Fourier Cosine and Sine Series

By Ng Tze Beng
Consider the series
%ao + ian cos(nx) ~ mmmmmmmmm-me- ©)
and the series
ian sin(nx)  =e=mmmmmmmeee- (S)

for the case that the sequence (a») is a non-negative sequence converging to 0.
We investigate the convergence of the above series and when they do converge
whether the series is the series of a Lebesgue integrable function. When they
do converge to a Lebesgue integrable function, we investigate sufficient
condition so that the series is also convergent in the L! norm.

We recall the following definitions. Suppose f'is a function Lebesgue
integrable on (—x, 7). We assume that the function is periodic with period 27z,
that is, /' (x) = f(x+ 2x) whenever anyone of f(x) or f(x+ 2x) is defined and
that f(—x) =f (7). Note that f(7) or f (—r) need not necessarily be defined and
the restriction of f'to the interval [—x, 7] need not necessarily be continuous at
the end points. It is convenient to assume that f'is defined for all values of x in
[-7, 7] and by periodicity to all of R. We may need to define values of f
appropriately where it is not defined in [—7, 7] and extend to R by periodicity.

Then we have the following formula for the definition of the coefficients

of a Fourier series of f:

a, =lj” f(x)cos(nx)dx, n=0,1,2, ....  ==mmmmmm- (1)
7Z' -7

bnzlj” fo)sinmx)dx , n=1,2, ... =ceeeeeee (2)
7Z' -



Consider the series

%ao + i(an cos(nx) + b, sin(nx)) . ==-=--=-=-m=n=---- (A)
When a, and b, are given by (1) and (2), (A) is called a Fourier series of the
function . When fis even, b, = 0 for n > 1 and the series (A) is just (C). When
fis odd, a, = 0 for n > 0 and the series (A) is just (S).

Note that we assume that f'is integrable in [z, 7] so that (1) and (2) are
meaningfully defined. Thus, (A) or (C) or (S) is a Fourier series if it is the
Fourier series of some integrable function f. (However, for (2) to be defined it
is sufficient to have the integrability of /'(x) sin(x) over [0, 7] and we call (S) the
generalized Fourier sine series.)

Note that (A) may or may not converge and may not be the Fourier series of its
limiting function. And when (A) is a Fourier series, it may or may not converge
at all points. Indeed, there exists a Lebesgue integrable function f whose
Fourier series diverges at every point.

If we assume nice convergence, we do have some positive result. This is
Theorem S below.

Theorem S. If the series (A) converges uniformly to a function f, then it is the
Fourier series of its sum function f. More is true, if (A) converges almost
everywhere to a function f and the n-th partial sums of (A) are absolutely
dominated by a Lebesgue integrable function, then (A) is the Fourier series of f.
More precisely the n-th partial sum converges to f'in the L' norm.

We note that in all two cases of Theorem S, f'is Lebesgue integrable and the
series (A), by using either the consequence of uniform convergence or the
Lebesgue Dominated Convergence Theorem, can be shown to be the Fourier
series of /by the method of Theorem 11. The convergence to fin the L' norm is
a consequence of uniform convergence for the first case and in the other of
being absolutely dominated by a Lebesgue integrable function. We shall not
prove this result but only for the special case that this note is concerned with.

This note is concerned mainly with the special case of the two series (C) and (S)
when the coefficients (a,) is a sequence of non-negative terms and a,— 0.



1. The Main Results.

For the sine series (S) we have the following result giving a necessary and
sufficient condition for (S) to be a Fourier series.

Theorem 1. Suppose (a.) is a sequence of nonnegative terms, Aa, = a, — an+1
>0 and a,— 0. Then the limit function or sum function of (S), g, is Lebesgue

integrable if, and only if, iﬂ <o, If ia—" <o, then (S) is the Fourier series of
n=1 n

n=1

g and _[;

that is, s.(x) converges to g in the L! norm.

5,(x)—g(x)ldx >0, where s,(x) is the n-th partial sum of the series (S),

The situation with the cosine series is somewhat different. We state the result
as follows.

Theorem 2. Suppose the sequence (ao, a1, ... ) is convex and a,— 0. Then

(1) The cosine series (C) converges, except possibly at x = 0, to a non-
negative Lebesgue integrable function f.
(2) The series (C) is the Fourier series of f.

3) Jlﬁ o, (x) - f(x)lx > 0, where G(x) is the Cesaro I or (C, 1) means of the
series (C).
@]

0. Here, t:(x) is the n-th partial sum of the series (C).

t,(x)— f(x)dx —0 if, and only if, a, = o(z5;) or, equivalently, a.In(n) —

We now elaborate on the terms in italic in Theorem 2.

Suppose ( a, ) is a sequence and Aa, = a» — an+1 . Then (Aay) is also a sequence.
The sequence (a» ) = (ao , a1, ... ) is said to be convex if A*> a, = Aan — Aan1>
0 for all n>0. The Cesaro I or (C,1) means of the sequence is defined to be

1
:m(SO+S1+"'+Sn),

n+l

where s, = Zn:ak for n > 0. The (C,1) means of the cosine series is then given by
k=0



() = (1) +1,(0) 41,0

where ¢, (x) = %ao + iak cos(kx) forn>1 and ¢,(x) = %ao.
k=1

If the series (ax) = (ao, a1, ... ) is only decreasing and a,— 0, then we may not

always have Lebesgue integrability of the sum function for the series (C) but the

sum function does have improper Riemann integrability.

Theorem 3. Suppose the sequence (ao, a1, ... ) is decreasing and a,—> 0. Then
the cosine series (C) converges except possibly at x = 0 to a function fon [,
7], which is continuous at x for x # 0 in [-z, 7#]. The sum function fis, in
general, improperly Riemann integrable. Thus, if we use improper integral in
the formula for the Fourier coefficients a,, then (C) is the Fourier Riemann
series of f.

In the next section, we collect together the useful technical results such as
summation techniques and properties of special sums for the proofs of these
three theorems.

2. Technical and Useful Results.
We recall first the Riemann Lebesgue Theorem:

Theorem R L. Suppose fis Lebesgue integrable on [-z, #]. Then
lim|” f()cos(u)dx=0 and i |” f(x)sin(ux)dx =0,

n—» 0 n—» 0

In view of Theorem RL, the condition that the sequence ( a. ) be a null
sequence, that is, a,— 0, 1s a necessary condition in Theorem 1 and 2.

2.1 Summation formula

Summation technique features prominently in the proof. We use
predominantly Abel’s summation formula, which we describe below.



Abel’s Summation Formula.

Suppose (an) and (b,) are two sequences. Let s, = Zn:bk . Then we have the

k=1

following summation formula:

n n—1
Zakbk = Z(ak —a.,)s ta,s,
k=1 k=1

= Z(ak —a,,,)8, +a,,s, . —-mm==mmmmmmmmmmmmmmmmmeeee (3)

k=1

For the truncated sum we have:

q q-1
zakbk = Z(ak —a,,)s", +aqqu s TTTTTTmmmmmmmses (4)
k=p k=p

k
where s', => b, k>p.
Jj=p
We have similar formula when the summation starts from 0 instead of 1. We
interpret formula (3) and (4) accordingly. Formula (3) is sometimes called
summation by parts.

Formula (3) or (4) is used to give an alternative useful way to sum the series (C)
or (S). We have the following estimate of the sum, particularly useful in
showing convergence of Fourier series.

Lemma 4. Suppose ( a, ) is a decreasing sequence and a, > 0 for all n. Then

n
<A mMmAaxX | ¢ | e
kEZI ab,|<a, max s, | (5)
Eq m; 6
and < L T
k:pakbk a, pg?s’; s' | (6)
Proof.

By the summation formula (3), we have

n
Zakbk
k=1

aIl Sﬂ

n—1
< Z|ak —ag,[|sd|+
k=1



n—

1
= (ak Ay ) max

S . +an max
= 1<j<n |/

1<j<n

Sils

since ( a, ) 1s a decreasing sequence and a, > 0 for all n,

=aqmax|s; | .

1<j<n

Inequality (6) is derived from (4) in exactly the same way.

2.2 Properties of Convex Sequence

Recall that a sequence ( ax ) = (ao ,a1, ... ) is said to be convex if A*> a, = Aa, —
Aan+1> 0 for all n > 0. For most of the time, the sequence that we deal with is
usually convergent or a null sequence. Hence, it is always bounded. For convex
sequence that is bounded we have:

Lemma 5. If (a,)= (a0 ,ai1, ... ) is convex and bounded, then it is decreasing,
1.e., Aa, =an—an1>0forall n>0.

Proof. By hypothesis, the sequence ( Aa, ) is decreasing. Then we claim that
A a, >0 for all n > 0. We show this by contradiction.

Suppose there is an integer N > 0, such that A ay = ay— ay+1<0. Then since
( Aan ) is decreasing, foralln >N, Aa,=an—a+1<Aay <0. Thus
an+i=an —Aany , an2=an+s1 —Aan+i>anii —Aav>avn—2Aan, ...,

an+p > ay —pAan. Since —Aan>0, (ay —pAan) is unbounded and so ( a, )
is unbounded. This contradicts that ( a, ) is bounded. Hence A a, > 0 for all n
> 0.

More is true:

Lemma 6. If (a,)=(ao,ai1, ... ) is convex and bounded, then nAa, — 0 and

the series ) (n+1)A’a, converges to a,—lima, .

n—»
n=0

Proof. By Lemma 5, ( a, ) is decreasing and bounded, and so by the Monotone
Convergence Theorem, ( @, ) is convergent.

6



so that ) Aq, is convergent and ) Aq, =a,~lima, .

n—>0

Observe that Y Aq, =a,-a,,

k=0 k=0 k=0

That is, > Aq, is a Cauchy series. Therefore, given any &> 0, there exists an
k=0

integer N such that for all n > N,

2n

Z Aa,

k=n+1

<¢g.

Since Aar >0and A>ar >0 forall k>0, forall n > N,

i Aa,

k=n+1

nAa,, =Aa,, +---+Aa, <Aa, +--+Aa,, = <g.

Hence n A a>, — 0. It follows that 2n A a2, — 0.

Now (2n+1)Aa,,,, <(2n+1)Aa,, <3nAa,, forn>0 and since n A a, — 0, by the

Comparison Test, (2n+1) A az.+1 — 0. Therefore, nAa, — 0.

Let s = Zn:Aak for n>0. Then by Abel’s summation formula (3)

k=0

s, =Y Na(k+1)+Aa,, (n+1).

k=0

Since (n+1) A a,r1 — 0 and (s,) is convergent, i(n +1)A%a

n=0

1s convergent and

n

Z(n +1)A’a, =lims, =a, - lima, .

n—»
n=0

2.3 Summing the sine and cosine series.

Consider the (n+1)-th partial sum of the cosine series (C),

t(x)= %ao + Zn:ak cos(kx) . =mmmmmmmmmmmmmmeeeee (7)

k=1

Applying the Abel summation formula (3), we have



where

for n > 0 and Do(x) = Y.

Dy(x) is called the Dirichlet kernel. Note that D,(x) is defined and continuous
for all x in [-7x, 7]. We shall use this form of the (n+1)-th partial sum of (C) to
investigate convergence of (C).

Now consider the n-th partial sum of the sine series (S):
R T Y P — (10)
k=1

Applying the Abel summation formula (3) to (10) gives

s, (x)= nZ_I:Dk(x)Aak +a,Du(x), -mmmmmmmmmmmmmmmmmmmmeee- (11)
where Di(x) = isin(kx) -------------------------------- (12)

forn>1.

D.(x) 1s called the conjugate Dirichlet kernel. Observe that D.(x) is defined
and continuous in [—7, 7]. The name conjugate Dirichlet kernel has its origin in
considering complex Fourier series as a power series on the unit circle so that

(A) is the real part of %ao + i(an —ib, )™ and if (C) is the series, then the sine

n=1

series is the conjugate series appearing as the imaginary part of the power
series.

Now we proceed to investigate the properties of the Dirichlet kernels. Before
we do that we introduce a second summation formula involving the Dirichlet
kernels.

If axDu(x) — 0, this will then bring us by taking limits of (8) to the series



ZDk(x)Aak
k=0

and the problem of the convergence of this series.

Applying the Abel summation formula (3) to the (n+1)-th partial sum F(x) of
this series, we get

F(0)= 3D, (00, = S B (x)A%, + E,(x)Aq, , -eromeremeremeeemeeece (13)

where E, (x)= ka(x) =(k+DK, (x)

J=0

k

and Ki(x) = ﬁ Y D)(x) e (14)

j=0
is called the Fejér kernel and is actually the mean of the Dirichlet kernel. It is

also the (C,1) mean of the sequence G,cos(x),cos(2x),cos(3x),-.-j.

In view of (13), we then have

t(x)= f(k +DK,(x)A%a, +nK, (x)Aa, ,+a,D,(x) ,---------- (15)

n"n
k=0

the result of applying the summation formula twice to the (n+1)-th partial sum
of the series (C).

We shall use formula (8), (11) and (15) to study the convergence of (C) and (S).

Thus we derive below some properties of the Dirichlet and Fejér kernels.

2.4 Dirichlet, Fejér and Conjugate Kernels

2sin($x)D, (x) =sin(3 x) + iZ sin(3 x)cos(kx)

_sin(3x)+ 3 (sin(kc + 4 x) —sin((k — 1)x + 1))

=sin(4 x) +sin((n + $)x) —sin(3 x) =sin((n + 3)x) .



Thus, for x # 0 and x in [z, 7], or 0 <x <2,

_sin((p+H))
D) == n) (16)
Observe that 1im SN D0 _yyp, (nrs)cosl)x) ) p (g
-0 2sin(L x) x>0 cos(3 x)

and the Dirichlet kernel in its functional form (16) is continuous at 0.

For the estimate of the Dirichlet kernel it 1s useful to consider the modified
Dirichlet kernel defined by

D, (x)=D,(x)—+cos(nx)

_ sin((.n +3)x) Leos(nx) = sin((n +3)x) - cos(nx)sin(; x)
2sin(3 x) 2sin(3 x)

_ sin(nx)cos(4 x)

2sin(3 x)

_sin0m)
- 2tan(4 x) ' (7

Note that the modified Dirichlet kernel is continuous on [—z, 7] and

Dy(0)=n and D,(r)=0 =--mmmmmmmmmemmmmmaaaes (18)

The Fejér kernel has too a useful functional form. Using (16),

K"(x):ﬁka(x)z ! iSin(('k+§)x)

n+1i% 2sin($x)

1
STy (2 Zsm((k +1)x)sin(L x)
1 1 Z”: cos(kx)—cos((k +1)x)

n+12sin’(Ax) & 2

I 1-cos((n+1)x)
n+l  4sin’(1x)

10



1 2sin’(3(n+1)x)
n+1  4sin’(1x)

_ 2 {sm(;(n+1)x) } ________________________________ (19)

" n+1| 2sin(x)

Observe that the Fejér kernel in its functional form (19) is continuous in [-7x, 7].

Since D,(0)=k+1 , K,(0) =ﬁ§0k(0) =ﬁ:zo(k+%) :%% S (20)
Note that from (9)
[ Y M (21)
and so J'””Kn(x)dx=ﬁ§-“ﬂﬂl)k(x)=ﬁ§ﬂ'=ﬂ'
and lf K (x)dx=1. e (22)
I

We have similar derivations for the conjugate kernels.

Now 2sin(1x)D.(x) = Zn: 2sin($ x)sin(kx)

= i(cos((k —Hx)—cos((k +4)x))

=cos(3x)—cos((n+3)x),

so that for x # 0 and in [, 7],

cos(;x)—cos((n+y)x) (23)

Dn(x)= 2sin(} x)

cos($x)—cos((n ++)x)
2sin(3 x)

Observe that lim =0=D.(0) so that in its functional form

(23), the conjugate Dirichlet kernel is continuous in [—x, z]. We shall also use
the modified conjugate Dirichlet kernel, particularly because it is nonnegative.

The modified conjugate Dirichlet kernel is defined by

11



Di(0)=D ()= g8in(m) . e (24)

Using (23) we have for 0 <x <2mor xin [-x, 7] — {0},

cos(zx)—cos((n+5)x) 1

D (x)= 2sin(L) Esin(nx)

_ cos(3 x)—cos((n+%)x) —sin(nx)sin(3 x)
B 2sin(3 x)

_ cos(4 x)—cos(3 x)cos(nx)
2sin(4 x)

_Ameostm) .
~ 2tan(lx) (25)

Note that as Tim—%") _o_ p’0) and 1im =% _o_p'(z), the

x>0 2tan(Lx 7 2tan(4 x)
2 2

conjugate Dirichlet kernel in its functional form (25) is continuous in [—7, 7].

The Diriichlet and Fejér kernels involved trigonometric functions. We now
state the useful inequalities that we shall use.

(1) Forallx, [sin(x)|<|x|; [sin(x)|<x forx> 0. ---mn-mmmmmmmmmeaee (26)
(2) For 0<x S% , sin(x) 2> gx e o (27)

T
(3) For 0<x<r, 1—cos(x)22%. ............................. (28)
(4) Forallx, I-cos(x)< %xz S (29)

Inequality (1) is easy.

Inequality (2) is a consequence of the fact that cos(x) is decreasing on [O,%] or

that sin(x) 1s concave downward on (0%) . By the Mean Value Theorem, for

0<x<Z, S0

=cos(n7) for some 77 with 0 < 77<x. Also by the Mean Value

Theorem,

12



1-sin(x) _ cos(¢p) for some @ with x<¢ <§ . Since 7< @, cos(77)>cos(p)

NN

and so sin(x) S 1—sin(x)

. It follows that sin(x) > zx for 0<x<Z. Therefore,
X 5—x T 2

including the end points 0 and % , we have sin(x) > 2
v

2
For 0<x<m, 1-cos(x)=2 sinz(g) > 2x—2 by inequality (2). Inequality (4)
T

follows from inequality (1).

2.5 Lebesgue Constants.

To investigate convergence in the L' norm, we need some estimates of the
integral of the modulus of the Dirichlet kernels.

The Lebesgue constant L, is defined by L, = lr D, (t)|dt = 2.[0” D, (1)|dt . The
o jn

T

conjugate Lebesgue constant is similarly defined by

1 o7 2 T
Ln :;I_” Dn(t)‘dt = ;J‘O ‘Dn(t)‘dt .
It is useful to use the modified Dirichlet kernel. Since tan(x) > x for 0 <x <7/2,
for 0 <x<m,

sin(7x)

1
2tan(3 x) S (30)

X

Dj(x)|=

Obviously, from the definitions of modified Dirichlet kernel and conjugate
kernel,

and

13



Also, we have
1 —cos(nx) < 2

=Dn(x) = 2tan(%x) C o x  TTmmmmmemmmmssmssssmmmeee (33)

‘DZ (x)

forO<x<m.

For the conjugate Dirichlet kernel, from (25), for 0 <x <,

b (x)‘=|cos(;x)—cos((n+;)x)| Lo
T 2sin(} x) |~ |sin(4 x)|
< (34)
X
by (27).
Similarly,
PO LGRS 3] D W O (35)

2sin(tx) | |2sin(ix)|” 2x’
for0<x<m.

We have the following estimates for the Lebesgue constants.

Theorem 7.
4 4
(1) L,=—In(n)+0(1) 5 L,=—In(n) asn — 0.
T

2
"o

Q) L. =2in(n); j " Du(t)dt =In(n) asn —> o .
T 0

Before embarking on the proof of Theorem 7, we deduce the following estimate

of the function .
2tan(3)

Lemma 8. Let h(x):l— 1

. Then A(x) is continuous, bounded and
x 2tan(3)

increasing on (0, m), lir(1)1+ h(x)=0, lim i(x) = 1 , so that 0 </A(x) < 1/z and
X—> X—>T 72'

sup A(x)= 1 . In particular, ! :i+ o) in (0, 7).

O<x<rm T 2 tan(%)

14



20x 2\ _qin2(x
Proof. Observe that 4'(x) =—i2+ esc(3) _ (2)2 ,Slzn SIS 0 for 0 <x <, since
X 4 x~sin"(3)

*>[sin(%)| for x > 0 (see (26)). Therefore, 4 is strictly increasing on (0, 7). Now

lim A(x) = lim 2tan(z) - x
x—0" x=0" 2x tan( )
iS¢ ‘-1 sec’(2)tan(%)

b

0" 2tan(2) + xsec’(2) 0 2sec’(2)+xsec’(2)tan(2) |
by applying L Hopital’s Rule twice.

1
Observe that lim 4(x) = lim 1 lim L 1 0= 1 . Hence, sup 4(x)=— and
X~ xon X xon Ztan( ) V4 T O<x<71 T

inf 4(x)=0. Since A is strictly increasing on (0, ), it follows that 0 < A(x) <

O<x<m

1/7. Therefore, for all x in (0, 7),

O<l—l< L !

x 7 2tan(?) x

This means — - l+0(1) in (0, 7).
2tan(3) x

Proof of Theorem 7 Part (1).
We shall use the modified conjugate Dirichlet kernel because ‘Dn(x) —D:(x)‘ g%

for x in [-x, 7]. We have

—% <|D,(x)|< ‘D:(x)‘+% for x in [0, 7] and so

R B (37)
This means L = 72T o [Pa()x+O(). mmmmmmmmmmm oo (33)
By (17) and (36), for 0 <x <,
0<lsinm)| _[sin(mo)| _|sin(mo)|_ e 1 |sm(nx> | (39)

x 7 |2tan(3)|

15



Observe that all the three functions in the above inequality are bounded in the
closed and bounded interval [0, z]. Thus taking the integrals we have

J-ﬂ|sin(nx) |dx—I:|Sin§[nx) |dx£ J‘:‘D:(x)‘dx SI:'SinECHX) |dx

0 X
Therefore,

zjﬂsin(nx)|dx_zjﬂ|sin(nx)|dx<gr
_— — d=—|

“(x dxﬁzj”—| 51n(nx)|dx
0 X

70 X 70 Vi
Consequently,
2 7r|sin(nx)| 2 2 2 ¢ |sin(nx) |
2[vlsint 2 a2 g (40)
Thus, j”Md TG VR (41)
X

We now estimate the integral

Jvr | sin(7x) | dr
0 X

Divide [0, x] into n equal subintervals so that

J-fr|s1n(nx)|d zj-(k+1)”|sm(nx)|dx ”Z‘:J»”|s1n(nt+k7z)| - 1J-”|s1n(nt)|

0 t+k= =0tk
_ [Flsin@D) ]| , o pElsin)]|
- [ g
sin(nt) 1
—Io ; df+_[ Sm(m)(;t+k Jdt, ---------------------- (42)

by using change of variable, x=r+kZ.

Now fork>1and0< ¢t <Z | kZ<t+kZ<(k+1)Z so that
n

B (43)

k= t+kz (k+1)=

Observe that Hmm SjjnTtdt =z . It then follows from (42) and (43) that

n—1

j”|sm(nx)|d <7z+j sm(nt)d12—=7r+%zi=ﬁ+zzl- """ (44)

0 X nigkz ok

16



Let d = Zl—ln(n) . Then (d,) is a non-negative decreasing sequence
k=1

converging to the Euler constant y < 1. Now di =1. Therefore, for all n > 1,

ySZ%—ln(n)Sdl =1 or
k=1

y +In(n) < Zn:%Sln(n)Jrl C e (45)

k=1

Hence it follows from (44) and (45) that forn > 1,

| 1S | g < 2 () +1) = 2 n(n) + (n + gj ———————————————— (46)
0 X T T T
and so
zjﬁwdxsizln(n)+(2+izj e 47)
7T Y0 X T T

From (42) and (43) we obtain,

| sin(nx) | = sin(nt) 7 sm(x) 2 1
| dxzjonHj sm(nt)dtz(kJrl)” = Z(mw

0 X nig

Zjﬁ/z sin(x) dx—l—znz_l 1

0 X g (k+1)

2 ] 1 . .
231 lity (27).  =—ommmmmmmee 4
>1 +7rk1(k+l) ﬂ;k by inequality (27) (48)

So, forn >1,

J-fr | sin(nx) | I
X

2£(7+lnn):glnn +27/,
0 T T T

by using (45).

Hence, forn >1,

2 [ RLGIFNS Y e (49)
70 X Vg T
That is, = j S| 4y ln(n) O P ————— (50)
70 X

17



It follows then from (41) and (50) that
2 ox
2

Therefore, from (38) and (51), L, = izln(n)+0(l).
T

O Lt s R | T ——— (51)
T

Proof of Theorem 7 Part (2).

We now estimate the conjugate Lebesgue constant. As above we shall use the

modified conjugate Dirichlet kernel since ‘D,,(x) —D:(x)

g% for x in [0, 7]. Tt is

useful to note that D:(x) >0. As for L,, we deduce that

L=2 [7 Da(x)dx +0(1) . wmrmmmmemememmmenees (52)
0

Recall that D:(x) = % for 0 <x <z and extend the definition at 0 and =
an(; x

by taking appropriate limits. Hence, we obtain, by using Lemma 8, (see (36))

< 1—cos(nx) 1—cos(nx) < 1- cos(nx)|
T X 7 | 2tan(d) |

1 —cos(nx) |

0 = Dy (x) < SV
X

for 0 <x <z. Note that all the functions in the above inequality are bounded.
Hence, taking integral we get,

OSJ-frl—cos(nx) dx_J»ﬂl—cos(nx) SJ-frD:(x)dxSJ-frl—cos(nx) /
0 X 0 V4 0 0

X 2
X
that 1s,
71 —cos(nx) T ¥ 71 —cos(nx)
OSJO fdx—ls_[o Dn(x)dxé'[o fdx. ———————————————— (53)
It follows that
L, =3j”DZ(x)dx=3j”de+0(1). --------------- (54)
70 70 X

As in the case for the Lebesgue constant, we divide the interval [0, 7] into n
equal subintervals and spread the integral over these » intervals.
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0 t+k=z

1- cos(nt) ez l—cos(nt + ki)
jo ——dr+ z [/ dt

t+k=
Observe that
I 1- cos(nt)d _[ 71— cos(x)d '[zr2s1n( )d <I xdx—”—z
o 4
and for k> 1,
1 —cos(nt + k) 1r
jo e dt<knj (1= cos(nt +krm))dt = .
Thus, combining (55), (56) and (57), we have for n > 1,
71— cos(nx) 7r <1 7z_ S 1
_[0 X 4 P = 1k 4 kz:‘
7z_2
<1 e —
n(n)+1+ ik
by (45).
Using inequality (28),
J-T’il—cos(nt)dtzjfrl—cos(x)dx_ 2id _2_7r ______
0 t 0 X o 7° 3
and for k> 1,
[Pl b gy L [F (1 cosut + k)t = ——.
0 t+k= (k + 1) k+1

Using (55), (59) and (60) we have for n > 1,

J-zzl—cos(nx)d >1+ N1
0 X klk 1 pd

>y+In(n), = —mmmmmmmmmmmeeeeee-

by inequality (45).
Thus (58) and (61) says that
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0

[ (L N e e (62)
X
It follows from (53) and (62) that .[;D:(x)dx =In(n)+0O(1) and so by (54),

J [ Do) = Zin(my+0(1).
o T

This proves part (2).

2.6 Convergence of (S) and (C)

In this section we investigate the convergence of the series (S) and (C) when the
coefficients are nonnegative and converge to 0. We deduce when the
convergence is uniform and when the sum function is continuous. The
technique is usually known as Dirichlet test.

We shall begin with the cosine series (C):

%ao + Zan cos(nx)
n=1

Let ¢ (x)= %ao + iak cos(kx) be the (n+1)th partial sum of (C). Suppose Aa, >0
k=1

forn>0and a, — 0.

For m > n, by Abel’s summation formula (3) or (8),

0,0 —1,(0) = Dy(x)Aa, +a,,D,,(x) ~a,D,(x). --memememeeee (63)

k=n

Then by triangle inequality,
|tm (x) - tn (x)| S [;Aak]g]iﬁ |Dk (x)| + (am+l + an)gkagﬁ |Dk (x)| = Zan ?glli)fn |Dk(x)| - 7777 (64)

Now restrict the domain to the interval [0, 27—0], 0 < 6 <z. Then for all x in

[0, 2n—0] and for all n > 0,

sin((n+1)x)| B (65)
2sin(4 x) ‘_2sin(§) .

D,(x)|=
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Thus, by (64) and (65), for all x in [J, 27—9] and for all m >n > 0,

L) —E (RS =2 . e (66)

sin(2)

Since a, — 0, given any &> 0, there exist integer N such that
n>N=la,l=a,<esin(%)).

Thus, for any n, m with m > n > N and for all x in [0, 27—,

t(x)— tm(x)| <g.

It follows that the sequence (#(x)) is uniformly Cauchy on [, 27—J].

Therefore, (C) converges uniformly to a continuous function on [J, 27—-9]. It
follows that (C) converges pointwise to a continuous function on (0, 27). Hence
(C) converges pointwise to a continuous function fon [-z, 7] — {0}. More
precisely (C) converges pointwise for all x not a multiple of 2z. The sum
function is continuous at every point not a multiple of 2z. The series (C) may
or may not be convergent at 0 and when it does, the sum function may or may
not be continuous at 0.

Now we consider the sine series (S):

Z a, sin(nx)
n=l1

Let the n-th partial sum of (S) bes, (x) = Zn:ak sin(kx) . Suppose Aa, >0 forn>1

k=1

and a, > 0. For m > n, as above by Abel’s summation formula (3) or (11),

s, (x)—s,(x)= ka (x)Aa, +a, Dn(x)—a,D, (x). =---====mmm===n (67)

po n n
And we have by triangle inequality, for m >n > 0,

5,,(0) =5, ()| € 20, Max | Di(x)] . =mmmmmmmmm e (68)

Now for all x in [, 27—0], 0 < 6 <z and for all n > 0,

feosGx)—cos(r+hw|_ 1
Di()]= | 2sin(L x) =5in) (69)

21



Therefore, it follows from (68) and (69) that for all x in [0, 27—5], 0 < 6 <7 and
forall m>n>0,

|5, (x) =5, ()| <

2a
sin(ng) ST (70)
Since a, — 0, we deduce as for the cosine series that (s,(x)) is uniformly
Cauchy on [0, 27—9] and so (S) converges uniformly on [0, 27—05]. Therefore,
(S) converges uniformly to a continuous sum function on [0, 27—9]. It follows
that (S) converges pointwise to a continuous function on (0, 27). Hence, by
periodicity it converges to a sum function continuous at every point not a
multiple of 2z. Since (S) converges at 0, (S) is convergent on the whole of R.
The series (S) converges to a sum function g on [z, 7] continuous at x # 0. The
function g may or may not be continuous at 0.

We have thus proved the following theorem.
Theorem 9. Suppose Aa, >0 and a, — 0 for the series (C) and (S).

Then the series (C) converges pointwise except possibly at x = 0 to a function f
continuous at x for all x in [z, 7]—{0}. The series (S) converges pointwise to a
function g on [, 7] and g is continuous at x for all x # 0 in [-x, #]. Both series
converge uniformly on [, 27—9] for any 0 < 6 <.

For the sine series (S) to converge uniformly on the whole of R, we have the
following result.

Theorem 10. Suppose Aa, >0 for n> 1 and a, — 0. Then the series (S)
converges uniformly on R if and only if na, >0 .

Proof.
Suppose (S) converges uniformly on R. Then (S) is uniformly Cauchy.

Hence, given &> 0, there exists an integer N such that for all » > N and for all m
>n and for all x in R,
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Take anyn > N. Let y= 41 Since a, — 0 and ( a. ) is decreasing, a, > 0 for
n

all n>1. Therefore,

Z a,sin(ky) 2 a,, Z sin(ky) 2 a,, Z sin(ny) > na,, sin(— ) >0.

k=n+1 k=n+1 k=n+1

It then follows from (71) that for any n > N,

naznsm( ) Zaksm(ky) Zak

k=n+1 k=n+1

[

that is, na,, <¢ . This means na,, —0and so 2na, —0. Since a,, ,>a,, ,, by
the Comparison Test, (2n—2)a,, , —>0. Thus, 2n-1)a,, ,=(2n-2)a,, ,+a,, , —0.
It follows that na, —0.

Conversely, suppose na, —0. Then limsupna, =0. Let B, =sup ja,. Then S, —

n—ow J2k

0. We shall estimate the tail end of the series and show that the estimate 1s
independent of x and depends only on £, .

Take any x in (0, 7]. Let N, = {Z}, the integer part of z/x. Then
X

1<N, <Z<N_+1. By Theorem 9, (S) is convergent on R. It follows that the
X

truncated sum
T,(x) = D a,sin(nx)
n=k

is convergent for all x. For any x in (0, 7] we split 7i(x) into two summations
according to x using N, . For convenience we drop the subfix and let N = N
and note that it depends on x.

k+N-1

Let 7,'(x)= ). a,sin(nx) and T,"(x)= Z a,sin(nx). For the first summation we

n=k n=k+N
have
k+N-1 k+N-1 k+N-1 k+N-1
|Tk'(x)|£ Z a, |sin(nx)| Z a,nx =x Z na,<x Z B, =xNp,
n=k n=k n=k
<zB.. e (72)
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From (67) we have

T."(x) = }Il_l;l’olo(sm (x)— Sk+N—1(x))

m—1
= lim[ D.(x)Aa, +a, Dn(x)—a,.\ Drina (x)j by using (67)

m—1
= lim ( Z Du(x)Aa,+a, Dn(x)— ak+NDk+N—l(X)j .

s
me n=k+N

1

Therefore, since the above limit exists, a, — 0 and Dn(x)‘ <— @ for some o
Sin >
with 0 < 6 <z, we deduce that
T,"(x)= Y Du(x)Aa, —ay,  Dina(x) . =mmmmmmmmmmens (73)
n=k+N
Hence, |7, "(x)| < z ‘Dn(x)‘Aan +a,,, Dk+N—1(X)‘

n=k+N

0

< Zpa +a,.,Z=2a,_, %, by using inequality (34),
n k+N k+N g y

n=k+N X X X
. T
<2a,,,(N+1), smnce —< N +1,
X
L2a,,y(N+k)S2B,. e (74)

Therefore, combining (72) and (74) we have, for any x in (0, 7],
L|SQ+m)B,. e (75)

Inequality (75) is obviously true for x = 0. Since f, — 0, |T,(x)| - Ouniformly
on [0, 7]. Hence the series (S) converges uniformly on [0, 7] and since the sum

function 1s odd, (S) also converges uniformly on [—z, 0] and hence on [-7, 7]. It
then follows by periodicity that (S) converges uniformly on the whole of R.

Under the hypothesis that Aa, > 0 for n > 1 and a, — 0, if the series (C) or (S)
converges to a Lebesgue integrable function, then (C) or (S) is the Fourier series
of their respective sum function. This is a special case of a more general result
namely, that if a trigonometric series converges except for a denumerable subset
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to a finite and integrable function, then it is the Fourier series of this function.
There are other generalizations of this result. The proofs of these general results
are much more difficult. We present the proof for this special case.

Theorem 11. Suppose that Aa, >0 for n >0 and a, — 0. Suppose the series
(C) converges to a Lebesgue integrable function f and the series (S) converges
to a Lebesgue integrable function g. Then (C) is the Fourier series of fand (S)
is the Fourier series of g.

Proof. Observe that g(x)sin(mx) is the limit of the series isin(mx)ak sin(kx).

k=1

That 1s,

g(x)sin(mx) = isin(mx)ak sin(kx) . m=mmmmemmmmmmmmm—eeo (76)

k=1
We claim that this series is uniformly convergent on R.

For d > n, the truncated series

isin(mx)ak sin(kx) = sin(mx)zd: a, sin(kx)

k=n k=n

and so, for 0 <x <,

isin(mx)ak sin(kx)

k=n

<mx

iak sin(kx)‘

k=n

, by Lemma 4,

< mxa, max
n<j<d

Zj:sin(kx)

<mxa, 7 » by a similar formula to (23),

<ma,r , by inequality (27).

This inequality is obviously true for x =0. Hence for 0 <x <,

isin(mx)ak sin(kx)

k=n

<ma,x

i sin(mx)a, sin(kx)

k=n

and so <Smaw. — =mmmemmmmemmm—e- (76)
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Since a, — 0, (76) implies that isin(mx)ak sin(kx) 1s uniformly Cauchy on [0, 7]

and so converges uniformly on [0, 7] to g(x)sin(mx).

Therefore,

gJ-”g(x) sin(mx)dx = zf:a,cj‘”sin(mx) sin(kx)dx
70 g °

2 Zak _[0” cos((m—k)x) ; cos((m+k)x) di=a .

This means (a,) are the Fourier coefficients of g(x). Thus (S) is the Fourier
series of g.

For the cosine series (C) we use the following device.

Consider (1 — cos(mx)) f (x).

The series iak(l —cos(mx)) cos(kx) converges to (1—cos(mx)) f(x). We show that

k=1

the convergence is uniform on [0, 7].

Now for any d >n and x in (0, 7],

d d
D" a,(1—cos(mx))cos(kx)| = (1-cos(mx)) > a, cos(kx)‘
k=n k=n
1 2.2 -
<—m'x Zak cos(kx)
2 k=n
J
< %mzxzan max ;cos(kx) , by Lemma 4,

1 2 2
<—ma,x” —

, by using the summation method of (16),
2 sin(3)

< Emzanxﬂ < %mzﬁza by (27).

no

This inequality is obviously true for x = 0. Hence, for x in [0, 7],

iak (1—cos(mx))cos(kx)| < %mznzan R — (77)

k=n
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It then follows that the series converges to (1 — cos(mx)) f(x) uniformly on [0,
r]. Therefore,

2 [ " (1= cos(mx)) f (x)dx = 22 [ " (1= cos(mx))dx + iak 2 [ " (1= cos(mx)) cos(kx)dx
70 o0 P A

=a,— Zak %Jj cos(mx) cos(kx)dx

k=1

S 2 ¢ cos(mx + kx) + cos(mx — kx)
=a,— Zak ;IO 2 dx
k=1

=a,—a,. = e (78)

Taking limit as m tends to infinity we have, by the Riemann-Lebesgue
Theorem,

%j”f(x)dx =,  mmemmmmmmmmmmmmmmmmmmememee (79)
90

It follows now from (78) that
2 on
—J- cos(mx) f(x)dx=a,, .
T 0

Hence the series (C) is the Fourier series for f.
3. Proof of The Main Results

3.1 Proof of Theorem 1.
By hypothesis Aa, >0 for all » > 1 and a, — 0. By Theorem 9, the series (S)
converges pointwise on R and uniformly on [J, 27—6]. We shall show that the

sum function g is Lebesgue integrable if, and only if, ia—" <.
n

n=1

Recall from (11) that the n-th partial sum of (S) is:

n—1 n

s, (x)= ZDk (x)Aa, +a,D.(x) = ZDk (x)Aa, +a,, Da.(x).

k=1 k=1
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Since s, (x) — g(x), a+1 = 0 and

Du(w)] <, by (34),

DT R S —— (80)

k=1
pointwise on [, 7].

We now consider the use of the modified conjugate Dirichlet kernel. Take the

series ZD:(x)Aak . It converges to a function g* on [, 7], because

k=1

DZ(x) = Di(x) —%sin(kx) and %isin(kx)Aak converges uniformly and absolutely to

k=1
a continuous function / on R by application of the Weierstrass M test. That is,
we have

iDz(x)Aak > g¥(x)  mmmmmmmememmmemeeeme- (81)

on [-x, 7] and g(x)=g*(x)+h(x).

Note that DZ(x)Aak >0 and so by the Lebesgue Monotone Convergence

Theorem,

R 3 G e — (82)

and g* is Lebesgue integrable if, and only if, i( jO”DZ(x)dx)Aak <o,

Since g(x)=g*(x)+h(x) and /4 is continuous, g is Lebesgue integrable if, and

only if, g* is Lebesgue integrable.

Now, by Theorem 7 Part (2), LHDZ (x)dx =In(n)+0O(1) and since iKAak <o for
k=1

any constant K,
i(joﬂDZ (x)dx)Aak <= iln(k)Aak <00, mmmmmmmmmmm—m—mmee (83)
k=1 el

It remains to show that
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Sin(aa, <05y bcon oo (84)
k=1 k=1

n

% be the n-th partial sum of > % Then by Abel summation

Now, let ¢, =) &
o k o k

formula (3),

n—1

=Y s0a,+a,.s, = s,Aq, +a,s,,  --m--m--m--- (85)
k=1 k=1
n 1
where 5, => —.
k=1

Suppose now that Z%" <, thatis ( #, ) is convergent. Therefore, (2, ) is
k=1

bounded above. Since all the terms are nonnegative, 0< ) s,Aq, is bounded

k=1

above and so the series iSkAak is convergent. Now by (45), s ,=In(k)+O(1)

k=1

and so it follows that » In(k)Aq, is convergent.
k=1

Conversely, suppose Y In(k)Aq, is convergent. Then ) s5,Aq, is convergent.
k=1 k=1

Observe that

In(n)a, =1In(n)Y_Aa, <> In(k)Aa, .
k=n k=n

Since ) In(k)Aa, — 0, by the Comparison test

k=n

In(n)a, —0. ====m==mmmmmmmm - (86)

Therefore, since s, =In(n)+O0(1)and a, -0, a.,s» — 0. It follows then form (85)

that ( ¢, ) is convergent, i.c., Z% <o,
k=1

Next, we show that if zcz—" <, then (S) converges to g in the L! norm.
k=1

By the Lebesgue Monotone Convergence Theorem,
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g*(x)—iDZ(x)Aak dx—>0 asn—> ., ———mmmmmme (87)

k=1

J
Therefore,

dx

J.O”‘g(x) - HZ_I:Dk (x)Aa, —a,Dn(x)

n—1 n—1

=l 00+ A0 - S Dk)AG ~ - S sin(koAa, —anDn(x)}dx

dx + Ioﬁ dx+a, Ioﬂ

D,,(x)\dx J— (88)

<["le*@ -3 Dix)ag,

n—1
h(x) —%Zsin(kx)Aak
k=1

Since %Zsin(kx)Aak converges uniformly to % on [0, 7],
k=1

f: dx—>0asn—> 0. ——mmmmmmmmmmmmeeee (89)
Dn(x)‘dx =In(n)+O(1), a, —0and In(n)a, —0 (See (86)),
a”.[o

Therefore, by the Comparison Test, using (88), (87), (89) and (90), we have

(x)— %nz_l:sin(kx)Aak

. T
Since _[0

D (90)

n—1

[ g0 —s,(n)|dx = jo”‘g(x) — " Di(x)Ag, —a, Du(x)|dx —0.

Thus (S) converges to g in the L' norm. This completes the proof of
Theorem 1.

3.2 Proof of Theorem 2.

If (a0, ai, ... ) is convex and a,— 0, then by Lemma 5, Aa, >0 for all n > 0.
Part (2) is a consequence of Part (1) by Theorem 11. By Theorem 9, the cosine
series (C) converges pointwise at x except possibly for x = 0 in [-x, z]. The
limiting function or sum function f'is continuous at every x # 0 in [—7, 7].

We shall show that f'is a non-negative Lebesgue integrable function.
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Let 7,(x)= %ao + iak cos(kx) be the (n+1)-th partial sum of (C). Then we have,

k=1

by Abel’s summation formula (3) (see (8)),

t(x)= nz_lle (x)Aa, +a,D, (x).

n—1
By using Abel’s summation formula on the summand » D, (x)Aq, , we get
k=0

t(x)= f(k +DK, (x)Azak +nK, (x)Aa, ,+a,D, (x)

k=0

(see 15). Here, K (x)is the Fejér kernel. Note that for x # 0 and x in [—7, 7],

D, (x)< % (see (35)). It follows that a,D,(x)—>0. Observe that K,(x) > 0 for
X

all x in [z, 7] and for x in [0, 7], 0 < 6 <z, from (19) we have

1 1-cos((n+1)x 1 1
K,(x)= .(g ) )S ) < )
n+1 4sin”(x) 2(n+1)sin"(3x) 2(n+1)sin"(39)
or max K (x) < 1‘ . . - 91)
o<x<m 2(n+1)sin"(39)
Therefore, nK, (x)Aa, , < +Aan_1 = +Aan_l. Since Aa, — 0,
2nsin”(59) 2sin”(40)

nK _ (x)Aa,  —0. It follows that
t(x)—> i(k + DK, (x)A’a,
k=0
pointwise on [z, 7] — {0}. Hence for x in [-x, 7] — {0},

f(x)= i(k +1)K, (x)A%, >0.

Because (k+1)K,(x)A’a, >0for all £ > 0, by the Lebesgue Monotone

Convergence Theorem,

I =3 (" K Gods e+ ‘e,
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=3 x(k +1)A%, , by (22)

< oo, by Lemma 6.
It follows that f'is Lebesgue integrable. This proves Part (1) and hence Part (2).

Now, we examine the convergent series

i(k +DK, (x)Azak .

Let the (n+1)-partial sum of this series be G, (x)= i(k +DK, (x)A’a, .
k=0

By the Lebesgue Monotone Convergence Theorem,
I:Jf ()=G,(x)|dx—>0.  mmmemmmemmme- (92)

More precisely,

j G, (x)dx = Z( j K,((x)dx)(k +1)A%, —> j” F(x)dx .

Now,
t,(x)= f(x)|~|a,D,(x)| <t,(x) - f(x)—a,D,(x)|
=5k + DK, (0%, — () + 1K, (x)Aa,.,|, by (15),
= anz(x)_f(x)|+nKn4 (¥)Aa, ;.
Therefore,
a,|D,(x)|-|G,,(x)— f(x)|-nK, (x)Aa,, <|t,(x)— f(x)|
<a,|D,(x)|+|G,_,(x)— f(x)|+nK, (x)Aa,, .
--------------------- (93)
Hence,

a f”|Dn(x)|dx— j” G _,(x)- f(x)|dx—nAan_IJ:Kn_l(x)dx < j”” £,(x) — f (x)|x
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<a, jj; |Dn (x)| dx + J:

G, o(x)= f()|dx+nha, ,[" K, (x)dx.

Thus, by (22) we get

T
a,|
-

D,@)dx~[".

G, (%)~ f(x)|dx—nAa, 7 < j

a
V4

t,(x) = [ (x)]|dx

<a, J:|D,, (x)|dx + J: G,,(x)— f(x)|dx+nha, 7.

By Lemma 6, nAa, ;7w =(n-1)Aa, ,x+Aa, 7 —0 and so it follows from the above
inequality and (92) that

lim [ |f, ()= f(0)|dr =lima, [* [D,(0fdx.  wmemmemenenenaes (94)

Since [ |D, (x)|dx = 2 in(ny+0(1) and an —> 0, lima, j " |D,(x)|dx =0 = a, In(n) > 0.
- 72' n—»0 -

Therefore, Tim [ |¢,(x)~ f(x)|dx =0 <> lima, In(1) =0. This proves Part (4).

Now we examine the (C,1) mean of the Fourier series (C):
|
Gnﬂ(x) = ﬁ(tO(x) +t1(x) ++tn()C))

For x in [-x, ] — {0}, tu(x) = f(x). Therefore, by the regularity of Cesaro
summability, o, (x)— f(x). [ If a series converges, then its (C,1) mean also

converges to the same value.] It remains to prove Part (3) that

Firstly, we show that j o, (x)dx —> J’ F(x)dx.

o,(x) —f(x)|dx —0.

We shall use the following formula that for a (C,1) mean of a series with index
starting from 0,

1 < k
n+l_n+l(so+sl+ +S1)= (l_l’l-l-ljak o TTTTTTTTTTTTTTTTTTT (95)
k=0
where s, = Zn:ak.
k=0
Using (95), we have
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Opa(¥) =" (f () +1,(x) +--++1,(x))

1 4 k
=—a,+ 1-
2 ;( n+1

S0 o (120, oo (12 oo,
=0 n+l1 1+n

by Abel’s summation formula (3),

jak cos(kx)

n—

- lAakD (x)+—2{ +(k+1)a,, | D, (x)+(l—1+

Joo
n

I
M_

a,D (x)+—2{ (k+1)Aa,}D, (x)+(1—l+njanDn(x)

b
Il

0

=
—

n n

a,D (x)+—ZakD (x)—n%"zll k+1)Aa,D, (x)+(l—mja D (x)

b
1l

0

:nZl Aa,D, (X)+—ZakD (x)——z k"'l AakD () mmmmmmmmes (96)
T n+

n-1 n-2
Now ZAaka (x)= ZAzak (k+1K,(x)+Aa, nK, (x),
= k=0

n—1

—ZakD (x)_LZAak(kﬂ)K (x)+a,K, and
n-+ n-+

n—1 n-2 2
LIZ(/H 1)Aa,D,(x) = %Z{(m 1)Aa, —(k+2) A, (k+ DK, (x) +——Aa, K,
k=0 +n i 1+n

by using Abel’s summation (3).

Therefore, it follows from (96),
o, (x)= }fAzak (k+DK, (x)+Aa, nK, (x)
k=0

n—1

ZAak(kJrl)K (¥)+a,kK,

k 0
1 n=2 2
_m;{(k +1)Aa, —(k+2)Aa,., } (k+ DK, (x) —lilL—nAan_lKn_l
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n-2 1
=Y ANa (k+ 1K (x)+Aa, nK, (x)+ —lAanfannfl(x) +a,K,
k=0 n-+

2

1 n-2 n
——— > tkAa, —(k+2)Aa k+DK (x)——Aa,_ K
1+I’l;{ k ( ) k+1}( ) k() 1+n =11 -1
n-2 1
=Y Na(k+1)K (x)+Aa, nK, (x)+——Aa, nK, (x)+a,K,
k=0 n+l
LStk " 97
- kAa, —2Aa k+DK, (x)——Aa K . ---—-—-—-
1+nk=0{ k k+l}( ) k( ) 1+n n—14>p—1 ( )
Thus,

O-n+1 (x) - Gn—2 ('x) = Aan—1n[<n—1 ('x) + Ll Aan—lnl(n—l (x) + anKn
n+

1 n-2 n2
—— DS kA%a, —2Aa,  Wk+DK, (x)— Aa K ..
T ke, =280,k + DK~ 78, K,

Now,

J«zz (n—2 {kAzak _ 2Aak+1 }(k + I)Kk (x)j = ﬂ[i{kAzak - 2Aak+1 }(k + l)j

k=0 k=0

n—2 n—2
=) kNa,(k+1)=27)_ Aa,, (k+1)
k=0 k=0

n-2 n—3 k n-2
=) kNa (k+1)-27) Na,, (Z( j+ 1)] —~27Aa, (Z( j+ 1)} ,
k=0 k=0 j=0 j=0

by Abel’s summation formula (3)

n-2 n=3
=Y kNa (k+1)-7) Na,,(k+1)(k+2)—7Aa, n(n—1)
k=0 k=0

n-2

n—-2
=Y kNa,(k+1)—7) Aak(k+1)—7Aa, n(n—1)
k=0 k=1

=—mAa, n(n—1). e (99)
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Therefore, it follows from (98) and (99) that

2

J. (0,.,(x)—G,_,(x))dx = 7Aa, n+— ! mAa, n+rwa, +7Z'LACI n(n=-1)—-=x
n+1 n+1 I+n

Aa,

=7Aa, n+ma, —0 as n— oo, by Lemma 6.

Therefore,
[ (0,000 1@ =[" (0,,(0-G,,()Mdx+ [ (G, ,(x)~ f(x))dx >0 as n—oo .
Thatis, lim|" o, (xdc=[" f(x)dx.

Convergence in the L' norm is more difficult. We shall need some technical
result concerning the Fejér kernels and the (C, 1) mean of a Fourier series.

We shall need to use more general result to do this.
3.3 Proof of Theorem 2 part (3).

We write the (n+1)-th partial sum #, as an integral:
t (x)= 1% + iak cos(or) = - | . f(t){l+icos(k(t—x))}dt,
2 k=1 /ad 2 5
since the limiting function f'is Lebesgue integrable,
_1 [" r@D,(t-x)dt = 1 [" fGe+w)D,@ydu,  -meemmeemeeees (100)
T T

by Change of Variable and periodicity.

Note that (100) is also true for a general Lebesgue integrable function f not
necessarily an even function.

Then the (C,1) mean,

o, (x)= (t (X)+t,(x)+---+¢, (x) _[ f(x+u)—ZD (u)du

:lJ-” f(x+w)K (wydu. —  mmmmmmmmmeeeeees (101)
Ty
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Therefore,

T
T

0, (X) = f(x) = % [ (fG+w) = f(0))K, )du,  =mmmemmmeemmeeav (102)

since lr K, (u)du=1.
72' -7

Before we proceed further, we state a result of Fejér:

Theorem 12. Suppose f'is a Lebesgue integrable periodic function of period
2n. Then f'has a Fourier series (A).

(1) If f is continuous at x, then the (C,1) mean of the Fourier series (A)
converges to f(x);

(2) If f1s continuous on [—x, 7], then the (C,1) mean of the Fourier series (A)
converges uniformly to f;

(3) If fhas a jump discontinuity at x, that is, ,lim ()= f(x_)and

lim f(¢) = f(x,)exist, finite and not equal, then the (C,1) mean of the

Fourier series at x converges to %( FOO)+f(x)) .
Proof. Using (102), we have

0,00~ ) == [ (e~ F()K, )
= %Joﬁ(f(x +u)— f(x))K, (u)du + %J‘Oﬁ(f(x +u)— f(x))K, (u)du
= %J'O”(f(er“)_f(x))Kn(”)d” +%J.:(f(x—u)—f(x))Kn(u)du ,

by Change of Variable and that K,(—u) = K.(u),

:Ejﬂ(f(x+u)+f(x—u) -f(x)jK i

70 2

= EJ.”¢5(x,u)Kn(u)du s mmmmmmemmmmmmomemoe- (103)
7 90

where ¢(x,u):f(x+u);f(x_u)—f(x).
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If fis continuous at x, then given £> 0, there exists 0> 0 depending on x so that

W <E=|f(xtu)— f(X)|<g.  mmmemememeeeeee (104)

Therefore,

and 1t follows that

I05|¢(xou)1<n ()| du < 8[05K,,(u)du <g '[;Kn(u)du = g% R — (106)
Now,
[TlpCrK, @) du < 1, (S [porldu,  wmmrmmnennenes (107)
where
1
/1’1(5) :gg,iK"(x) < 2(71+1)Si1’12(%5) - TTTTTTTTTTTTTTTTTT (108)

Thus, by (103), (106) and (107),

0,0 | =2 [P0 K, () < E[SL 1,8 ”|¢(x,u)|duj e,
0 T\ 2 g

0,0~ f|Z e+ O Poranldu.  wereeeeeeeee (109)

Since the inequality (108) implies that  (5)— 0, it follows from (109) that

0,.(x)— f(x))>0. That s to say, o,, (x)—> f(x). This proves part (1).

If fis continuous on [—7, 7], then fis uniformly continuous on [—z, 7] and so

(104) 1s valid for any x as o> 0 can be chosen for any x such that (104) holds
true.

Note that if A = max |f(x)|, then |g(x,u)|<2M . It follows from (109) that for all

X,

o, (0~ f(x)|<e 2 1,(0)[ 2Mdu <&+ 4M 1, (5) . =-memmmemmmee (110)
T o
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This implies that o, (x) — f(x) uniformly on [-x, #]. This completes the proof
for part (2).

Suppose now fhas a jump discontinuity at x. We may redefine the value of fat

x to be %( f(x)+ f(x,)). Then by the definition of the one-sided limit at x,

there exists 9> 0 so that |u| <5 =|¢(x,u)| <. It follows in exactly the same

manner, using (106) and (107), that o,,,(x) » f(x). This proves part (3).

Completion of the proof of Theorem 2 part (3)

By (102),

0= =~ [ | Fr+u) = K, ().

Therefore,

I

7,0 (x) = f(x)|dx < % j( j| Fx+u)— f(x)|Kn(u)du)dx .

But

J:(J:V(x +u)— f(x)|K, (u)du)dx = _[_7; (fﬂ|f(x +u)— f(x)|K, (u)dx)du ’

by Fubini Theorem for non-negative function,

- J._ﬂﬂ nw)K, (u)du, — -----mmmmmmmmmmmemme- (111)

where n(u)= j| f(x+u)— f(x)|dx.

Note that 77(u) is a periodic, nonnegative continuous function. It is also an even
function but we do not require this fact. That it is a continuous function can be

deduced by the fact that f'can be approximated by a continuous function since it
is integrable (See the next theorem.) Hence n(u)K, (u)is integrable. Note that f

is measurable since it is integrable and so there is an integrable Borel
measurable function g such that g = f almost everywhere on [ 27, 27]. We may

replace f by g and the integral lJ'” |f(x+u)- f(x)|K,(u)du as well as the integrals
Ty

on both sides of (111) remain unchanged. Since g is Borel, g(x + y) is
measurable with respect to the product measure on RxR and so
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lg(x+u)—g(x)|K,(u) is measurable and we may apply Fubini Theorem to

conclude that

_[””(Iﬂﬁ|g(x +u)-— g(X)|K,1(u)du)dx = Lﬂ” (I”Jg(x +u)—-g(x)|K, (u)dx)du

and so (111) follows since

K, (u)dx)du - j( [" e —r o)

f,,(f_ﬁ,Jg(x +u)—g(x) K, (u)dx)du :

By (101), % I_’; n(w)K, (u)du is the (C,1) mean of the Fourier series for 7 at 0.

Observe that 7(0) = 0. We shall prove that 7(u«) is continuous at 0. Indeed
n(u) is continuous on [, 7]. The proof for any u in [, «] is similar. We
require the following approximation theorem:

Theorem 13. Given any ¢> 0, any integrable function g on R may be
approximated by a continuous function ¢ with compact support so that

[ lp(0)-go]<e.

To use this result, extend the domain of f'beyond [ 27, 27] by defining it to take
the value 0 outside [-2x, 27]. Then there exists a continuous function ¢ with

compact support so that | [¢(x)- f(x)|dx<§ . Therefore, [ |p(x)- f(x)|dx<§
and J:|f(x+u)—¢(x+u)|dx<§.
Thus, j| f(x+u)— f(x)|dx
<["|fCerw) = g+ [ £ ()= g+ [ pc+u) - gl
s§+§+j_’;|¢(x+u)—¢(x)|dx.

The function ¢ is continuous on [-27x, 27z] and so it is uniformly continuous on
[-27, 27]. Hence, by uniform continuity, there exists 7 > 0> 0 so that

|p(x +u) — (x)| < 6i for all x in [-7, 7] and for any |ul<&.
T
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Hence, [;|¢(x +u) — P(x)|dx < fﬂédx zg for |ulko and so

j| fx+u)—f(x)|dr<s .

It follows that I_” |/ (x+u)— f(x)|dx -0 as u — 0. This means 7 is continuous at

0.
By (111),

J.

Therefore, since the right-hand side of the above expression is the (C,1) mean of
the Fourier series of 77 at 0 and 7(0) = 0, by Theorem 12 Part (1),

0, ()= f(ex <= [ K, du
I

ij” n(w)K du— n(0)=0.
7Z' -
Hence, by the Comparison Test, we have

and this completes the proof of Theorem 2 part (3).

G,.1() = f(x)|dx —0

We have actually proved the following

Theorem 12*. Suppose fis a Lebesgue integrable function of period 2z. Then
the sequence of (C,1) means of the Fourier series of f converges to fin the L'

norm. More precisely, _[ 10, (0) = f(0)|dx =0

-

3.4 Proof of Theorem 3

Suppose a, — 0 and (a.) = (o, a1, ... ) is decreasing. By Theorem 9, the cosine
series (C),

%ao + Zan cos(nx) ,

n=1
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converges pointwise to a function f (x) in [z, 7] except possibly at x =0. The
function /* is continuous at x # 0.

We assume that ao = 0 and all partial sums involved begin with a; . The series
obtained by integrating (C) term-wise is

i ay siIn(nx). = =emmmemmmemmmememeeeeeeeeee (SC)

n

Since a, — 0 and so n(a—"j — 0 and with this condition, by Theorem 10, (SC)

n
converges uniformly to a continuous function F(x) on R. Note that the series
(C) converges uniformly in [ 6, 27—0] for any 0 < 6 <z. This implies that F'is
differentiable in [-x, 7]—{0} and F'(x)=f(x). Since F'is continuous and so

Lebesgue integrable, by Theorem 11, (SC) is the Fourier series of /. Hence

S At P ——— (112)
n v
Now, for 0 < o<,
| " F(x)sin(nx)dx = {—lcos(nx)F(x)} +f “ L cos(n) fF(x)dx |
s n s 9n
by integration by parts,
_ L cos(nd)F(5) - Leostnm) F () + [ “ L cos(n) F(x)dx . —emmmee (113)
n n Sn

Note that F(xr) = 0 and lim F(6) = F(0)=0. It then follows from (113) that

_on . 1 1 1, (=
lim L F(x)sin(mx)dx = lim=cos(n8) F(8) = —cos(nn) F() +~lim L cos(nx) £ (x)dx

= L os(0)F(0) = Lcos(nz)e0 + Llim [ cos(n) £ (x)dx = l1;m [ cos(nx) £ (x)dx .
n n n 6096 6095
Hence, from (112),
a,w . I L
= jo F(x)sin(m)dx =~ lim L cos(rmx) f (x)dx =~ jo cos(nx) f(x)dx , ----- (114)

where the right-hand side is an improper Riemann integral,
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and so
a, =—lim | cos(nx) f(x)dx = —J. cos(nx) f (x)dx

Thus, once we show that f'has an improper integral that is 0, then (C) is the
Riemann Fourier series of 1.

For0< &<, L F(x)dx = L F'(x)dx = F(r) - F(5)=-F(5). Therefore,
jo” J(@)dx==lim F(5) =~F(0)=0.
Thus, (C) is the Riemann Fourier series of f.
Suppose now that ap # 0. Then if (C) converges to f, ian cos(nx) converges to

n=1

f(x) —% and by the above argument J'Oﬁ( f(x) —%) dx =0 so that

zj”f(x)dxzao.
Via 0

From (114), we obtain, for n > 1.

a7 _
2n

- . 1. ¢ ,
jo F(x)sin()dx = lim L cos(nx)F'(x)dx

_1 | ”cos(nx)£ flx —ﬁde _1 [ cos(mx) f (x)dx
0 2 ndo

n

and we have, as before, a, = zj‘oﬁ cos(nx) f(x)dx for n>1. Note that in
T

interpreting (114) in the context that ap # 0, F'(x) = f(x) —% .

That is to say, (C) is the Riemann Fourier series of its sum function /. This
completes the proof of Theorem 3.

4. Examples

(1) Because the sequence ( j is convex, by Theorem 2 part (4), translated

In(n)

appropriately with the series starting from n= 2, the series
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1
,,Z:;‘ () cos(nx)

converges to a Lebesgue integrable function f'and is the Fourier series of
its sum function /. It does not converge to fin the L' norm. Indeed by (94)
in the proof of Theorem 2 and Theorem 7,

1
In(n)
However, its (C,1) mean converges to fin the L' norm.

tim [ |1, )~ /(0 =lim —— [ |, (0)|dx =lim —— *In(m) = * 0.
n—0 & =1 n—»o0 - T T

> In(n)

The conjugate series

o]

.
Z In(m) sin(7x)

n=2

by Theorem 9, converges to a function g but it is not the Fourier series of g

by Theorem 1 since i !

2 nln(n)

is divergent.

(2) The series

1
; nln(n)

cos(nx)

converges to a Lebesgue integrable function f'in the L! norm by Theorem 2
Part (4).

(3) The series

S|
,Z:z: 0 cos(nx)

converges by Theorem 2, to a non-negative Lebesgue integrable function f

because the sequence (ﬁ} 1s convex. But it does not converge to f'in the
n(»n

L' norm. Indeed, the integral of the modulus of its n-th partial sum #,(x)
tends to infinity. We deduce this as follows. From (94),

. T
hmj
n—ood—1

()= £ () dx =lima, [ |D, (x)|dx

=lim iln(n) by Theorem 7
noo [In(n) 7
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= limi In(n) =

n—0 T

and so limf |t (x)|dx = 0.

However, its (C,1) mean tends to fin the L! norm.

5. Related Results to Theorem 10 and Theorem 1.

There are two results that can be proved or deduced by the methods of Theorem
10. One of them concerns bounded convergence and the other continuity.

Theorem 14. Suppose Aa, >0 for n > 1 and a, — 0. Then the series (S)
converges boundedly on R 1f, and only if, a, =0()or na, < K for all n >1 and

for some K > 0.
Proof.

Suppose (S) converges boundedly on R. Then there exists a real number M > 0
such that for all #» > 1 and forall x in R,

iak sin(kx)|[ KM . —memmmemmmm e eeee (115)

k=1

Take any n>1. Let y= 41 Since a, — 0 and ( a, ) 1s decreasing, a, > 0 for all
n

n>1. Therefore,

2n 2n 2n
> a,sin(hy) > a,, Y sin(hy) > a,, > sin(ny) > na,, sin(%) > 0.

k=n+1 k=n+1 k=n+1

It then follows from (115) that for any n > 1,

na,, sin (%j < i a, sin(ky) < iak sin(ky) =

k=n+1 k=1

<M,

ia . sin(ky)

that is, na,, <<2M . Therefore 2na, <2\2M. Since a,, ,>a,, ,,
(2n—2)a,, , <(2n-2)a,, , <2\2M forn>1. Thus, forn>1,
(2n—-Na, ,=(2n—2)a,, ,+a, , <2\2M +a,, , <2\2M +a,. If we let
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K=22M + a,,then foralln>1, 2n-1a,, <K . It follows that na, <K for

alln>1.

Conversely, suppose there exists K > 0 such that na, <K forall n > 1.

Take any x in (0, ®]. Let N, = [Z} the integer part of 7/x. Then
X

1sN <Z<N +1. By Theorem 9, (S) is convergent on R, i.e.,T(x) = Y a, sin(nx)
X n=1

k
is convergent for all x. Let 7,(x)=> a,sin(nx). We split T (x) into two

n=l
summations according to x using N, . For convenience we drop the subfix and
let N =min(k, Nx) and note that it depends on x.

Let T'(x)= ian sin(nx) and T"(x)= i a,sin(nx) if N <k and empty if N> k. For

n=l n=N+1

the first summation we have

I7'(x)| < ﬁ‘,an [sin(nx)] < iannx sin Y R < P —— (116)

n=1 n=1

From (67) we have

T"(x) =(s5,(x) = sy(x))

k-1
:( Du(x)Aa, +a,Di(x) —CINDN(X)] , by using (67),

:( kzl“ D.(x)Aa, +aka(X)_a1+NDN(x)j-

n=1+N

Therefore, when N < £,

k-1

ECEDY

n=1+N

D, (x)‘ Aa,+a, ‘Dk(X)‘ +a,, y

DN(x)\

S 7 7 z 2 . by using i lity (34
<> ;Aan ta—ta, —= 2a,, — by using inequa ity (34),
n=l+N

<2a, (N+1), since Z<N+1,
X
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<2K. e (117)
Therefore, combining (116) and (117) we have for any x in (0, 7]

L)SQ+m)K e (118)

Inequality (118) is obviously true for x = 0. Therefore, 7} (x) converges
boundedly on [0, 7], i.e., (S) converges boundedly on [0, 7z]. Since the sum
function is odd, (S) also converges boundedly on [z, 0] and hence on [—7, 7].
It then follows by periodicity that (S) converges boundedly on the whole of R.

The next result states that the uniform convergence of the series (S) is
equivalent to the continuity of the limiting function g.

Theorem 15. Suppose Aa, >0 for n > 1 and a, — 0. Then the series (S)
converges to a continuous function on R if, and only if, na, -0 .

Proof.

Suppose na, -0 . Then by Theorem 10 (S) converges uniformly to g on R.

Consequently, g is continuous.

Conversely suppose the limiting function g is continuous. Then g is Lebesgue
integrable and so by Theorem 11, (S) is the Fourier series of g.

We assert that we may integrate g term by term. This is a special case that any
Fourier series may be integrated term by term and the resulting series converges
uniformly.

If we integrate (S) term by term we obtain the following series:

(D) iﬂl cos(nx)) =i&—ia—"cos(nx).
n=1 n n=1 n n=1 n

Since (S) is the Fourier series of g,
SR oSS 1n(mt)
> _Zm (ﬂ jo g(t)sm(mt)dxj j a(t )Z

1
=], g —xds.
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by the Lebesgue Dominated Convergence Theorem, since iw converges
m=l
1 (r—x), O<x<2rm
boundedly to the function #(x) =+ 2 ’ :
0 x=0, 2«

This implies that ia—” is convergent. It then follows that the series (D)

n=1

converges uniformly and absolutely to a continuous function by the Weierstrass

M-test. We now show that it converges to the integral of g, G(x) = on g(tydt .

Observe that G(0) = G(27) = 0 and G is continuous of period 27 and is an even
function. It follows that the Fourier series of G(x) is a cosine series and its
Fourier coefficients A4, is given by

1
7

1 27 oy (27
Ay=— jo G(t)dt = ([G(t)t]o - jo tg(t)dt)

= lJ.zﬂ(;z' —1)g(t)dt since G(0) = G(21)=0,
Y0

and forn>1,

4,= ljzﬂ G(t)cos(nt)dt = l[[sm(m) G(t )} - IM sintne) g(t)dt] ;
/il T 0 0 n

n

by integration by parts,

L o ysin(neyde = -2
nmvo n

Thus the Fourier series of G(x) is given by (D).

Since G is continuous on [0, 2] and its Fourier series (D) is convergent on [0,
2 7], by Theorem 12 Part (2), the (C,1) mean of (D) converges uniformly to G

on [0, 27]. Since (D) converges uniformly, its limiting function is the same as

the limit of its (C,1) mean. Consequently (D) converges uniformly to G.
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Let k be any positive integer,

G(%j = [ g(oydt = i%(l —cos(n %D A (119)

Since g is continuous at 0, g(r) — 0 as t — 0. Given any &> 0, there exists 6> 0

. V4 .
such that |#|< 0 =| g(?) < €. Since T — 0 because k£ — oo, there exists a

positive integer N such that £k > N = % <0 . Therefore,

k>N = ‘G(%)‘ - ‘ [ g(t)dt‘ < ["eldr< " edr = g% R (120)
This means
l}ij{lokG(%j:O. -------------------------- (121)
Now,

n=k a T n=k a 7Z_2 1 n=k 1
“nl l—cos| n=||> gt — = 2na —,
I | I

n=[ki2+1 1 k21 1 n=lk/2]+1

by using inequality (28),

n=k n=k _
> 2na, — =2 > n 2 %(kﬂk/z]ﬂ)

kF R ¢ 2t
> 2 a S 2D % (122)

Therefore, for k> N,

6 Z)-1;" ettrr= 32 1o | (129

n=1
Hence, ka, <2kG (%) for k> N. And so by the Squeeze Theorem and (121),

lim ka, =0.

k— o
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This completes the proof.

The next result concerns the cosine series (C). It gives a sufficient condition for
the Lebesgue integrability of the sum function of (C), whereas the same
condition is a necessary condition for the sum function of (S) to be Lebesgue
integrable.

The method of proof of Theorem 1 proves the following:

Theorem 16. Suppose (a,) is a sequence of nonnegative terms, Aa, = a, — an+1
>0 and a,— 0. Then the limit function or sum function of (C), £, is Lebesgue

integrable if i& <o, If ia—” <o, then (C) is the Fourier series of fand
n=1 n

f £, (x)— f(x)ldx — 0, where #,(x) is the (n+1)-th partial sum of the series (C),

that is, #,(x) converges to f'in the L' norm.
Proof.

Recall from (8) that the (n+1)-th partial sum of the series (C) is
(1) = 3 D(x)Ad, +4,D,(x).
k=0

As deduced in Section 2.6, #,(x) converges pointwise to a continuous function f
on [—72,7[] —{0} . It may or may not converge at 0. We want to show that f'is

Lebesgue integrable on [—7,7].

Since forx # 0, ¢,(x) = f(x), a» — 0 and

D,(x)] <2 by (35),
2x

D NC Y e N — (124)

pointwise and absolutely on [-7,7]—{0}.

Recall from the proof of Theorem 1 (see (84)), that
iln(k)Aak <0 & iﬂ <o,
k=1 k=1 k
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Note that g(x) = i|Dk(x)|Aak is convergent on [—7,77]—{0}. Obviously,

ka(x)Aak is dominated by g. By Lemma 7 part (1) or (51), forn> 1,

k=0
J.—
V4

Therefore, i( f |Dk(x)|dx)Aak <o as we are given that i% <o,

k=0 k=1

D, (x)|dx = i1n(n) +0(1).
T

Therefore, by the Lebesgue Monotone Convergence Theorem, g is Lebesgue
integrable on [—72,7[]. It follows then by the Lebesgue Dominated

Convergence Theorem and (124) that f is Lebesgue integrable on [—7r,7z].

Therefore, by Theorem 11, (C) is the Fourier series of f.

Next, we show that if Z%" <, then (C) converges to fin the L! norm.
k=1

By the Lebesgue Domonated Convergence Theorem,

I_/;‘f(x)—ka(x)Aak dc—>0 asn—>ow. - (126)
Now,
I -5 0,00, 0,0
<[ |- HZ_EDk(X)Aak de+a, [ D(0fdx. e (127)

Since j

D, (x)|dx = iln(n) +0(1), a, > 0and In(n)a, -0 (See (86)),
T

Therefore, by the Comparison Test, using (126), (127) and (128), we have

n—1

[/ G —t,(0)]ebe = j‘ f(x)=Y.D,(x)Aaq, —a,D,(x)|dx —0.

Thus, (C) converges to fin the L' norm. This completes the proof.

51



Remark. We have seen in Example 4 (1) that the series

i ! cos(nx)

nm In(n)

converges to a Lebesgue integrable function fand is the Fourier series of /. As

0

2.

n=2 n ln(n)

is divergent, this shows that the converse of Theorem 16 is false.

Note that it does not converge to f'in the L! norm.
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