)== a0+z a, cos(kd) + b, sin(ko)) Ea +ZA<(‘9)

Is a trigonometric series. Let F(z)=c,+ Zchz" , Where by = 0 and
k=1

C = %(an —ib,). Then if we write z= re',

u(r,49):%ao+ir"A<(0):%(F(z)+@) =ReF(z) . Thus,if T (8)is

convergent at 6,

k=1

!inlju(r,e):!im(;a +Zr Ak(H)]_IlmReF(re"’) T(O).

If F(2) has a closed formula and limReF(re') =ReF(e"), then

r—1-

T(6)=ReF(e"?).

o0

For (C3), we can take F(2) Z— and a closed formula for F(z) is

F(z) =—Log(1-z2) and for @in (0, 27) we obtain T (#) = Re F(e"’) as the
answer above.

The conjugate series of (C3) is

sin(20) sin(360)

—sin(@) — 5 i

and the imaginary part of F(re") is Zrk %sin(k@) and we obtain for din (0,

k=1

27),

sin(26) N sin(36)
3

sin(8) + =—ImLog(1-e")
ioy 1
=—Arg (l-e )=E(7r—6?) .
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Hence, the conjugate series converges to — h(8) in [0, 27 ], where

h() = (ﬂ 0), O<0<2n.

0 0=0, 2r

We now turn to some relation between Riemann summability and Abel
summability.

Theorem 12. Suppose F is a periodic Lebesgue integrable function of period
27 Suppose T(G)_Ea +z a, cos(nd) + b, sin(ng)) —Ea +ZA(«9) is the Fourier

series of F. If F has a generalized second symmetric derivative D, F(&) at 6,
then the second derived series of the Fourier series of F at 6,

3" —k?(a, cos(k6) +b, sin(ke)) = Zk A(0),

k=1

Is A-summable to D,F(6).

Proof.

Consider

o0

u(r, 9)_—a +2Ak(¢9)r _—a0+z a, cos(kd) +b, sin(kg) )r*

Y S — (40)
o

2
where P(r,x) = 21 r is the Poisson kernel.
2(1+r°—2rcos(x))

(See (14) of my article Abel summability of Fourier series and its Derived
series.)

We shall need the partial derivative of the Poisson kernel. Note that

—r(1—r?)sin(t)
(1+r?—2rcos(t))?

%P(r,t) =

Then

23



o 1
%( 0= " P(r,t—9)F(t)dt = ——j —P(rt O)F (t)dt

and so

0? 01 17 O°
7 ——u(r,6) ==l —P(r,t—H)F(t)dt :;LZEP(r,t—Q)F(t)dt .- (41)

It follows that the second derived series of T(&) is Abel summable at 4, if, and

2 2
only if, the limit Ilma—u(r 0)=lim— 1 a—P(rt 6)F(t)dt exists.
80 r—1 71
0’ 17 0°
rd)=—| —P(r,t-0)F(t)dt
70 ="] —Prt-0F ()
:_I —P(r s)F(s+0)ds
:—I —P(r S)F(s+6)ds, by periodicity,
—ij”a—zp(r s)F(s+e)ds+ij° 2 p(rs)F(s+H)ds
o ot ’ 7 - ot ’
1= & 1= &
= jo —7P(nS)F(s+0)ds+— jo —7P(r=S)F(-s+0)ds. - (42)
2
But a—P(r f)=—r(i—r )(1+r )cos(t) + 2rcos’ (t) —4r 5o that
ot? (1+r*—2rcos(t))’
ol ol
P —P(r,-s) —at—P(r ,S) and so it follows from (42) that

O o) =22 p(rs)F(s+0)ds+ L [7L P(r.s)F (-s+ O)ds
SO =] S PSR )+ [ PR

:—j ( P(r, s)] F(O+s)+F(0-5))ds  ---mmmmmmmmmmmmmomoooeeeee (43)
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= _EI” r(1—r?) (1+r*)cos(t) +2rcos”(t) —4r
790

(1+r? —2rcos(t))° (F(6+s)+F(8-s))ds. --- (44)

L= P(r,s)sin?(s)ds
loaet

S=r

- [%sinz(s)g P(r, S):| — %IO”ZSin(s)cos(s)g P(r,s)ds

s=0

_ —ij'”sin(ZS)é P(r,s)ds, by integration by parts,
90 ot

S=x

— |:—£Sin(ZS)P(I’,S):| +£.[0”2cos(25)P(r,s)ds, by integration by parts,
T o T

_1 ["2cos(2s)P(r, s)ds
T 0

2
:lj cosSZs)(l—r ) ds
790 14+r°—-2rcos(s)

—r? bl 2 2
= 1-r I 2COS(2$) ds = 1-r" ar = 2 e (45)
7 0 14r°—-2rcos(s) r 1-r
2
since COS(28) g 7T

014 r*—2rcos(s) 1—r?"

Hence,

aa—;zu(r,ﬁ) -D,F(0) ::lj”[a_zz P(r,s)j(F(H+s) +F(0-5))ds—D,F(6)

0\ ot

dii 1 psf & . D,F(0)
:_L [EP(r,s)J(F(MSHF(@—s))ds——j [EP(r,s)jsm (5)—2—ds

90

r

:—L,ﬂ[—z P(hS)j(F(0+s)+ F(0-5)-sin’(s) Dze(e)de e 6)
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1 o[ 0 1[0
Now, observe that —j —P(r,s) |ds=—| =P(r,s) | =0.
w0 ot 7| ot

s=0

And so we can write

2

0
ﬁu(r,ﬁ) —-D,F(0)

‘ifﬂla—zp(hS)j(F(mSHF(e—s)—zF(e)_sinz(s) Df(ﬁ)jds R 47

0| ot? r’

2
Now, we shall examine the bounds for% P(r,s).

2

2 2 B
Recall a—zP(r,s):_r(l_rZ)(l” )cos(s) + 2rcos®(s) —4r
ot

(1+r*—2rcos(s))’

H
=—r(1-r?) ; cos(s) = — ZZH'SIH (s) ol B (48)
(L+r°—=2rcos(s))” (@+r-—2rcos(s))
Let 0<5 <2 .
2

Then for 6<s<xz/2and 0<r<1,
0° 2 1 4r > 1
—P(r,8)|<r(l-r . +— <r@l-ro)A+4r)| ———
ot ()= )(sm“(é) sm“(b‘)) ( ) )(sm“(é)j
while for z/2<s<z and0<r<1,
0° 2
?P(r,s) <r(1-r°)(1+4r).
Hence for 6<s<z and0<r<1,

a—ZP(r | <r(l—r)(A+4r)| ———| . - (49)

o G sin“(9) )

It follows thenfor0< 6< 7#/2and 0 <r <1,
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1

T

L{j: P(, )](F(0+s)+F(@—s)—ZF(H)—sinz(s) Dze(e))ds

r

TA-r)(L+dn) 1 s _ D,F (@)
o) ﬂL[‘F(H-I—S)‘-I—‘F(H ) +2F(O)+= jds

_1A-r)a+4n(1 - \DF N o
SR [ﬂj_ﬂZ\F(s)\dsﬂ\F )+ ] (50)

It follows from (50) that

jim r[a—ZZP(r,s)](F(QHH F(0—5)—2F (6)—sin’(s) DZFZ(Q)de 0.

- 6\ ot r

Hence,
jim= " % o) [Fo+5)+Fo-9-2F(0)-sin(9)2E O )gs =0 . — 51)
1 7796 | ot r’

F(@+h)+F(@-h)- 2F(6?)
h2

Now, since D,F (@) = Ihi

F(0+h)+F(0 h)—2F(6)
*HO sin’(h)

L F(@+h)+F(6-h)-2F(6) *’
=l h? sin?(h)

—D,F(0).

Thus, given &> 0, there exists > 0 such that 0 < 6 < 7/2 and

F(@+s)+F(0-s)-2F(6) B
sin’(s)

0<|s|£5:>‘

For this value of ¢ |

lj [s:z P(r, )](F(9+S)+F(0 s)—2F(9) - sm()DFz(e)jds
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ijj[g—; P(r,s)sinz(s)j[ FO+9)+F(0-9)-2F0 _pig)s Df(@)(l-%jjds

_ sin’(s) '
SEJ. H 0-1-5 -I-FH S 2F(0—D2F((9)d3
T sin’(
sl O 1
71 o ]ds‘w‘\l?

2

1 150
2

1 1 ¢ 0

Now, using (48) we get

a—ZP(r,S)Sinz(s):_r(l_rz)( COZS(S)SinZ(s) _ ersin“(s) Sj
ot (L+r>=2rcos(s))’ (L+r*—2rcos(s))

P(r,s)sin’(s)|ds.

P(r,8)sin(S)[ds  ==-=mmmmmmmmmmmmmmm oo (53)

and so,

2

%P(r,s)sinz(s) <

) ( 1 4r j
r(d—r°) > + > :
(L+r°—=2rcos(s)) (L+r°—2rcos(s))

------------------------------------ (55)
Therefore,
j”a—zp(r,s)sinz(s)dssr(1—r2)(1+4r)j” L ds
o |ot? 0 (1+r*—2rcos(s))
>=r(l+4nz. ------- (56)

Therefore, it follows from (53) and (56) that given &> 0, there exists 6> 0 such
that0 < o< z/2andfor0O<r<1,
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DZ F (0) st
r.2

f;[st_zP(r,s)j(F(9+s)+F(e—s)—ZF(e)-sinZ(s)

2

—P(r,s)sin’(s)

1 17| 0
S[s+(F—1j\DZF(9)\j;L >

L
r2

dss[5+[r—12—1j\DZF(e)\]r(1+4r)

<55+5( —1)\D2F(0)\.

Hence,

. 1
limsup—
-1~ T

Ij[;—i P(r,s)J(F(HwLS) +F(0-5)-2F(6)-sin*(s)

Therefore,
. 0’
limsup ﬁu(r,a)— DZF(Q)‘

r-1

- limsup ] [8—22 P(r,s)j(F(9+s)+ F(0-5)—2F(6)—sin’(s) DZFz(e))ds
>~ T 0 (3'[ r

< Iimsup1 Ia[a—i P(r,s)](F(9+s)+ F(0-5)-2F(6)-sin*(s) DZFZ(Q))ds
1m0\ ot r

+Iimsupi j”(a—z P(r,s)j[F(0+s)+ F(8-5)-2F(6)-sin*(s) DZFZ(H)jds
o P9\ ot r

<5£+0=>5¢, by (57) and (51).

2

Since ¢ is arbitrary, limsup %u(r,@)— DZF(G)‘zo and so

r-1

r-1 r-1

2 2
Iim[%u(r,ﬁ)— DZF(Q)]:O. This means Iim%u(r,@) =D,F(#) and the second

derived series of T(8) is A-summable at 8 to D,F(6).
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This proves Theorem 12.

Theorem 13.

Suppose T(9) = %ao +f:(an cos(nd) +b, sin(ng)) is a trigonometric series.
(1) Suppose T(8@) satisfies the condition of Theorem 1. In particular, it is
Riemann summable everywhere to f (6 ). Then T(@) is Abel summable
everywhere to f (6).

(2) Suppose T(#) satisfies the condition of Theorem 4 or Theorem 5 or
Theorem 6. In particular, it is Riemann summable at & to f (8) except for € in
an enumerable set E. Then T(&) is Abel summable at 8 to f (&) forall 9 in
[-7, ] - E.

Proof. Recall that in all cases i(a“ Cos(nx)n“: b“Sin(nX)j - i% is the Fourier
n=1

n=1
series of a continuous function . In particular T(#) is Riemann summable to f

(@) implies that f (0) :%a0 —D,¥(0). Hence, D,¥(0) :%a0 - f(0).

Note that the second derived series of i An(zx) IS —ime) =-T(6) +%a0 :

By Theorem 12, —T(9)+%a0 is A-summable to D,'¥(6) :%a0 - f(0).

It follows that T () is A-summable to f (6).

This completes the proof.
Remark.

Theorem 13 and Theorem 10 implies Theorem 6.

References to my articles:

Ideas of Lebesgue and Perron Integration in Uniqueness of Fourier and
Trigonometric Series,
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