Ideas of Lebesgue and Perron Integration in Uniqueness
of Fourier and Trigonometric Series

By Ng Tze Beng

This article is about the ideas leading to the uniqueness of a convergent trigonometric
series. We examine the ideas involved when the limit function of a trigonometric series is
Lebesgue integrable. Through the use of Perron’s technique, we characterize Lebesgue
integrability by Perron’s major and minor functions. Through this and de la Vallée-
Poussin’s majorant and minorant functions and Riemann’s idea of passing from the
symmetric second derivative to the trigonometric series, an idea now called R-
summability, we deduce the uniqueness of Fourier Lebesgue series as stated in Theorem
1. When the trigonometric series need not converge to a Lebegsue integrable function but
is everywhere convergent, building on the idea of Perron’s major and minor functions but
using the second symmetric derivative, James’s J-major and J-minor functions are used to
introduce the idea of P’ integral to prove the uniqueness of an everywhere convergent

trigonometric series, where the coefficients are now recovered by the P? integral.

Introduction

Consider the trigonometric series

%ao + i (a,cos(nx)+b,sin(nx)) ~  -mmmmmm-mme- (A)

n=1

It is our aim to understand the proof of the uniqueness of the Fourier series of
the sum function of (A), that is, the proof of the following fundamental result
about Fourier series.

Theorem 1. If the series (A) converges except in an enumerable set £ to a
finite and integrable function f, then it is the Fourier series of f.

Our approach would be that of Riemann and uses Perron’s major and minor
functions together with the generalized second derivative.

When the series (A) converges everywhere to a non Lebesgue integrable
function f, the coefficients are not recoverable by Lebesgue integration. We
present a solution by R. D. James using his P’ integrals.

We shall elaborate the ideas in three sections. Section A considers
characterization of the Lebesgue integral in terms of lower and upper semi-



continuous function. Properties of these functions that are useful will be
elaborated and the ideas of upper and lower derivates will be introduced to
provide a means of obtaining major and minor functions. Section B then
considers the idea of the generalized symmetric second derivative of a function,
its properties and Riemann’s idea in the proof. Section C contains the
uniqueness theorems and their proofs. We introduce in this section the idea of
R. D. James’ P? integral and use this to prove the uniqueness of everywhere
convergence trigonometric series.

Section A. Semi-continuous Function, Major and Minor
Functions and Lebesgue Theory

Lower and upper semi-continuous functions

Let R* be the extended real numbers. Suppose f : [a, b] & R* is an extended
real valued function.

Let m (x)= lign%pf {f(t) :teB(x,0)N [a,b]} and

M ,(x)=lim sup{f(t) :teB(x,0) m[a,b]}, where B(x,0)=(x—0,x+0) .

00"

Plainly, by the definition of lim inf and lim sup, for all x in [a, b],
m(x)< f(x) <M, (x)

Definition 1. Let c be in [a, b]. The function f is said to be lower semi-
continuous at ¢ if m (c)= f(c). f is said to be upper semi-continuous at c if

M ,(c)= f(0).

Therefore, a finite valued function is continuous at c if, and only if, it is both
lower and upper semi-continuous at ¢. Note that just having one sided semi-
continuity at ¢ does not imply continuity at c.

To work with lower and upper semi-continuous function, it is useful to use an
equivalent form of this property. The following theorem gives equivalent
definition of lower and upper semi-continuity.



Theorem 2. Suppose f : [a, b] > R* is an extended real valued function. Let
c be in [a, b].

(a) f 1is lower semi-continuous at ¢ if, and only if, for each a < f(c), there
exists 0> 0 such that /" (x) > a for all x € B(c, 0) N [a, b].

(b) Suppose f(c) is finite. The function fis lower semi-continuous at c if, and
only if, for each £> 0, there exists 6> 0 such that

f(x)>f(c)— ¢ forall x € B(c, 6) N [a, b].

(c) f 1is upper semi-continuous at ¢ if, and only if, for each a > f(c), there
exists 0> 0 such that 1 (x) <a forall x € B(c, o) N [a, b].

(b) Suppose f(c) is finite. The function f is upper semi-continuous at c if, and
only if, for each £> 0, there exists 0> 0 such that

f (x)<f(c)+ & forall x € B(c, 0) N [a, b].
Proof. We prove only parts (a) and (b). Parts (c) and (d) are similarly proved.
(@) Iff(c) =— oo, then we have nothing to prove as plainly, m (c) = f(c¢) =—o.
If m,(c)= f(c) =, then by definition of m(c) =00, for each a < f(c) = 0,

there exists 0 > 0 such that f (x) > a for allx € B(c, 0) N [a, b]. If f(c)is
finite, then by definition of m (c) = f(c¢) for each a < f'(¢), there exists 6> 0

such that f (x) > o for all x € B(c, 0) N [a, b].

(b) If f(c) is finite, then take oo =f(¢) — &< f(c). Part(b) then follows from
part (a).

The next property concerns extreme values of a semi-continuous function on [a,

b].
Theorem 3. Suppose f: [a, b] &> R* is an extended real valued function.
(1) If fis lower semi-continuous on [a, b], then fassumes its minimum value.

(i) If fis upper semi-continuous on [a, b], then fassumes its maximum value.



Proof.

(i) Suppose fis lower semi-continuous on [a, b]. Let m =inf { /' (x): x €[a,b]}.

If m = +oo, then f'is a constant function taking +oo and we have nothing to prove.
If m = — oo, then there exists a sequence ( x» ) in [a, b], such that f(x,) > — .
If m is finite, then there exists a sequence ( x, ) in [a, b], such that f( x, ) — m.

In both cases, by the Bolzano-Weierstrass Theorem, (x,) has a convergence
subsequence (x, ). Suppose x, —>d .

Then if m 1s finite,
m=inf{f(x):x ela,b]} < f(d)=m(d)
< lirkninf f(x, )= %imf(xnk) =m,

and so f'(d) = m.

If m = — o, then llcimf(xnk) =—o0 and

/(d)=m,(d)=liminf {/(1): 1 € B(d,8) N[a,b]} =0 =m.

The proof of part (i1) is similar and is omitted.

For finite function f we have the following obvious corollary.
Corollary 4. Suppose f: [a, b] = R is a real valued function.

(1) If fis lower semi-continuous on [a, b], then fis bounded below.

(1) If fis upper semi-continuous on [a, b], then f'is bounded above.

Remark. A finite-valued semi-continuous function is a Baire class one
function, i.e., it is the pointwise limit of a sequence of continuous function.

The next result relates Lebesgue integrable function with semi-continuous
functions.



Theorem 5. Suppose f: [a, b] & R* is Lebesgue integrable.

For each &> 0, there exist functions «# and v such that

(1) u 1s lower semi-continuous on [a, b] and v is upper semi-continuous
on [a, b];

(i1) for all x in [a, b], u(x) > — oo, u(x)> f(x)> v(x) and v(x) <o ;

(i11) u and v are Lebesgue integrable on [a, b] and

b b b
Iu—g<jvf<fv+g.
a a a

To establish Theorem 5 we shall use the following characterization of semi-
continuous function.

Theorem 6. Suppose f: [a, b] &> R* is an extended real valued function.

(a) fis lower semi-continuous on [a, b] if, and only if, the set

{(xela,b]: f(x) <k} =17 ([~0,k])
is closed for every real number £.

(b) fis upper semi-continuous on [a, b] if, and only if, the set

{xela,b]: f(x) 2k} = [ ([k,])
is closed for every real number «.
Proof.
We shall prove part (a) only. The proof for part (b) is similar.

Suppose f'is lower semi-continuous on [a, b]. Let k£ be any real number. Let

B={xela,b]: f(x)<k}= f'([~0,k]). If B=(J, then B is closed. Now
assume B # . Let ¢ be a limit point of B. Then c is in [a, b]. We shall show
that cisin B, i.e., f(c¢) < k. If f(c) =— o, then obviously c is in B. We now
assume that ' (c) > — oo. By Theorem 2 part(a), for any a < f'(c), there exists &
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>0 such that f/ (x) > a forall x € B(c, o) ™ [a, b]. Since c is a limit point of
B, there exists a point d in B(c, ) N B — {c} such that o <f(d) < k. This
shows that & is an upper bound of the set (—o, f(c)). Therefore, k> f(c).
Hence c 1s in B. This shows that B is closed.

Conversely, suppose B is closed for every real number £&. Take c in [a, b]. If
S (¢)=—o0, then m (c)= f(c)=—o0 and so fis lower semi-continuous at c.

Assume now f'(c) > —o0. Let k<f(c). By assumption

B={xela,b]: f(x)<k}= f'([~o,k])is closed in [a, b] and does not contain
the point c. This means c is in the complement of B which is open in [a, b].
Therefore, there exists 6> 0 such that B(c, ) N [a, b] < Complement of B in [a,

b]. That is, for all x in B(c, ) N [a, b], f(x) > k. Thus, by Theorem 2 part (a),
fis lower semi-continuous at c. This completes the proof of part (a).

Proof of Theorem 5.

We prove the theorem when f'is non-negative, bounded and Lebesgue
integrable. Suppose for all x in [a, b], 0 < f(x) < M for some real number M.

Given ¢>0, let 1= < ¢. Take an integer N such that N> M.

b—a+1
For integer k> 0, let E, = {x €[a,b]: (k—1)n< f(x)<kn}= f~'([((k=V)n.kn)}.

Since fis Lebesgue integrable, fis measurable and Ej is measurable. Since Ex
C [a, b], the measure of £ , m(Ey) is finite. It follows that there exists an open
set G such that Ex < Gy and

-k

(G <m(E) + 2 e 1)

Let Ax = Gi[a, b]. Then A is open in [a, b] and the characteristic function

X4, 1s lower semi-continuous on [a, b]. We deduce this as follows. In view of
the fact that {x e[a,b]: y, (x)<a}= ;(Afkl([—oo, «]) is either empty, all of [a, b]

or the complement of 4 in [a, b], which is closed in [a, b], it follows from
Theorem 6 part (a) that y, is lower semi-continuous on [a, b]. Let



N
u= an;( 4 - Thenu is lower semi-continuous on [, b] since a finite sum of
k=1

lower semi-continuous function is lower semi-continuous. Observe that for x e
Ex,

ux)=kn>fx)=(k-1)n. -----mm-mmmemmee (2)

Therefore,

['u=Yknm(4)

-k

<Zk77 (m(Ek)wL%]:Z:(k—l)nm(Ek) +an(Ek)+n22—k
by (1),
<ZIEkf+77(b—a)+77<ij+77(b—a+1)=jjf+g. ------------- 3)

Suppose now f'is nonnegative but unbounded.

For each integer n > 0, let gu.(x) = min{f (x), n}. Then g, is nonnegative and
bounded and Lebesgue integrable. Define f1 =g1,and f,=g,— g1 forn>1.

Plainly, each f , is nonnegative, bounded and Lebesgue integrable. In particular,

X @)

By the first part of the proof, that is, inequality (3) with ¢ replaced by 2—8n ,

we can find lower semi-continuous function u, on [a, b] such that

un> fn on [a,b] and jbun<jbfn +2in, ............... (5)

0
Now let u = Zun . Since finite sum of lower semi-continuous functions is

n=l1

lower semi-continuous, the n-th partial sum of the series 4, , is lower semi-



continuous. Moreover, 4, is non-negative, bounded and converges pointwise to
u (finite or infinitely). Then for any real number £,

{x e[a,b]: u(x) <k} = fj{x ela,b]:h (x) <k}

is closed in [a, b] since each {x €[a,b]: h (x)<k}is closed in [a, b]. It follows

then from Theorem 6, that u is lower semi-continuous. In particular, from (5)

we have, u= Zun > Z f, = f and by using the Lebesgue Monotone

n=1 n=l1

Convergence Theorem,

[u=Xf w3 rvs)=[rve

n=l1

Finally, suppose f'is an arbitrary Lebesgue integrable function on [a, b].
For each integer n > 0, let now f (x) = max{f(x), —n}. Plainly,

| fn| <|f|for all integer n> 1 and /', — fpointwise on [a, b]. Therefore, by the
Lebesgue Dominated Convergence Theorem,

tim["f,=["f.

n—»0

Thus, given € > 0, we can choose an integer N so that

jij<jjf+§- """"""""""""""" ©

By definition of v, f¥n+N>0. So fn+ N isnonnegative and Lebesgue
integrable. Therefore, by what we have just proved for nonnegative integrable
function, there is a lower semi-continuous function uy such that

un>fn+ N and I:uN<jab(fN+N)+§. —————————————— (7)

Now, let u =unx— N. Then u = uy— N> fny>f. In particular, from (7) we have,

Ju=f =Ny [ f+2



b E & b . .
<Jaf+5+§:Iaf+g by inequality (6).

To find an upper semi-continuous function v for the theorem, we note that if a
function f'1s lower semi-continuous, then — f'is upper semi-continuous and use
what we have just proved in the following manner. We can find a lower semi-
continuous function w for — f'satisfying w > — f and

jjw<I:—f+8.

Now let v =—-w and so v is upper semi-continuous on [a, b]. Then

o=l fr=e

This completes the proof of Theorem 5.

The next idea is to characterize Lebesgue integral in terms of major and minor
functions, an idea of Perron which leads to a generalization of the Lebesgue
integral. For this we need to bring in the idea of upper and lower derivate of a
function.

Definition 7. Suppose F: [a, b] — R is a real-valued function. Let ¢ be in [a,
b]. Then the upper derivate of F at c is defined by

DF (¢) =limsup

X—>C

F(x)-F(c)
X

—C

and the lower derivate of F at ¢ is defined by

DF(c)=lim inf D= F(0).
X—>C x — C

It is easy to see that F'is differentiable at ¢ if and only if both DF (¢) and
DF(c) are finite and equal.

We state some useful results below, starting with one about continuity and the
other about monotonicity.



Theorem 8. Suppose F: [a, b] - R is a real-valued function. Let ¢ be in [a, b].
If both DF(¢) and DF(c) are finite, then F is continuous at c.

Proof. Let M = max {‘BF(C) , QF(c)|}, Since DF(c) = 1imsupw,
x—>c X—C
there exists o1 > 0 such that
xe(c—51,c+51)—{c}:M<Z_)F(c)+1SM+1. ——————— ()
F(x)-F(c)

Similarly, as DF(c) =liminf , there exists & > 0 such that

X—>C X—C

F(x)-F(c)

xe(c—0,,c+0,)—{c}= >DF(c)-12-M-1. --—----- 9)

Take 03 =min ( 61, & ). Then it follows from (8) and (9) that

xe(c—53,c+53)—{c}:>—M—lSMSM+1.
X—C
Thus, xe(c—§3,c+53)—{c}:>‘w <M +1
X—C

:>|F(x)—F(c)|S(M+1)|x—c|.

Hence, given € > 0, take 0 = min{éy—} . Then

M +1
|x—c|<5:>‘F(x)—F(c)‘<8.

Consequently, F' must be continuous at c.

The next theorem is a result for a sufficient condition for a function to be
increasing.

Theorem 9. Suppose F: [a, b] > R is a real-valued function. Suppose
DF(x)>0for all x in [a, b]. Then F is increasing on [a, b].

10



Proof. We prove the theorem under the condition that DF'(x) > 0 for all x in [a,
b]. Leta<c<d<b. We shall show that F(c) < F(d). Now DF(c)>0 and so
the set H= {x €[c, d]: F(x) > F(c)} is non-empty, for otherwise, DF'(c)would
be less than or equal to 0. H is obviously bounded above by d and so it has a
supremum M < d. We claim that M = d. Firstly, M must be in H. If M does
not belong to H, then it is a limit point of H. Since M is a supremum of H, there
exists a strictly increasing sequence (a») in H such that a, - M. Now

- Fla,)~F(M)  Fla,) = F(M)

> limin
o g — M 10 a —M
> liminf FXO)=FM) _ prony>o
X—> X —

Therefore, there exists an integer N such that n > N implies that

F(a,)=F(M) _ DF(M) _
a-M 2 '

Thus, F(M) >F(an) > F(c). This shows that M is in H. Now M must be equal
to d. If M <d, then since DF(M) >0, there must be a point x in the interval

(M, d) such that F(x) > F(M) for, otherwise DF (M) would be less than or equal

to 0. Since F(M) > F(c), F(x) > F(c) and so x 1s in H. This contradicts that M is
the supremum of H. Hence M = d and F(d) > F(c). Since c and d are arbitrary,
this shows that F is strictly increasing on [a, b].

Suppose now DF(x)>0forall x in [a, b]. Lete>0. Let G(x)=F(x)+ & on
[a, b]. Then DG(x)=DF(x)+& >0 for all x in [a, b], since the derivative of
the function x 1s 1. It follows that for any d > ¢ in [a, b], G(d) > G(c). That is,

F(d)> F(c) + (d - c)e. Since we can choose ¢ to be arbitrarily small, F(d) >
F(c). This proves that F'is increasing.

The next result below relates semi-continuity with the upper and lower
derivates.

Theorem 10. Suppose f: [a, b] &> R* is a Lebesgue integrable extended real
valued function. Let F(x)= J.x f forxin [a, b]. Letc € [a, b].

11



(a) If f is lower semi-continuous at ¢, then DF(c)> f(c).

(b) If f is upper semi-continuous at c, then DF ()< f(o).
Proof.
(a) Suppose fis lower semi-continuous at c. By Theorem 2 part (a), for

a < f(c), there exists 6> 0 such that f (x) > « forall x € B(c, o) N [a, b]. If
f(c) =— o0, we have nothing to prove. We assume that f(c¢) >—oo. Forall x €

B(Ca é) M [Cl, b] - {C}a

F(x)~F(c) _ 1 {fo_jacf}: L [r= ! [[a=a.

X—C X—cCc*° X—C

Note that the last inequality is obvious if x > ¢. If x <c, then

1 ex 1 e 1 e
x—cjcf:c—xjxfzc—x-[xa:a'

This implies that DF(c¢) >« for all a <f(c). It follows that DF(c) > f(c).

(b) Suppose fis upper semi-continuous at c. By Theorem 2 part (c), for

a > f(c), there exists 6> 0 such that f'(x) < o for all x € B(c, ) N [a, b]. If
f(c) = oo, we have nothing to prove. We assume that f(¢) <. Forallx

B(Ca @ M [Cl, b] - {C}a

F()C)—F(C): 1 {LXf_J-acf}: 1 J-xfS 1 L’fa:a '

X—cC X—C X—c*°¢ X—C

This implies that DF (c)<a forall a> f(c). It follows that DF ()< f(c).

Major and Minor Functions

We now introduce Perron’s major and minor functions.

Definition 11. Suppose f: [a, b] — R* is an extended real valued function.
A real-valued function U: [a, b] — R is a major function of f on [a, b], if
DU (x)>— and DU(x) = f(x) for all x in [a, b].

12



A real-valued function V: [a, b] — R is a minor function of f on [a, b], if

DV (x) <o and DV(x) < f(x) for all x in [a, b].

The next result is a characterization of Lebesgue integrable function in terms of
major and minor functions.

We introduce the following notation. If F'is a real value function, we denote
F(b) - F(a)by F’ .

Theorem 12. Suppose f: [a, b] &> R* is a measurable extended real valued
function. The function f'is Lebesgue integrable on [a, b] if, and only if, for each
€ > 0, there exist absolutely continuous major and minor functions, U and V of f
on [a, b] such that U(a) = V(a)=0and U’ -V'<e¢.

Proof. Suppose fis Lebesgue integrable on [a, b]. Given € > 0, by Theorem 5,
there exist lower semi-continuous function u# and a upper semi-continuous
function v such that for all x in [a, D], u(x) > — o, u(x)> f(x) > v(x) and v(x) <

o, and u and v are Lebesgue integrable on [a, b] with

Jiubeflrefvel . e (10

Let U(x)= jxu and V(x)= va . Then U and V are absolutely continuous
finite functions on [a, b]. By Theorem 10, DU(x) > u(x) > —oofor all x in [a, b],

since u is lower semi-continuous on [a, b]. Since v is upper semi-continuous on
[a, b], DV(x)<wv(x)<oo. Observe that DU(x)>u(x)> f(x)and
BV(X) <v(x)< f(x) forall x in [a, b]. Hence U is a major function and V'is a

minor function of fon[a, b]. Moreover, it follows from (10) that

S O K W W T

Conversely, given any € > 0, there exist absolutely continuous major and minor
functions of , U and ¥ on [a, b] such that U’ —V" <&. Then since U and V are

absolutely continuous, U and V are differentiable almost everywhere on [a, b]
and their derivatives are Lebesgue integrable. That is to say, the derivatives U’

13



and V"’ exist almost everywhere on [a, b] and U’ and V'’ are Lebesgue integrable.
Therefore, DU =U" almost everywhere on [a, b] and DU is Lebesgue

integrable on [a, b]. We also have DV =V almost everywhere on [a, b] and so
DV is Lebesgue integrable on [a, b]. By definition of major and minor function
of £, DV(x)< f(x)<DU(x) forall x in [a, b]. Plainly
b b— b b
[[pu-[Dr=[u-[v
=U" -V’ <& by absolute continuity of U and V.
Thus, we have shown that given any &> 0, there exist integrable functions g and
b b
h such that g < f <h and _[ h— I g<g. It follows that fis Lebesgue
integrable on [a, b].
This completes the proof.
Remark.

Suppose U and V are major and minor functions of fon [a, b].
Then D(U -V)(x) = DU(x)— BV(X) > f(x)— f(x)=0 forall x in [a, b].
Thus, by Theorem 9, U — V is increasing on [a, b]. Therefore, U’ >V".

If f has at least one major and minor function, then we define the upper
Perron integral on [a, b] to be UPf =inf{U’ :U a major function of f} and

the lower Perron integral to be LPf =sup{V’’ :V a minor function of f}.
Then we have LPf <UPf . If LPf =UPf , then we say fis Perron integrable

on [a, b]. Theorem 12 then says that any Lebesgue integrable function on [a, b]
is Perron integrable.

The next result is a kind of limit convergence theorem for the Lebesgue integral.

Theorem 13. Suppose f: [a, b] &> R* is Lebesgue integrable. There are
sequences of continuous functions ( p, :[a, b] >R ) and ( P, :[a, b] >R ) such

14



that (i) pu(a) = Pu(a) =0, (i) p,(x) > [ L P(x)—> | " £ uniformly on [a, b]
and Dp,,(x)< f(x) < DP,(x),
whenever f'(x) is finite.

Proof.

Let £ =— . By Theorem 12, there exist major function U, and minor function

1

n

V, of f on [a, b] such that DU, (x)>—o0, DV, (x) <o, DV.(x)< f(x)< DU, (x)

forall x in [a, b] and U (b)-U (a)<V (b)-V (a) +l and U (a)=V (a)=0.
n

Moreover, we deduce from the proof of Theorem 12, that the major and minor

functions satisty U (x)= jx f =V (x) and
U, (x)=V (x)<U, (b)-V (b)< 1 for all x in [a, b].
n
Thus, 0<U (x)- fo <U, (x)-V (x)< 1 for all x in [a, b]. It follows that
a n

U,(x)—> [ f uniformly on [, b]. Similarly, we deduce that ¥,(x)—> [ f
uniformly on [a, b]. Now let p (x)=V (x) and P (x)=U (x). Then

p,(x)— jx f and P (x)—> J ' f uniformly on [a, b]. Moreover,

Dp,(x)=DV ,(x)< f(x) < DU,(x)=DP,(x).
This completes the proof of the theorem.
Remark.
1. Observe that DU, (x) -V, (x)) = DU, (x) — I_)Vn (x))=0 for all x in [a, b].
Therefore, by Theorem 9, U, (x) -V (x) is increasing and nonnegative in
[a, b], since U, (a)-V, (a)=0.

2. The functions p.(x) and P,(x) are also known as de la Vallée-Poussin’s
minorant and majorant functions.
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Section B. Riemann’s Idea, Symmetric Second Derivative,
R-Summability and Convexity.

Let 4 (x)=a,cos(nx)+b, sin(nx) for n > 1 and Ao(x) = ao. We now write the

trigonometric series (A) as

T(x)= %ao + i(an cos(nx) +b, sin(nx) ) = % A,(x)+ i A (x) -—--m- (A)

n=1

Observe that 4, (x) = a, cos(nx) +b, sin(nx) = \Ja,” +b,” cos(nx + u,) , where

n

a ) b, 2 2
cos(y,) = === and sin(y,) =-——=—. Let p, =\a’+b’ .
Ja,’ +b, a”~+b

n n

We derive first a necessary condition for convergence of the series (A).

Theorem 14. If 4,(x) — 0, or in particular, if 7(x) converges in a set E of
positive measure, then a, — 0 and b, — 0.

Proof. It is enough to prove that p, =./a,’ +5,> —0. We prove this by
contradiction. Suppose p, >5 0 . This means there exists £> 0 and a

subsequence(p, ) of (p,) such that p, > for all positive integer k. Note that if

T(x) converges in a set E of positive measure, then 4,(x) — 0 in a set £ of
positive measure.

Since An(x) — 0 in E, it follows that cos(n,x+ 4, ) >0 in E. Since cos(m,x+u, ) is

uniformly bounded by 1, by the Bounded Convergence Theorem,

I_ﬂ cos’ (mx + 1, ) yp(x)dx = IE cos’ (m,x + i, Ydx =0 .
But cos®(m,x+ 1, ) = %(1 +cos(2mx +24, )) and so

2 1 1
[ cos®(mx+ p, )= ~m(E)+— [ cos(nx+2u, )dx. —wmeeneee (11)
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Note that cos(2n,x +2u, ) =cos(2n,x)cos(2u, ) —sin(2n,x)sin(2u, ).

Therefore,

IE cos(2nx +2u, Ydx

=cos(2u, )J: cos(2m,x) y; (x)dx —sin(2 s, ) J: sin(2n, x) y.(x)dx .---- (12),
By the Lebesgue Riemann Theorem,
j cos(2n,x) g, (x)dx —> 0 and j sin(2n,x) 7, (x)dx —0
and as cos(2u, ) and sin(2, )are bounded sequences, it follows from (12) that

I . cos(2mx+2u, Ydx —0. Thus, we obtain from (11) that
) 1
IEcos (mx+ p, Ydx — Em(E) #0.

This contradicts I . cos’ (7, x + 4, )dx —0.

Therefore, p, =Ja’+b> —0 and so a, — 0 and b, — 0.

If we formally integrate the series (A) term by term twice, we shall obtain the
following series

2
n

%aox2 - i 4,00 _ TS R —— )

n=l1

Let W(x)= i 4, (Zx) . Then ®(x)= iaox2 —¥(x).
n

n=l1

We have already proved that if 7(x) converges or 4,(x) — 0 on a set of positive
measure, then a, — 0 and b, — 0. Consequently, A4,(x) — 0 uniformly on R
and (U) gives a very useful series. We state it formally below.

17



Theorem 15. If 7(x) converges in a set £ of positive measure, then
— A (x)

2

Y(x)= converges absolutely and uniformly to a continuous function

n=l1
on R, and so ®(x) = iaox2 —¥(x) converges absolutely and uniformly to a
continuous function on R.
Proof. Since the sequence (4,(x)) is uniformly bounded by Theorem 14, it

~— converges absolutely and

follows by Weierstrass M-test that W (x) = z

n=l1

uniformly to a continuous function on R. The second statement is now obvious.

To approach the problem of uniqueness, Riemann’s idea is to argue backwards
from ®(x) to T(x) by a process of generalized symmetric second derivative.

The Idea of Symmetric Second Derivative
Definition 16. Suppose g is a finite function, i.e., a real-valued function.

For any real number /4, define
Asg(x)=g(x+h)+g(x—h)-2g(x).

2
If the limit lim 228

lim exists, then this limit is called the generalized
5

(symmetric) second derivative of g at x. We denote this by D»g(x). That is,

2
D,g(x) = lim 28

h—0 h2

We now describe some properties of symmetric second derivative and some of
its variants.

The first step towards proving Theorem 1 is the following:

18



Theorem 17 (Riemann). Suppose 7(x) is a trigonometric series, where a, — 0
and b, > 0. Let ®(x)= iaox2 —¥(x) as in (U). If 7(6) converges to f(0),
then D,d(0) = f(0).

Proof. Suppose 7(6) converges to f(0).

2
Define R, (6) :%2(9). The limit of R, (0) is D,®(0).
ALD(0) OO +2h)+D(O—2h) - 20(6)

4h’ 4h*

Observe that R, (0) =

13 sin(n)Y
_2aO+ZAn(9)( " j (13)

n=1

after applying the addition formula and summing.

We want to prove that R, (6) — T(6) = %ao +> 4,(0).

n=l1

Let s (8) = %ao +Y"4,(6) forn>1. Then s,(6)—>T(6).

k=1

sin(nh))z »

We now introduce some notation, write for n = 0, ( P
n

sin(nh)
nh

2
Letfn:( j forn>1,and (,=1.

Let ', be the partial sum of Rx(0) define by

rn=zn:Ak(9)(Sinl$h)j R (14)

Here we let 4,(0) = %ao instead of ao only for the proof of this theorem.

By Abel’s summation formula,

19



n—l1 n
L= A +0,5, =Y Al +L, s, —mmmmemmmmeeneees (15)

k=0 k=0

where Al, =0, —(,,, and sk =si(0).

sin(nh)\’
j — 0 foreachh#0asn —> o,

nh

Fn%gskAf i {(sm(kh)) (Wj}forh;ﬁo_

Since s,(0) > T'(0) and (, :(

k=0

Therefore, for 1 # 0,
ALO©O) & [(sinkh)Y (sin(k+Dm)Y |
RO=Zr T4 (( j ( (k+ ) U -

Since s,(60) = T(0) =5, we may write sx = s +ex and ex— 0.

Then for fixed 4 # 0,

R, (0)= i(s+ek)A€k ,

k=0

' —s= ZS,{AE,{ +0 .8, —S= Z(s +e )AL, +/(, .5 —S
k=0

k=0
= Zn:ekAEk +/0 e, .
k=0
For 0 <N <n,
N-1
|Fn—s| < ZekAf ZekAﬂ C .,
k=0

IA

n+l

N-1
D el +Z\ e
k=0

I(kﬂ)h d sin (t)jd‘

I(kﬂ)h(d sin®(¢)

IA

|+ max

k>n

N-1
;ekAﬁ +r£1>a}vx‘ek‘z

dt

20



since |(,|<1.

sin’(¢)

Let G(¢) be the derivative of :

for t #0. We then obtain from (17), for A

70,

‘Fn—s‘ <

e|

N-1
ZekAﬂ .
k=0

" e (k+1)h
+max‘ek‘]§j ' ‘G(t)}dt+nl}g1x

k=N kh

(n+1)h
< +n]?22}vx|ek|j " |G(t)|dt+ngg1x|ek|.

Nh

N-1
ZekAﬂ f
k=0

Then by passage to the limit, we have, since max ek| —0

‘Rh(ﬁ) —s‘ <

N-1
ZekAf i
k=0

d sin’(1) _ tsin(2t) —2sin’ (1)
dt ¢ £

+max|e] [ GOt . —-mreremeeee- (18).

Note that for ¢t # 0, G(¢) = and so for ¢ > T,

1 2
\G(t)\gt—2+t—3.

It follows from this inequality that I w|G(t)|dt <. Observe
that 1ti_1)101|G(t)| =0. Therefore, '[0”|G(t)|dt <. Indeed I:|G(t)|dt =1. Hence,
IO G(t)dt=C < 0.

It follows from (18) that

N-1
IR,(0)—s|<|> eAl,
k=0

+I£122]1vx‘ek”:‘G(t)}a’t = +r£122}vx‘ek‘C.

N-1
D e Al
k=0

. . £ .
Given &> 0 we may choose sufficiently large N so that Iil&jlvx|€k| <5 since

max
k>n

e,|—>0. Thus for this value of N we have

IR, (0)—s|<

N-1
ZekAf i
k=0

&
T — 19
5 (19)
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. 2 . 2
Since limAZ, :limMM) -[wj J:o for cach k= 0,1,.., N-1,

A0 kh (k+1Dh
N-1
1hin01 ZekAf .|=0. It follows that there exists 6 >0 so that for 0 <|4| < &,
Y %=0
N-1
ZekAf i < ‘.
0 2

Therefore, it follows from (19) that for 0 <|A| < 4,
E &
R (O)—s|<—+—=¢.
RO -5 <+
We can thus conclude that

R,(0) > s=T(0) :%ao +i,4n(9) .

n=l1

Observe that we have proved a more general result concerning R summability.

sin(nh)jz N

Definition 18. In honour of Riemann, if a series u, + Zun ( P
n

n=l1

as h =0, we say the series Zun 1s R- summable to the sum s.
n=0

Thus, Theorem 17 states that if the trigonometric series 7(0) satisfies a, — 0
and b, — 0 and converges to s at 6, then it is R- summable to s at 6.

We have actually proved the regularity of R-summability. We state the result as
follows.

Theorem 19. If Zun converges to the sum s, then the series is R- summable
n=0

to the sum s.
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(The proof of Theorem 19 is almost exactly the same as in Theorem 17 except
for appropriate change in notation.)

Now we investigate some properties of the symmetric second derivative and its
relation to convexity.

Definition 20.

Arg(x)

)/

Arg(x)

hZ

Let D> 2(x) =limsup and D,g(x)= lilgliglf
h—0 -

2
If A;g(x)=o0(h) or equivalently lhln(}AhgT(x) =0, then g is said to be smooth at

x. g1is said to be smooth in a set in an interval if it is smooth at every point in
the set.

Note that if g 1s differentiable at x, then g is smooth at x.

Theorem 21. Suppose g is continuous in (a, b) and D> g >0 1n (a, b) except

perhaps in an enumerable set E. If E is empty, then g is convex. If E is not
empty and g is smooth in £, then g is convex in (a, b).

Proof. Suppose D>g(x)>0 in (a, b) except for x in E.

Note that g is convex on (a, b) if for any a < fin (a, b),

(B=0)g@)+(x=eB) ol xin [, A
f-a o

g is concave on (a, b) if — g is convex on (a, b).

g(x) <

Suppose on the contrary that g is not convex. Then there is an interval [, f] in
(a, b) such that

(B-—x)g(0)+(x—a)g(p)
-«

for some x in (a, f). That is to say, the function d(x) = g(x) — mx — n, where

g(x)>

23



_gP-g@  _ fe@)-ag(p)
p-a p—a

is sometime positive. Note that d(a) = d(f) =0. Since g is continuous, d is also

m

continuous. Hence by the Extreme Value Theorem, there exists xo in (&, f)
such that d(xo) is the absolute maximum of d |, ,, . In particular, d(xo) > 0.

Therefore, for sufficiently small 4 so that [xo—A, xot+h] (e, f)

Aig(xo) _ Aid(xo) _ d(xo +h)+d(xo _h)_zd(xo) <0
A S W T

It follows that D> g(x,)<0. Ifthe exceptional set E is empty, then this would

contradict l_)zg(xo) > 0. Ifthe exceptional set £ is non-empty, then xo € E.

We shall show that E is non-enumerable.

Let k= d(x0) > 0. Since d is continuous at xo there exists 0> 0 such that for all x
in (xo—0, xot+0), d(x) > d(x0)— k/4 = 3k/4 > 0. Therefore, for x in (xo—0, xo+9),

gx)—(m+h)x—-n=d(x)—hx>2k—hx .

5 _ k
P 2(max(lal| B +])

£ [|< a
2(max(a | B)+1)

=0, , then for all x in [a, B]

kx| k
x| < <=
2max(|a|,| ) +1) 2

and for x in (xo—0, xot+0),
3 1
g(x)—(m+h)x—n:d(x)—hx>Zk—hx>Zk>O. --------- (20)

This means that for all sufficiently small u near m, i.e., for |u — m| < &,
g(x)—pux—n>0

for x in (xo—0, xo+0).

24



Let d,(x)=g(x)— ux—n. Then d, also has positive absolute maximum in
[, B]. Observe that d ,(x) = g(x) —mx—n+(m—pu)x =d(x)—(m—p)x.

Hence d () =d(a)—(m—w)a=0-(m-pwa=(u—m)a and
d,(B)=d(p)—-(m—-w)p=0-(m— ) =(u—m)pB. Letx, be the absolute

maximizer of d, in [, f]. Observe that
1
d,(x,)2d, (%) =d(x)) ~(m~ @)%, =k ~(m~ p)x, >~k >|(m~ )] 2d (@0

and similarly note that d (x,)>|(m — u) 8|2 d (/). Hence x, (a,f3).

Let I'={xela,f]:d, (x)=d (x,)}. ThenI is non-empty and is contained in
[a, B]. Let X, =supl" . Then X, €[, p]. Since d (x,)>d (B).d, (),
x,e(a,p)and d (x,)=d, (x,). It follows as in the case for xo that

Bzg(fcﬂ) = Bzdﬂ(iﬂ) <0. Hence X,ek.
We shall show next that g is differentiable at ¥, and that g'(x,)= u.

Note that x, is a maximizer of dy in [, f], we have then for sufficiently small
positive £,

d,(x,+h)—d (x,) <0 and d,(x,—h)-d, (X)) >0,
h —h

It follows that the right upper derivate of d, at x ,

d (X, +h)—d (x
D'd (i) = limsup 2eu =4, (%)
poA h—0* h
g ed (X, —h)—d (%)
D.d (%,)=liminf ——+ £ 22>0.

h—0* —h

<0 and the lower left derivate

Since g is smooth in E, d, is also smooth in E, i.e., for x in E, Aidﬂ(x) =o(h),
or

oA d kb +d (=) ~2d,(x)

h—0 h h—0 h
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Thus

hmAidu(ch) :limd”()z” +h)+d, (x,—h)-2d (X)) _

h—0 h h—0 h

0

and so given any &> 0 there exists 0> 0 so that 0 < || < o implies

d,(x,+h)+d (x,-h)-2d (x)| |d,(x,+h)-d (x,) B d,(x,—h)-d, (X))

h h ~h

This means, for 0 < || < 9,

d,(5,-W)-d,) _d,E+D-d,F) d,,-0-d,F,)
—h h —h

It follows that

d,(x,+h)-d, (x)) .

d,(xX,—h)—d (X
limsup G ) "(x”)—gﬁlimsup nd

h—0" —h h—0" h

d (X +h)—d (% d (x —h)—d (x
limsup o5, ) "(x")gﬁlimsup G ”(x”)+g.

h—0" h h—0" —h

Since ¢ 1s arbitrary,

d,(x,+h)-d, (x,)

D'd (x,)=limsup

h—0* h
d (% —h)—-d (3
= limsup u _)h D) g ).
h—0
Hence, Dd (%,)=D"d,(%,)<0.

Similarly by using limit inferior we can show that

Dd (%,)=D.d (%,)>0.

Therefore, 0< Dd (%,)<Dd,(%,)<0 and so Dd (%,)=Dd (5,)=0and d, is

differentiable at %, with d,'(%,)=0.
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By definition of d,,, d,(%,)=g'(X,)—u and so g'(X,)=u. Thus, for each u
in the interval, (m—&, m+ &), we can associate an element x, in £ such that
g'(x,)=u. Therefore, there are as many elements in E as there are in (m—o,

m+®). This means that £ contains a set which is non-denumerable and so E is
a non-denumerable set. This contradicts that £ is denumerable. It follows that
g must be convex.

Theorem 22. Suppose g is continuous in (a, b) and I_)zg >0 in (a, b) except
perhaps in an enumerable set E. If E is empty, then g is convex in (a, b). If E'is
non-empty and g is smooth in £, then g is convex in (a, b).

Proof. For each integern>0,let g (x)=g(x)+ 2Lx2. Then
n

= = 1 . : : :
D>g (x)=D2g(x)+—>0 for all x except for x in E. If g is smooth in E, g, is
n

also smooth in £. Therefore, by Theorem 21, each g, is convex in (a, b). Since
g 1s the limit of g,, g is also convex in (a, b).

For concavity we have the following result.

Theorem 23. Suppose g is continuous in (@, b) and D,g <0 in (a, b) except

perhaps in an enumerable set E. If E is empty, then g is concave in (a, b). If E
is non-empty and g is smooth, then g is concave in (a, b).

Proof. Let 7 =—g. Then D>h = 52(—g) =-D,g >0. Note that / is continuous
in (a, b) and smooth in £ if £ is non-empty, since g is. Therefore, by Theorem
22, h is convex and so g is concave in (a, b).

Corollary 24. Suppose g is continuous in (a, b) and D,g =0 in (a, b) except

perhaps in an enumerable set E. If E is empty, then g is linear in (a, b). If E is
non-empty and g is smooth in £, then g is linear in (a, b).

Proof. If D,g =0, then Bzg =D,g=0. Then by Theorem 22 and Theorem 23

g 1s both concave and convex in (a, b). Therefore, for any interval [, f] in (a,
b) g is a linear function on [, f] and the derivative g’ is a constant in [, /).
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By letting « tends to @ and /S tends to b, we conclude that g’ is a constant
function in (a, b). It follows that g is a linear function.

Theorem 25. Suppose g is continuous in (a, ) and D> g >c in (a, b) except
perhaps in an enumerable set £ in which g is smooth if £ is non-empty. Then

2
A%z(x)Zc fora<x—h<x+h<b;

Suppose g is continuous in (a, b) and D,g < c in (a, b) except perhaps in an

<c for

2
enumerable set £ in which g is smooth if £ is non-empty. Then A%z(x)

a<x-h<x+h<b.

Proof. Let p(x)=g(x) —%cxz. Then p is continuous in (a, b) and smooth in

E if E is non-empty. Then D,p=D,g—c >0 in (a, b) except perhaps in E.
Therefore, by Theorem 22, p is convex in (a, b). Since p is convex in (a, b), for
any x and & such thata <x -h <x+h<b, Alp(x)>0. But

2
A p(x)=Ag(x)—ch’ >0 and so A g(x)>ch’. Hence Ah}gl—z(X) >c fora<x-—

h<x+ h<b. Similarly, if D,g(x)<c in (a, b) except perhaps in an
enumerable set £ in which g is smooth, then 52(—g) >—-D,g >—c and so by

MW _ Mgl

what we have just proved, fora <x-h<x+h<b, > 2
h h

: Ag(x

and it follows that thz() <c.

Our next result is about smoothness of the function ®(x) obtained by formal
integration of a trigonometric series 7(x) twice. To get back to the
trigonometric series using the symmetric second derivative we need to use the
smoothness of ®(x).
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Theorem 26. Suppose 7(x) is a trigonometric series that converges in a set £
of positive measure or a, — 0 and b, — 0. Then the function

D(x) = %ao)f — i A};(zx)

n=l1

obtained by formally integrating the trigonometric series 7(x) twice, is
continuous and smooth on the whole of R. That is to say,

AD(x) —0 as h —0 or A;®(x)=0(h).

2
Proof. We shall show that M — (0. The theorem then follows. From
2
(13), Rh(H):%L(Q) 1 +ZA (6)(sm(nh)j

We shall write the summation in three parts. Since 4, (x) — 0 uniformly on R,
given &> 0, there exists integer N such that n > N implies that |An (x)| < gforall

xin R.

The first part is

1 sin(nh)
2aO+ZA (9)( " j

The second part is chosen according to 4. Given any A, with |h| < 7, let s be the

integer part of % Then we have 1<s S%<s+1. Thus s|h|<7z < (s+1)[A|.
Part (I) is given by

. %A(Q)(sm(kh)) ’

k=N+1

Part (III) is given by
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" . 2
1] = Z Ak(e)(SIH(kh)j )
k=N+s+1 kh

A,2(0)
2

Then we have S R/ / — (22)

. 2
Observe that for any 6, 24 1 —0 as 7 —0 since h[sm(nh) j — 0.

nh
N+s N+s
Since |4, (x)|< eforall x and forall n > N, |[l|< > |4,(0)|< D &=s& and so
k=N+1 k=N+1
|hH| <she < 7mg . ——--mmmmmmmmm - (23)

Observe that

= |4.0)| 1 & 1 1 1
11| < <o Ly 1 .1
1 k_NZHH h Ehzk_Z 2o Nts

N+s+1

0

since

5 Sj‘wizdle fors>1.
o (s+k) s X S

Therefore, since (s + N)‘h‘ >(s+ l)‘h‘ >,

1
I]I| < i—. Hence,
V4

4
7 — (24)
T

It follows then using (23) and (24) that

< 2|i|+ 2|hti|+ 2|h1iT| < 2|ni| + 27 + 25
T

2,900)|_L,, A3,2(0)
2h 41*

Since 24 I —0 as h —0, there exists 0> 0 so that for 0 < |A| < J, we have

12hl] < & Hence for 0 < || < 6,

2
4,,909) <g+27zg+2—g:5(1+27z+2).
T T
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: : o . . A,D(0)
Since ¢1is arbitrarily chosen, this shows that %molT =0. Consequently
2
lhmgM =0 for any 6.

This completes the proof,

Incidentally, we have proved the following theorem.

Theorem 27. If (u,) is a sequence that converges to 0, then

> (sin(nh))
hZun( . ) — 0 as 1 —>0.
n=l1 n

The next result is a technical result aims at expressing the difference of actually
integrating a function f'twice and the function obtained by formally integrating
the Fourier series of ftwice term by term.

Theorem 28. Suppose f(x) is finite except in an enumerable set £ and
integrable in (a, ). Suppose g(x) is continuous in (a, ) and smooth in £ when
E is non-empty and that

D,g(x) < f(x) < Dag(x)

forall x in (a, b) notin E. Let J(x)= r( J t f (u)du)a’t be the repeated integral
of . Then g(x) — J(x) is linear in (a, b).

Proof. We shall employ de La Vallee Poussin majorant and minorant functions.
Since f'is Lebesgue integrable in (a, b), by Theorem 13, there are sequences of
continuous functions ( p» :[a, b] >R ) and ( P, :[a, b] &R ) such that (i) p.(a)

=Pu(a)=0, (ii) p,(x) > Ix f, P(x)—> r f uniformly in [a, ] and for x not
in E,
Dp,(x)< f(x) < DP,(x).
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Let ¢ (x)= j p.(Hdt and O,(x)=[ P(t)dt. Since p,(x)>| [,
P(x)—> Ix f uniformly in [a, b], ¢,(x)—>J(x) and O, (x)— J(x)uniformly in

[a, b]. Note that both g, (x) and O, (x) are differentiable in [a, b]. By the
Cauchy Mean Value Theorem,

A0, () _ 0, (x+ M) +0,(x—h)=20,(x) _ Oi(x+h)-0i(x—h)
h h 2h

for some # between 0 and /. There exists 0 < @< 1 such that 4 = hé.

Hence,

NO,(x)  Ol(x+h0) -0/ (x—h6) P (x+hO)—P,(x—hb)
oo 246 - 2h6

2 hé 2 —ho

L B(x+h0)=R(x) 1 B(x—h0)=B,(x)

(25)

Therefore, it follows from (25) that

2
liminf 222 5 jiminp LAGHD ZAE) e LA =R~ A)
h—0 h h—0 2 h -0 D —h
1 1
= EQP,,(X) + EQPn(X) =DPF,(x).
This means

D,0,(x)2DF,(x) 2 f(x), === (26)
except for x in E, since DP,(x)> f(x).
Let k(x)=J(x) — g(x), Ku(x) = Ou(x) — g(x) and kn(x) = gu(x) — g(x). Then
Ko(x) = k(x) and kx(x) — k(x) uniformly in (a, b).

Note that since J(x), g.(x) and QOx(x) are differentiable and g is continuous in (a,
b), k(x), Kx(x) and k,(x) are all continuous in (a, b). If E is non-empty, since g is
smooth in E, k(x), K.(x) and k,(x) are all smooth in E.

To proceed further we use the following inequality for supremum and infimum:
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For any two functions u(x) and v(x) continuous in (x, —9J,x,+0) —{x,} for

some 0 > 0,

inf fu(x)+v(x)} < sup {u(x)}+ inf {v(x)}

xe€(x9—0,x9+0)—{x, } Xe(x—3 g +6)—{xp } xe€(x9—0,x9+0)—{x }

< sup {u(x)+v(x)}

x€(x9—0,%5+0)—{xy }

provided sup {u(x)}+ inf {v(x)} is not of the form oo — o0

xe(xy—8,xy+6)—{xy} x&(xg=0,X9+6)—{xo }
so that,

lifgixnf {u(x)+v(x)} <limsup{u(x)}+ liallinf {v(x)} <limsup{u(x)+v(x)}

X—>X, X=X,

Then using (27), except for x in E,

D2K,,(x) 2 D,0,(x) + D2(=g(x)) 2 D;0,(x) = D,g(x) 2 f(x) = f(x) =0.

Therefore, by Theorem 22, K,(x) is convex in (a, b). Hence k(x) being the limit
of K.(x) is also convex in (a, b).

Similarly, we can deduce that for some 0 < <1

Aig,(x) _14,(x+h0)—q,(x)  14,(x=h0)—g,(x)
P2 ho 2 —ho '

From this we can deduce as above for QO.(x) that
D1, (x) S D2p,(X) < f(x).  =rmmememmemennenee 27)
Therefore, for x not in E,
D>k, (x) < Dok, (x) < D2g, (x) + Dy (=g)(x) = D2g, (x) = D2g (x)

< f(x) - f(x)=0.

Therefore, by Theorem 23, k,(x) is concave in (a, b). Hence k(x) being the limit
of k.(x) is also concave in (a, b). Thus k(x)=J(x) — g(x)) is both convex and
concave in (a, b) and so is linear in (a, b). This completes the proof.
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Integrating A Fourier Series Formally.

Suppose 7(x) is the Fourier series of a Lebesgue integrable function f. Then by
the Riemman Lebesgue Theorem, its Fourier coefficients, a, and b, satisfy a, —
0 and b, — 0. We shall show that by formally integrating the Fourier series
term by term, we obtain a uniformly convergent series converging to the

integral of f. The Fourier series need not converge and the series so obtained is
always uniformly convergent.

sin(7x)

The special series S(x) =)

n=l1

plays a role in this investigation. Note

that S(x) converges uniformly in any closed interval free from multiples of 27
and converges boundedly to the function J(x) defined by,

1
—(r—x), O0<x<2rm,
J(x)= 2( )

0, x=0

and extended to whole of R by periodicity. That it converges boundedly is by

Theorem 14 of my note on Fourier cosine and sine series. That S(x) converges
uniformly in any closed interval free from multiples of 27 may be deduced by

using Dirichlet’s Test. See Theorem 9 in Fourier cosine and sine series.

Suppose

T(x)= %ao + i (a, cos(nx) +b, sin(nx)) = %Ao(x) + i A, (x),

n=1

is the Fourier series of the Lebesgue integrable function /. Consider the series
obtained by formally integrating the series

S (a, cos(nx) + b, sin(nx)) = 3" 4, (x)

n=1 n=l1

term by term, that is,

ij.(: (a, cos(nt)+b, sin(nt))dt = ij.(: A (H)dt

n n n n

2 (a,sin(nx) b, cos(nx) b, ) b, &b, cos(nx)—a, sin(nx)
= —_ + et — —_— .
2 53

n=l
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Let B,(x)=b,cos(nx)—a,sin(nx) for integer n > 1. Then the above series is given
by

W =323 Bn(x) ...................... (28)

n

n=1 n=l1

We shall show that this series W(x) is uniformly convergent and converges to

the function F(x)= j: f(t)dt—%aox.

By definition of the Fourier coefficient b, ,

Zn:b_m :i ( J- f(x)sm(mx)dxj I (f( )Z s1n(mx)j
m=1 M =y M

m=l

= %j:”( F(0)J(x))dx = %jj”( £(x) %(7[ - x)jdx

by the Lebesgue Dominated Convergence Theorem as deduced below.

- sm(nx)

Since S(x) = Z

Z": sin(mx)

m=1 m

fx )Z sm(mx)

m=1

— J(x) boundedly, <K for some real

number K and for all integer n > 1. Therefore, <K|f(x)| and

since K |f| is Lebesgue integrable, we invoke the Lebesgue Dominated

Convergence Theorem to give the above statement. Hence, we have Z— is
n=l1 n

always convergent and

00

Z%ﬁ Ij”(f(x)%(z—mjdx

n=1

Hence we have proved the following theorem.

Theorem 29. If the function fis Lebesgue integrable and represented by the

Fourier series T'(x) = %ao + > (a, cos(nx) +b, sin(nx)) = %AO (x)+>_4,(x), then > b
n=l1 -1 n

n=1

is convergent and Z— = lj‘h(f(x)%(ﬂ' —x)jdx .
7T 0

n=1
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Consider now F(x) = jox (ot —%aox = jo( () —%aojdt on [0, 27]. Note

that F(0) = F(2x) = 0. Observe that F' is absolutely continuous on [0, 2] and
periodic on R with period 27.

Then lj-zﬂ F(x)cos(nx)dx = —[F( ) Sln(nx)} _ _I [f( )—— j sin(nx) dx
7T 0 "

by integration by parts,

Ly ) g g 0 L
Vi

0 n n n

and lj”F(x)sin(mc)arx——[ F(x )COS(’”“)} e [ 2”( f(x)—laojcos("x) dx
w0 o 0 2 n

cos(nx) 1 jzﬁla cos(nx)
0 n n

dx:la .

== j fn)=—= .
by integration by parts.

Hence the Fourier coefficients for F(x) are (—lbn , lan ) forn>1.
n n

L I F(x)ydv=—— [F(t)t] jO”F'(z)zdtz—j:”( f(t)—%aojtdt

by integration by parts

71

=——I f(t)tdt+iaoj —dr———j f(t)tdt+— @27)°

(272)

=——I f(f)de——j S(@Odt——— ——_f m—t) f(t)dt = Z; by Theorem 29.

n=1

Hence the Fourier series of F(x) is given by

W(x)= i b, i b, cos(nx) a, sin(nx) i% 3 i B, (x) '

n=1 N n=1 n=1 n=1 n

We may invoke the theory of Fourier series of a continuous function of bounded
variation that its Fourier series converges to the function.
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For now we shall show its convergence directly by a simple device of shifting
the function itself.

Fix a @in [0, 27]. Let g(¢) = f(0+¢). Here fis defined outside [0, 2] by
periodicity. Then g 1s Lebesgue integrable since fis. We shall consider the
Fourier coefficients of g(7).

L [ g(t)cos(nydr = ljz” £t +0)cos(nt)dt =+ [ fuycos(n(u—0))du
7o Vi e

— cos(nf) - [ fwycos(uydu + sin(n0) - [ fysinuu)du
Rl il

=a_cos(nf)+b, sin(nd) = A ()

and
1 2 . 1 p27 . 1 p27+0 .
— " g(®sin(ueydt =" f(t+O)sin(neydt =—[ " f(w)sin(n(u—0))du
Jo T J0 Va4
1 p2r+0 . . 1 2746
= cos(n6)— j £ (w)sin(nu)du —sin(n@)— j f(u)cos(nu)du
ol ol
=b cos(nf)—a, sin(nd)=B (0).
Therefore, the Fourier coefficients of g(¢) is given by (4,(6), B,(6)) .

It follows then by Theorem 29 that im is convergent and converges to
n=1 n

1 p27 1 1 p2# 1 1 p27 , 1
;jo (g(t)z(ﬂ—t))dt:;_fo (f(r+9)§(7z—z)jdz=;jo F(t+0)(x =),

. 1 2r aO _
since ;JO S =1)dr=0,

1 2z 1 27
= [Faro)z-0]+~ [ F@+6o)d

1

T

(F(9+27z)(—7r)—F(9)7r)+i j;”F(H 0)dt

—F(O)+ | R AR T — (29)
27 J0

Now,
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1 27 1 p27+0 1 ¢2n . ..
-+ jo Ft+0)di=—— jg Fuydu=—— jo F(u)du, by periodicity,

= i[F(u)u]z” — iJOZHF’(u)udu = —i‘[oh(f(u) — %aojudu

=i joz (7—u) f(u)du  since —j —a udu_—joz”;zf(u)du =%a072'

0

= Zﬁ , by Theorem 29.

n=1

Therefore, it follows from (29),

1 27 1 1 2z
;L [g(t)g(ﬂ—t)jdt=;].0 ( (t+l9) (7 — t)jdt——F(é’)JrZ—

n=1

=—j f(t)dt+ a 0+Z

nlrZ

Hence,

ZM_—j f(t)dt+ a 0+Z—

n=1

Therefore, the series W (x) = ib— i b, cos(nx) —a, sin(nx) _ ib_n _ i B,(x)
n ~ 1

n=1 n n n=l n

n=l

converges to IO f(t)dt - %a X =F(x).

We have thus proved the convergence part of the following theorem.
Theorem 30. Suppose f'is periodic with period 2 and is Lebesgue integrable.

Its Fourier series may be integrated term by term and the integrated series
converges uniformly and

_[f(t)dt—% +iﬁ_i ) cos(nx) — asm(nx)_laox_'_ib_n_iBn(x)’
n

o n n 2

i.e., the righthand series converges uniformly to J.Ox f()de.
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Proof. We have already proved convergence. We now show that the
convergence is uniform. It is sufficient to show that the convergence of

NEAC)

n=l1 n

1s uniform in 6.

Recall that the Fourier coefficients of g(¢) = f(t +6) is given by (4,(6), B,(0)) .

Therefore,

Note that for any p > 1, SR I QI — (31)

2 sin(nt)
2=

n=1

(See (118) of Fourier Cosine and Sine Series.)

D e N ) L M e (32)
04t s1n(nt) 04t s1n(nt) di+ 27 041 ~ sin(nt) it
[, 1@+ >IZ lre+ >|Z MO0 =
J- | 1o+ t)| S "sm(nt) gt
K[ 1f@ 0t +2K [ | f@+0di++["|£(@+0) Sm(’”)  — (33)
J,! d+2K |, | +-+[" IZ

Given any &> 0, by the absolute continuity of the Lebesgue integral on an
interval, there exists 6) > 0 such that for any measurable subset £ of measure

less than 61, JE|f| < 8iK Thus take any 0 < 6< ¢i, we have from (32) and (33)

that

z sm(nt)

=P

B (6
Z()

n=p

<= +j "|lF@+0)

Since iw converges uniformly on the interval [0, 27—4], it is uniformly

n=1
Cauchy and so there exists an integer N such that for all integers ¢ > p > N and
forall in [0, 277-9],
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”Z:‘isin(nt) <

n

- . (35)
2(1+j0 | f(t)|dt))

n=p

Thus, it follows from (34) and (35) that for any €, and forg>p >N,

"B(@)‘
27 2(1+j |f(t)|dt)

)j "|f O+t

&

=2 2(1+ [ f(t)|dt))

[7lre +op <+ ( )f”|f<t)|dz<g.

7 If(t)ldt)

This shows that im is uniformly Cauchy on R and so im converges
n

uniformly on R. This completes the proof of Theorem 30.

Now, we may use Theorem 30 to investigate the relation of the symmetric
second derivative with the double integral of /.

Suppose f'is periodic and integrable on finite interval and 7(x) is its Fourier
series.

Let ¢(0,t) = %( f(@+1t)+ f(6—1)). Then using integration by parts, we have

| ¢6.002n-t)dt = [ | p(0.0at(20 - S)I: + jo( [ g, t)dt)a’s . = (36)

In view of Theorem 30, we can express the integral on the right side as a series.

Theorem 31. Suppose fis periodic and Lebesgue integrable. Let

- S0 S (0

as defined in Theorem 17 using the Fourier series 7(0) of f. Then

R (9)——ao+2A (0)(sm(nh)j 2}12.[ #O,0)(2h—t)dt .

n=l1
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Proof. Using (36) we obtain

J," 0t0.0x@h=0yds = [ (0.00dr (20~ S} [ (s

=[" ( [ 9. t)dt)ds e (37)

Now j;¢(0,t)dt =j:%( F(O+1)+ f(@—t))dt:% jo f(6?+t)dt+% jo F(O-1)dt

1 s 1 ;-
= jo 1O+ t)dt—— jo GRS —— (38)
The Fourier series for g(¢) = f (6+¢) is given by (4,(6), B,(0)) .
Le, its Fourier series 1s

%ao + i(An (0)cos(nx)+ B, (0)sin(nx)) .

Therefore, by Theorem 30,

0

J.Ox Ft+ Oyt = %a x4 i B",(ZH) 3 Z B, (0)cos(nx) — 4,(0)sin(nx) (39)

n

and the series on the right hand side converges uniformly in x. Hence, we have

J._x P+ Oyt = _%a e i B,(0) i B, (O)cos(nx) + 4,(O)sin(my) (40)
0 n=1 n n=1 n
It follows then from (38), (39) and (40) that
onqﬁ(ﬁ,t)dt :%a0x+ZA"(9)Sm(nx), __________________ (41)
n=1 n

and the series on the right hand side of (41) converges uniformly in x for x in R.

Therefore, we can integrate (41) term by term, obtaining

on(jos #(0,)dt )ds = iaoxz + g A';l (20) <~ 4,(8)cos(nx)

2
n=l n
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2sin®

—%aox v (9)—. ------------- 42)

n=l1

ﬁ
N§
—

Hence, using (37), and (42),

jozh HO,0)2h —1)dt =a i + ZA (9)25“‘—(”’1)
It follows that
el j H(0,0)(2h —t)dt = —ao + ZA (9)(5“1(”}’)) ~R,(0).

This proves Theorem 31.

o1 = .
By Theorem 19, if an + ZAn(Q) converges to a value c, then the series is R

n=1
summable to ¢, i.e., Rx(0) — c as h — 0. With Theorem 31, we may have a
different way of determining R summability by using the integral
1

veil " 50,020 —1)dt |

From (41) we obtain

j (6, u)du——a +ZA (‘9)51“(’”) ------------- 43).

Now, if fis Lebesgue integrable, then the function F(x)= jox f(t)dt is

absolutely continuous, differentiable almost everywhere and F'(x) = f(x)

almost everywhere. Hence for almost all 6,

j F(6-u)du

[ 10+
lirgl 0 ;

= f(6) and lim=" = (). -=mmmmr (44)

42



By using the functions g(¢) = f (6+¢) and h(r) = f (6-t) with G(x) = J.Ox g(t)dt and

H(x)= I:h(t)dt , the above is just the statement G'(0) = g(0)= f(0) and
H'(0)=h(0)= f(0). It follows from (44) that for almost all 0,

lting% j O $(O,u)du=f(0). ---mmmmmmmmmmmnmaee (45)

Theorem 32. Suppose f'is periodic and Lebesgue integrable. Then for almost
all 6,

hm— ¢(t9 H(2h—t)dt=£(0),
that is, for almost all 8, Rx(6) — f(€). Indeed, if 1ir%1% J; #(0,u)du = c, then
hmL ¢(0 1)(2h—t)dt =c or Ry(0) — c.

Proof. In view of (45) it is sufficient to prove that lim- J. @(0,u)du =c

t—)l‘

1
implies lim— jo #(0,0)(2h —1)dt =

j #(0, z)(zh—t)dt—z—j #(0, t)dz——j #(0,1)tdt

217 o
—>2c—lhi§3# [ — (46)
2h2 ' 30, 0)dt = —j (4(6,1) - c)tdt+—_[ ctdt
222 SO CX Y7 R — (47)
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laim that lim—— [ (4(0 dt =0
We claim that hlgolz_;ﬂjo (&( ,t)—c)t t=0.

2h

1

7 ); (¢(9 t)—c)tdt = ;2{[(I:(¢(0,t)—c)dt)sl —J’;h(j:((/ﬁ(e,t)_c)dt)ds}
222{0 ($(6.0) cdt)2h [} (j (#(6.0)~c)d ) }

1

‘ZEI #(0,1)dt — 2c——j (j (Gt)—c)dt)ds. --------------- (48)

Now 22i j #(0,0)dt —2¢ —>2c—2¢=0. We shall show that

1

24 o (I (4(6,0) - C)dt)ds_>0

Since lim— j @(0,t)— c)dt =0, given &> 0, there exists, 0> 0 such that for

s—0 S

! [ (86.0)-c)ar

S

0<ls| <o, <& or

j:(gb(ﬁ,t)—c)dt‘ T — (49)

Therefore, for 0 < ‘h‘ < é , for h >0,

j (j (#(6,1) - c)a’t)ds

and for 2 <0,

jj"( J:(¢(0,t)—c)dt)ds

1
20

<2_;2 |(j (#(0.0)- c)dt)

ds < —I esds =

1

1
o =

2h* 92

’ (j:(¢(9,t)—c)dt)

ds Sz—;lzjzohg‘s‘ds =c.

Thus, for O<‘h‘<é , L

YE <¢g. It follows that

j (j (#(6,1) - c)dt)ds

( I (¢(0,1)— c)dt)ds — 0. Therefore, from (46), (47) and (48) we get

1
21> Jo

. 2h
ﬁ.[o P#(0,0)(2h —t)dt — 2c — %}E(}WL #O.Otdt =2c—c=c.

Thus, Rx(0) — c.
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As a consequence of Theorem 32, we have:

Theorem 33. Suppose f'is periodic and Lebesgue integrable. Then for almost
all @, its Fourier series 7(6) is R-summable to '(6).

We have actually proved the following:

Theorem 33A. If the Fourier series of fis Lebesgue summable at fto c, then it
1s Riemann summable or R-summable to c.

(For the definition of Lebesgue summability, see page 4 of Abel-summability of
Fourier series and its derived series and Theorem 20 there.)

Section C. Uniqueness Theorems.

Uniqueness of Fourier and Trigonometric Series
Our first uniqueness theorem concerns trigonometric series.

Theorem 34. If two trigonometric series converge to the same sum except in
an enumerable set E, then they are identical. More precisely, if a trigonometric
series 7(6) converges to 0 except in E, then a, = 0 and b, = 0 for all n, i.e., T(6)
is identically 0.

Proof. Suppose 7(6) converges to 0 except in £E. Then by Theorem 14, a, — 0
and b, —> 0. It follows then by Theorem 15, ¥Y(8) = Zif) converges
n

n=l1

absolutely and uniformly to a continuous function on R and
D(O) = iaoé’z —¥(0) is continuous on R. By Theorem 26, ®(#)is smooth on

the whole of R. By Theorem 17, except for 8in £, D,®(8)=0. It then follows
from Corollary 24 that ®(6)is a linear function on R.

Suppose ®(@)=mbO+ C. Observe that ¥ (O) = ZM is a bounded

2
n=l1

function on R since a, — 0 and b, — 0. Therefore, ‘{’(9)‘ <K for some K and

for all O in R.
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Thus,

_‘ 0‘9‘

_‘0‘_

‘CD(Q) ‘1 _M ‘\P(Q)

\9\
We claim that ao = 0. If ao # 0, then by the above inequality, since

Z|a09|—£—>+oo as @ - +oo,

9

‘q)( )‘—)+oo as @ — +oo.

But ‘ (©) ‘ +%‘—>|m|<oo as 6 — +oo. This shows that ap = 0. Hence,

DO(O)=—Y(0)=mO+C. Since Y(O) is bounded, m = 0. Thus W¥(0) is the
A (9)

constant function — C, 1.e., ¥(€)=—C forall 0 in R. Thus

n=l1

converges uniformly to the constant function — C. We may thus integrate V(&)

term by term, giving

27C= j (-C)dO = j P(0)dO = Zjnﬂ_o,

n=l1

since joz” A(0)dO=a, joz”cos(ne)de b, _[Ohsin(né?)de —0. Hence C=0and
so W(0)=0 for all in R. Again, since convergence of ¥(#) to 0 is uniform,

% _ L[ 9(0)cos(nf)d0 =0 and 5 _1 [ w(6)sin(no)d6=0.
n- 9o n- w0

Therefore, a, = b, = 0 for all n > 1. We have already shown that ao = 0. Hence
the trigonometric series is identically 0.

Our next result paves the way for the proof of Theorem 1. It states that
Theorem 1 is true if the trigonometric series converges except in an enumerable
set to a bounded function.
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Theorem 35. Suppose the trigonometric series 7( ) converges except in an
enumerable set £ to a bounded function f(6), then it is the Fourier series of

1(0).

Proof. Since 7(6) converges to f(6) except for f1in E of zero measure, 7(6)
converges to f(6) almost everywhere and so f is measurable. Since fis also
bounded, f'is Lebesgue integrable on any bounded interval and in particular on
[-m, m]. By Theorem 17, except for &in E, D,d(0) = f(6). Suppose | f(6) | <
M for some real number M and for all not in E. Then D,®(0)= f(0) <M
except for #in an enumerable set £. Therefore, D,D(0) = D,D(0) < M except

for #in E. By Theorem 26, @ is continuous and smooth on the whole of R.
Therefore, by Theorem 25,

A D(O) . . =
>— <M forall 6. Similarly, since D®(0)=D,D(0)>-M , by Theorem
h
2 2
25, %2(0) >—M for all &in R. It follows that A’LZ(H) < M for all #and
A 2(0)

all 4 # 0. This means that R, (6)= is uniformly bounded in #and all

h2

sin(nh)

nh

w 2
h#0. Recall that R,(0)= %ao + ZA”(H)( j . Therefore, by the
n=1

Lebesgue Bounded Convergence Theorem,

lJ'” R,(0)cos(nb)do
Td-7
_& . ® l T M :
=" _ﬂcos(n@)d6’+kz_1:7[(J_”Ak(ﬁ)cos(nﬁ)dﬁ)( 0 j
:an(sin(nh)J —>a, ash—0 and
nh
lj” R, (0)sin(nB)d o
il
0o 7 o L (1 1 nkh) )
_ 2% Lsm(ne)de + ;;( j A,(0) Sln(nH)dé’)(SlnlEh )j
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. 2
=bn(sm(”h)j b ash—0.
nh

Since R,(6) — f(0)boundedly almost everywhere,
R, (0)cos(nf) — f(60)cos(nf)boundedly almost everywhere and so by the

Lebesgue Bounded Convergence Theorem,

lj'” R, (0)cos(n0)do — lj-ﬂ f(0)cos(nd)do .
T T

This shows that a, = 1
T
Similarly, since R, (8)sin(nf) — f(60)sin(nf)boundedly almost everywhere

J._ﬂ f(@)cos(nf)dO is the Fourier coefficient of f.

and so by the Lebesgue Bounded Convergence Theorem,

lJ'” R, (0)sin(nf)d6 — lJ.” f(0)sin(nd)do.
o T

Therefore, b, = lr f(0)sin(nd)do is the Fourier coefficient of . Hence 7(6)
7Z' -7

is the Fourier series of f.

Now we remove the boundedness condition on f'in Theorem 35. This gives the
statement in Theorem 1.

We restate the theorem here.

Theorem 1. If the trigonometric series 7(6) converges except in an enumerable
set £ to a finite and integrable function f, then it is the Fourier series of f.

Proof. Suppose T(x)= %ao + i(an cos(nx) + b, sin(nx)) = %AO (x)+ i A4, (x).

n=1

Let ®(x)= %aox2 — Z 4,(x) . For the proof we shall compare ® with the

2
n=l1

iterated integral of f.
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By Theorem 17, except for fin E, D,®(0) = f(0). By Theorem 26, ® is
continuous and smooth on the whole of R. Let J(x) = IOX(J.; f (u)du)dt be the
repeated integral of /. Then by Theorem 28, ®(x) — J(x) is linear in R.

The function fis Lebesgue integrable and so it has a Fourier series given by

A(x) = %0‘0 + i(aﬂ cos(nx) + f3, sin(nx)) .

Let g(x)= i%x2 - i(a" Cos(nx)tﬂ 1 Sin(nx)j . Then J(x) — g(x) 1s linear in R. We
n

n=1

deduce this as follows.

Firstly,

J'(x) = jo’“ (o)t

N | —

a,x+ iﬂ n iﬁ , cos(x) — @, sin(nx) by Theorem 30,

n=l n n
=g'(x)+ Z& , since the differentiated series is uniformly convergent.
n=l1 n

Therefore, J(x) — g(x) is linear in R. Thus, since ®(x) — J(x) is linear in R,
®(x) — g(x) 1s linear in R. That is to say,

2
n

L(x) = %(ao _ao)x2 - i

n=1

((an —a,)cos(nx)+(b, - 3,) sin(nx)j

is linear in R.

Suppose F S Tl b e S ——— (50)

n

Since i((a” —a,) cos(m) t b, =5 ”)Sin(nx)j is uniformly bounded, as in the proof

of Theorem 34, (a0 — o) = 0 and so ao = oo. Thus,

2
n

A C e _i((an —a,)cos(nx)+ (b, —,Bn)sin(nx)j R (51)

n=1

Since the right hand side of (51) is bounded in R, 4 = 0. Hence,
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Co i( (a,—a)) COS(M)’; (b, — B,)sin(nx) j .

n=l1

Thus, the right hand side converges uniformly to a constant function. Then

2
n

272C = I:ﬁ Cdx = ijozﬂ((a" —a,)cos(n) + (5, - f,)sin(n) j dec=0and so C=0. It

n=1

2
n

follows that i((a" —a,)cos(m) +(b, = ”)Sm(nx)j =0. By Theorem 34,
n=1

(a,—a,)=0and (b,—B,)=0 and so a, =, and b, = 3,. Thus T(x) is the Fourier

series of the limiting function f(x).

This completes the proof.

James P? integral and Convergent Trigonometric series

We now consider the question of recovering the coefficients of a convergent
trigonometric series.

Suppose the trigonometric series (A) converges to a finite function /. How can
we recover the coefficients a. , b, ? If f1is Lebesgue integrable, then by
Theorem 1, the series is the Fourier series of f and the coefficients are given by
the Euler formula,

an:lr”f(x)cos(nx)dx, n=0,1,2, ....
T 0

bn:lr”f(x)sin(nx)dx, n=1,2, ...
7 J0

Suppose f'is not Lebesgue integrable, how can the coefficients a. , b, be
determined ? This question has been settled, albeit by different methods and the
invention of different types of integration theory, involving a change of the
form of the above Fourier formula for the coefficients, by Denjoy, Verblumsky,
Marcinkiewicz and Zygmund, Burkill and James in the period 1935-1950.

We shall describe one solution by James using his Perron second integral,
which was named in honour of Perron’s method of defining Perron integral of a
function. This is also called the P? integral. This is invented to tackle this
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problem and the first crucial result is the following theorem which we state
before we give a description of the P? integral.

Theorem 36. If the trigonometric series (A) converges to a finite function for
equivalently, if f is the pointwise limit of a convergent trigonometric series in
(0, 2m), then f is necessarily P? integrable.

Suppose fis defined in an interval (a, ). We describe James’ major and minor
functions of fin almost the same fashion as Perron’s major and minor functions
except we use the generalized symmetric second derivatives and require the
functions to vanish at the end points.

Definition 37. Suppose f: [a, b] & R is a finite valued function. The pair of
real-valued functions M :[a, b] > R and m :[a, b] —> R are called
respectively the J-major and J-minor functions of f on [a, b], if

(1) M and m are continuous on [a, b], M(a)= M(b) =m(a)=m(b)=0 ,

2) D,M(x)= f(x)= Bzm(x) for x in (a, b) except for a denumerable set £y in
(a, D),

(3) D,M(x)>—o, Bzm(x) < oo for all x in (a, b) except for a denumerable set
Eoin (a, b),

(4) M(x) and m(x) are smooth for all x in Eo.

Definition 38. The real valued function f :[a, b] — R is said to be P>
integrable over (a, v, b), where a < y< b, if for any ¢ > 0, there exists a pair of

J-major and J-minor functions of f , M and m on [a, b], such that 0 < m(y) —
M(y) <e.

We denote by —J(y) the common values
sup{—m(y):m aJ-minor function of f}=inf{—M(y): M aJ-major functions of f'}
and define the P? integral of fto be J(») , that is to say,
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Jou V=T ()

Note that in the definition we have taken into account that if M and m are J-
major and J-minor functions of f, then M —m is convex on [a, b]. Condition (2)

implies that D> (M —m)(x)=>D,M(x)— Bzm(x) > f(x)— f(x)=0 forx in (a,

b) except for a denumerable set so that by Theorem 21, M — m is convex. Then

by continuity and the fact that (M —m)(b) =(M —m)(a) =0, M(x) —m(x) <0

and so —m(x) <— M(x).

We may define f'to be P? integrable over (a, ¥, b) if

sup{—m(y):m a J-minor function of f}=inf{-M(y): M aJ-major functions of f}
and denote the negative of the common value by J.(mb) f(t)dt.

Remark. The condition (2) of Definition 37 may be replaced by a weaker
condition that the inequality be satisfied except for a set of measure zero is
shown by James using a non-negative, increasing and absolutely continuous
function ¢ given in Lemma 1, 11.8, page 369 of “Theory of functions by
Titchmarsh, E. C. 19327, together with the fact that the indefinite integral of a
bounded increasing function is convex.

Theorem 39 (James). The real valued function f: [a, b)] — R is P? integrable
over (a, 5, b), where a < y< b, if, and only if, for any &> 0, there exists a pair
of functions M and m on [a, b], satisfying

(1) M and m are continuous on [a, b], M(a) = M(b) = m(a) = m(b)=0 ,

2) D,M(x)= f(x)> Bzm(x) for x in (a, b) except for a set £ of measure zero
in (a, b),

(3) D,M(x)>—, Bzm(x) < oo for all x in (a, b) except for a denumerable set
Eoin (a, b),

(4) M(x) and m(x) are smooth for all x in Ep,

and
(5) O=m(p)-M(p<e

We shall give a proof of this theorem later.
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For the bounds of the value of the P? integral over (a, vy, b), we have

Corollary 40. Suppose f: [a, b] — R is P? integrable over (a, 3, b), where a <
y<b. Then for any pair of functions M and m satisfying conditions (1) to (5) of
Theorem 39, we have

My [ f@dt <m().

Theorem 41. If f: [a, b)] — R is P? integrable over (a, , b) and f = g almost
everywhere in (a, b), then g is also P? integrable over (a, 7, b) and

j(am F(x)dx = j(a%b) 2(x)dx.

Proof. By Theorem 39, the functions M and m satisfying conditions (1) to (5)
of Theorem 39 for the function falso work for g, since f= g almost everywhere
in (a, b). It follows then from Theorem 39 that g is also P? integrable over (a, 7,
b).

Moreover, by Corollary 40, both integrals lie in the interval (M(y), m(y) ) of
length < & Since ¢1is arbitrary, the integrals must be the same.

The next theorem gives a descriptive definition of the P? integral.

Theorem 42. Suppose that F(x) is continuous in [a, b] and that D,F(x)is
defined for all x in (a, b) except for a set E of measure zero, and that

D,F (x) and D,F(x) are finite for all x in (a, b) with the possible exception of a
denumerable set Eo, where F(x) is smooth. If f(x)=D,F(x), where D,F(x)

is defined and f(x) = 0 elsewhere, then f(x) is P? integrable over (a, 3, b) for any
yin (a, b) and

[, fde=F()- ( jF() [y ZjF(b) ---------- (52)

Proof. Let M(x)=m(x)=F(x)- (z xj (a)- ( ajF(b). Then

—a

D,M (x) and D,m(x) = f(x) for all x in (a, b) except for a set of measure zero
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and l_)zm(x) and D,M (x) are finite with the exception of a denumerable set

where M ad m are smooth. It follows that conditions (1) to (5) of Theorem 39
are satisfied. By Corollary 40,

J,, fde=M()=m()=F(y)- [Z jF() [7 Z]F(b)

Theorem 43. Suppose F(x) and G(x) are two functions satisfying the
hypothesis of Theorem 42. Suppose D,F'(x)= D,G(x) for almost all x in (a, b).

Then for any x in (a, b),
b—x xX—a b—x X—a
F(x)—(b_ajF(a)—(b_ajF(b)=G(x)—(b jG(a)—(b

)G(b) .

In particular, F(x) — G(x) is a linear function in (a, b).
Proof.

Suppose D,F(x)=D,G(x) for all x not in £ and E is a set of measure zero in

@b). Let £(x)= { Z(;c)E Fe@h)-E e {é)i(;c)E xe(a,b)~E

Then f'(x) = g(x) for x not in E. That is, f = g almost everywhere in (a, b).

By Theorem 42, f(x) is P? integrable over (a, x, b) for any x in (a, b) and

o (5

Also by Theorem 42, g (x) is P? integrable over (a, x, b) for any x in (a, b) and

Jour

Since f/ = g almost everywhere in (a, b), by Theorem 41, these two P? integrals

| AGL =F(x>—( jF(b)
(a,x,b) —dad

j(a,x,b)g(t)dﬁG(x)—( - ajG(b)

are the same, 1.e.,

F(x)- (i x)F() (

b—x xX—a
ajF(b) G(x)— (b jG(a)—[b

jG(b) .
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Hence,

F(x)-G(x) =(2_’CjF(a)+(z:ZjF(b)—(Z:sz(a)—(z:ZjG(b)

1s a linear function.

Suppose now the trigonometric series

T(x)= an + Z a cos(nx)+b, sm(nx) = an + ZA (x)

converges everywhere to a function f. Then by Theorem 15,
D(x) = iaoxz -y 4,0 1 o 3 a, cos(nx) + b, sin(nx)

n=1 n2 - 4 ’ n=1 n2
absolutely and uniformly to a continuous function on R. By Riemann Theorem
(Theorem 17), D,®d(x) = f(x) everywhere. It follows then from Theorem 42

that f is P? integrable over (-27, x, 27) for x in (=27, 27) and that

| F(0)dt = D(x) —(2” - x)d)(—27z) —(x il 2”)@(2@ .
(2mx27) 4z 4

converges

In particular,

1 1
I(—zn,o,zn)f(t)dt =D(0) - 5@(—27[) - ECD(27T)

a1 1  d —
:_Zn_;_ELZaO(_zﬂ) anj——[—ao(zn) Z;j ~’a,.
n=l1 n=1 n=l

Consequently,

a, = —iz f(0)dt.
VA

(27,0,27)

Hence we have,
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Theorem 44. If the trigonometric series 7'(x) = %ao + i(an cos(nx) + b, sin(nx))

n=l1
converges everywhere to a function /', then f is necessarily P? integrable over
1

(27, ¢, 27) for any c in the interval (27, 27) and a, =—— Caroa )f(t)dt.
T 27,027

Remark. Theorem 36 of course follows from Theorem 44.

Theorem 45. If the trigonometric series 7(x) = %ao + i(a cos(nx) + b, sin(nx))

converges everywhere to a function £, then for n > 0,
a = _ 1 f(®)cos(nt)dt and b, = 1 f(t)sin(nt)dt .

n 2 d2m0.2m) (=27,0,27)

We shall write f'(x) cos(nx) as the limit of a trigonometric series. We employ
the following technique as explained by R L Jefferey in his 1953 lecture on

Trigonometric Series to the Royal Society of Canada.
Lemma 46. Suppose K

—-m 2

K., +tK,tK,=0. Let ..,c,,C_..Co5Cpe.0nC

—n% " —n+l

K, , K, are complex numbers such that

be a sequence of

noce

real numbers withc_,, ¢, -0 as n—>o0 . Then for each m > 0,

}}EE% :E: —m n+n1_+‘[( C 4-1§;nc% n1) ()'
k
Proof. Let S, = > (K_,c,.,, + K¢, +K,c,_,,) for each positive integer k.
n=—k

Then

k

Se =D (K Cpm +Koc, K, )

m-n—m
n=—*k

k k k
= K—m Z Cn+m +KO Z Cn +Km Z Cn—m
n=—k n=—k n=—k

k—m k+m —k+m—1 k —k+m—1
=(K_,+K,+K,) D ¢, +K_,, D ¢, +K, D ¢, +K, > ¢, +K, D ¢,
n=—k+m n=k—m-+1 n=—k n=k—m-+1 n=—k-m
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k+m —k+m—1 k —k+m—1
=K Z c +K, Z c, + Z c, |+K, Z c,
n=k—m+l n=—k n=k—-m+l n=—k-m
k+m k k k+m
=K Z c +K, Z c, + Z c |+K, Z c,
n=k—m+1 n=k—m-+1 n=k—m+1 n=k—m-+1

Each of the above summations is a finite sum of sequences that tends to 0 and
so S, = 0.

We shall apply Lemma 46 to trigonometric series. Observe that

T(x)= %ao + i(an cos(nx) + b, sin(nx))

n=1

l 1 = . inx . —inx
=§a0+§;((an—lbn)e +(a, +ib,)e ™)

Now define two sequences of real numbers, a , =a, andb , =-b, forn>0

and bo = 0. We can now write the partial sum of 7(x) as

% > ((a,—ib,)e™).

n=—k

T (x)= %ao + i(an cos(nx) + b, sin(nx) ) =

Since T,(x)converges to f(x) everywhere, ¢, =(a, —ib,)e™ converges to 0 as n

tends to + co. It follows by Lemma 46 that

k

lim }" (K_,(a,., ~ib,,,)e" """ + K (a,~ib)e" +K,(a,., ~ib, )" " )=
- n=—k
———————————————————————————————————————— (54)
1 —imx 1 —imx imx imx
If we now letK :5e , K, :—E(e +e ) and K, =—e™ , then

K +K,+K, =0. And we have

>

n=—k

(K_m (a,,, —ib

n+m

e + K (a, —ib, )™ +K (a,_, —ib _ )e'" " )

57



k i . —ib , —1 .
— Z (an+m lbn+m) elnx _ 2COS(m.X) (an l n ) elnx + (an—m lbn—m) el’lx .
n=—k 2 2 2
It follow from (54) that
. & ((a,—ib,) . . < ((a,,-ib,,) w (a,,—ib, ) j
lim 2 cos(mx ~ 1 T e™ |=lim Lasll ntm e o™ 4 2 nom nome o™
k—w ( )n=z—k£ 2 j k—o0 nzz_k( 2 2
k
. (a +a — ) inx . (b — + b ) inx
= lim 2ntm  Fnem/ G g A nem - nim e 55
k—o0 IFZ—]C( 2 2 ( )

k _ b ]
But from (53), ,I{im Z [@ e””} = f(x) and so
—00 oy

k _ b ]
llimZ cos(mx) Z Kw e””‘) =2cos(mx) f(x). Therefore, from (55),
=% n=—=k

k
lim (—(a’”’” Z“"-m) o — i oo Bue) wa) ei”") = cos(mx) f(x)

Hence, we have shown that cos(mx) f(x) is the limit of a convergent
trigonometric series

i (W &M — iwei’”) = cos(mx) f(x),

n=-—00

(a,+a,) _(b,+b,) _a

whose constant term 1is 2 ?’" . It follows from
1
Theorem 44 that a,, = = J(_z”,o,zﬁ) f(¢t)cos(mt)dt .
. . : 1 —imx 1 imx —imx 1 imx
Similarly, if we take K  =——e™, K = ——(e —e ) and K =—e™,
2i 2i 2i

we can deduce that

3 (B g o) )iy 1,

n=—oo

where the trigonometric series on the left has constant term equalling
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®,-b,)_,(a,-a,)_b,
4 4 2

1

Thus, by Theorem 44, b, = ——

7’ J’(—27r,0,27z)f‘(t)Sin(’/’/ll‘)dl‘ )

James’ Argument (Proof of Theorem 39)

Because of the use of Theorem 22 to deduce convexity we actually require
condition (2) of Definition 37 to hold except for a denumerable set. James’
argument is that if there are functions M and m satisfying conditions (1) to (5)
of Theorem 39, then there are J- major and J-minor functions for /" satisfying
the condition of P? integrability for f.

Central to the argument is the construction of a non-negative increasing
function whose derivative at every point of a set of measure zero is infinite.

Lemma 47 (Titchmarsh). Suppose E is a set of measure zero in (a, b). Then
for any ¢ > 0, there is a non-negative increasing and absolutely continuous
function ®(x) such that ®'(x) = + o for every x in E, ®(a) =0 and ®(b) <e¢.

Proof.

Let €,= &?2" for integer n > 1. Then Zgn =¢. By the outer regularity of

n=l

Lebesgue measure, for each integer n > 1, there exists an open set U, such that

E c U, and the measure of U, ,m(U,) < &, . By taking intersection of these
consecutive open sets if need be, we may assume that U,+; < U..

Let /', be the characteristic function of U,. That is,

L, ifxeU,

A {o, ifxeU

Let ¢ =fi+ f,++f = ka . Then (¢,) is an increasing sequence of non-
k=1

negative functions. In particular, ¢, (x)=n forx in E.
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Therefore, by Bepo Levi ‘s Lemma, ¢, converges to a finite function ¢ almost
everywhere and in particular,

x¢:ﬁm x¢ <E. mmmmmmmmmmmmomooe- (57)
J,o=tim[ g,

n—0

Let ®d(x)= Jx¢ and @ (x)= JX¢5 . Note that ¢, and ¢ are measurable and

Lebesgue integrable and that (CDn) 1s an increasing sequence of absolutely

continuous functions converging to an increasing absolutely continuous
nonnegative and bounded function ®.

Observe that since f« is the characteristic function of Uy , the derivative of
g, (x)= I ' f, satisfies gk'(x) =1 for all x in Ui . It follows that

DO (x)= Z g (x)=n forall xin U,. This means that for any &> 0, there

k=1
exists o1 > 0 for x in U, , such that for 0 <|h| < &

D, (x+h) =D, (1)

p § e (58)

Consequently, for x in U, , 0 <|h| < 1 implies

D(x+h)-D(x) J.xx+h¢ S _Lﬁh% D (x+h)-D (x) S -
I h T B h

0.

Therefore, for x in U, ,

limeup DEHN Q) o PG -0

h—0" h h—0" h

and

60



liminf SO =P e PO 7O,

h—0* h h—0 h

This means that D®O(x) = ® ' (x) > n for any x in U, . Since E < U, for any
positive integer n, this implies that D®(x) = ® ' (x) =+ oo for x in E.

Furthermore, by (57), ®(x) = J'x;b <¢&. Moreover, ®(a)=0 and O(D)< ¢.

This completes the proof.

Proof of Theorem 39. James’ Argument.

Since any enumerable set is of measure zero, the condition of P? integrability
over (a, 5, b), where a < y< b, implies conditions (1) to (5) of Theorem 39. So
we shall prove the converse.

Take any y in (a, b). Suppose f: [a, b] — R 1s a finite valued function. Given
any € > 0, by hypothesis, there are functions M : [a, b)] &> R and

m : [a, b] > R satistying

(1) M and m are continuous on [a, b], M(a) = M(b) = m(a) = m(b)=0,

2) D,M(x)= f(x)> l_)zm(x) for x in (a, b) except for a set £ of measure zero,
(3) D,M(x)>—o0, Bzm(x) < oo for all x in (a, b) except for a denumerable set
Eoin (a, b),

(4) M(x) and m(x) are smooth for all x in Ey

and

(5) 0<m(y)—M(y < &2.

By Lemma 47, there is a non-negative increasing and absolutely continuous
function ®(x) such that ®'(x) = + o for every x in E, ®(a) =0 and

0<D(b)< 4(;_ o r———— (59)
Define \P(x):jxcb—z_“jb@.
a _a a
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The function I "® is convex since it is the integral of a bounded continuous

increasing function. We can deduce this by showing that this function is mid-
point convex and that mid-point convexity for a continuous function implies
convexity for the function on (a, b) (Jensen Theorem). Notice that for x <y,

J.ax;yq) . %(J‘:CD N J-ayq)) - J-;CD < ILQ) and the inequality on the right holds

since @ 1s non negative and increasing. Hence ®(x) is convex and so ¥(x) is
convex. Since ¥(a)=¥(b) =0, it follows that

(T4 Y —a b
¥ =] @0t @0 (60)
Hence,
y—a b Y y—a b y—a & &
0<-Y(y)= O—-| O D < b—a =—,
”) b—a-[“ L b—a-[a b—a( )4(}/—61) 4

by (59).
Observe that ¥ is differentiable in (a, b) since I " is differentiable as @ is
continuous.

We now examine the symmetric second derivative of V.

A2W(x)  W(x+h)+¥(x—h)-2%(x)
o W

o[ T0-2['0 geim-o@-h)
B h - 2h

for some /1 between 0 and 4 by Cauchy Mean Value Theorem

_ D(x+6h)—D(x—06h)
26h

, forsome 0<0<1,

O(x+ 6h)—D(x) N 1 ®(x—6h)-D(x)
6h 2 —6h '

N | —
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It then follows from (62) that

2 — — p—
liminf 20X ) 5 L ing PO =) T g PE=M) = D)
h—0 h2 h—0 h 2 k>0 -h

1 1
= EQq)(x) + EQ@(X) = DD(x).
Therefore, D,¥(x)2DD(x)20. -mmmmmmmmmmmmmmmmmmmmmeeeee oo (63)

Using ¥ we now define J major and minor functions for f.

Let M(x)=M(x)+Y¥Y(x) and m(x)=m(x)—¥Y(x). Note that
M (x) and m(x) are continuous on [a, b] and M (a)= M (b) =m(a)=m(b)=0.

Since M(x) and m(x) are smooth for all x in £y and ¥(x) is differentiable in (a,
b), M(x) and m(x) are smooth for all x in Ep .

Then from the definition of M (x) and m(x), we deduce that

D, M(x) 2 DyM(x)+ DW(x)  wommseeeemeeeeeoee (64)
and

D,m(x) S Dym(x)=DW(x)  =eemeemeeeneees (65)

It follows from (64), (65) and (63) and condition (3) that D, M (x)>—oo0and

Hzm(x) <o for all x in (a, b) except for a denumerable set Eo in (a, b).
By conditions (2) and (63), we have then

D, M(x)> f(x)=Dxm(x) for x in (a, b)—E.
Now, for x in E— Ey, D®P(x) =+ and so by (63),

DF(x)=40. e (66)
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Since D,M(x)>—oo for x in E— E, it follows that for x in E— Eo , by (64) and
(66),

D, M(x)=+0> f(x).

Since Bzm(x) <o for x in E— E), it follows that for x in E— Eo , by (65) and
(66),

D,m(x)=-0< f(x).
It then follows that for x not in Eo,

D,M(x)> f(x)> D,m(x).
Moreover, from (61) and that 0 < m(y) — M(y) < &/2, we obtain

OSmW%%Hﬂ=mW%%ﬂﬂ—THﬂ<g+g=a

This shows that M (x) and m(x) are J major and minor functions for f satisfying

0<m(y)—M(y) < e. Therefore, by Definition 38, fis P? integrable over (a, 7,
b).

Proof of Corollary 40.

Suppose f: [a, b] = R is P? integrable over (a, 3, b), where a < y<b. Then by
Theorem 39, given any &> 0, there exists a pair of functions M and m satisfying
conditions (1) to (5) of Theorem 39. Let 6> 0 be arbitrarily given. As in the

X—arb : .
5 I @, where ®(x) is a non-negative
J— a a

proof of Theorem 39, let W(x) = J-ch —

increasing and absolutely continuous function such that ®'(x) = + oo for every x

S
(y—a)

in £, ®(a) =0and 0 <D(bh) <
Let M(x)=M(x)+¥(x) and m(x)=m(x)—"¥(x). We have shown that
these functions are J major and minor functions for . By the definition of P?

integrability of fover (a, ¥, b),
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M@)<[  f@di<m(y).

Hence, M) +¥(y) < j(am FOdt<m(»)-Y(»).

But by (60),

y—a b y y—a b y—a o
0<—W(y)= o[ @< o<l —5
M=y Lol o< Voo

It follows that

M(y)-5< j(a%b) FOdt<m(y)+5.

Since 0> 0 is arbitrary, M (y)< t)dt <m(y). This completes the
)= /4
ay s

proof.
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