A function defined on a finite interval, which is improperly Riemann integrable but not
absolutely integrable and does not satisfy the conclusion of the Riemann Lebesgue
Theorem.

By Ng Tze Beng

The function is modified from a Lebesgue function.

1
For each integer k >0, let a, = 3k4 and for each integer »> 1, let ¢, = —- . Subdivide the
r

T T
interval (0, ] by the interval [, = {—, —:| , k=1,2,--- . Define the function f
ay a4,

in [0, 7] by

F(x) = ¢, sin(agx) forxel, = {1, L}

a, a,,

and f(0)=0.

Note that the sequence ( ¢ - ) decreases to 0 and the sequence (&, ) is increasing and tends to

o0 .,
Then we have:
(1) The function fis continuous in [0, 7].

(2) The Fourier cosine series of f diverges at x = 0. That is to say, if we extend f to an
even function F' (x) in [-7, x], sothat F(x)=f(x) and F (—x)=f (x) for x>0, then the
Fourier series of F diverges at x = 0.

X
. 1L2,0<xﬁﬂ,.. .
(3) The function g(x) defined by g(x) = X is improperly Riemann

0, x=0

integrable on [0, 7 ].

(4) gisnot absolutely Riemann integrable on [0, 7 ] and so it is not Lebesgue integrable on
[0, 7 ].



sm(nt)

(5) The sequence (J: (1) Sin(nt)dt) = (j f(t)——

j diverges. Hence

T
'[0 g(t)sin(nt)dt does not tend to 0 as n fends to infinity. That is to say, g does not satisfy

the conclusion of the Riemann Lebesgue Theorem.

Proof of (1).
By definition, fis plainly continuous in (0, 7 ]. Note that lim f(x) =0. This is because
x—0"

given &> 0 there exists integer N such that foralln>N, 0<c, <& . Take §> 0 such that

T
0<d<— . Then0<x<¢ implies thatx € Ix, k> N and so |f(x)|£ck<cN<8.
Ay

Proof of (2).

In view of Theorem 19 in Convergence of Fourier series, this is equivalent to that the

sequence (J. 1)

s1n(nt)

dtj is divergent. We shall show this later.

Proof of (3).

Observe that:

mlay sin(akx) _
L —Zdx

ay, X k

raylag_, sin u
c I ( )du <¢, K forsome
z u

I i g(x)dx|=

lay

xsin(t
constant K since the integral G(x) = Jo )

dt is bounded in [0, © ). Therefore,

2

SKch:K%<oo (1)
=1

I o g(x)dx

0
Z wlay

k=1

Hence Z .[ i g(x)dx <o,

T T
Forany0<§ <7z —<O0<— and
ay Ay

I g(x)dx = c, J'fr/aklsm(akx) dr +ZC J-fr/anlsm(a x)

wla



la,_, S1 5 la,_
_. Juz aklsm(akx)dx_CkJ‘/ sm(akx)d +ZC J~;za 1s1n(a x) Jx
rlay

k wlay X wla

k

_ ch J-fmn/anl sin(u) di—c, J-akﬁ sin(u) . )

4 u 7 u

n=1

&
Now given any ¢> 0, there exists an integer N such that k£ > N implies that ¢, < ﬁ - (3)

wlay_, . .
Since ZI g(x)dx < o0, there exists an integer M such that

7/ ay

wlay_

" g(x)dx

<£ 4)
5

VA T T
Let L =max (N, M). Thenfor 0<d<——, —<O0<—— and k > L,
a,, a A

‘ JZ g(x)dx — ZJ.://;“ g(x)dx
k=l k

= i o g(x)dx — ’ g(x)dx—i o g(x)dx
- zla, lay = wlay

= —I:/ak g(x)dx — i I ﬂ//a"_l g(x)dx

n=k+1 "

E &
<qK+2< +—=¢

IA

g(x)dx

Ii g(x)dx|+

T L exla;
Hence J.o g(x)dx = Zj / A g(x)dx. This proves that g is improperly integrable in [0,
k:] T ak

7).

Proof of (4).

J-ﬁ/ak l‘g(x)‘dx CkJ‘ﬂ/ak 1 ‘Sln(akX)‘ dx _ CkJ‘/mk/akl ‘Sln(u}‘ (5)

X 4 u
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Now —k_ _ _ 3 e (1) (D) and so

3k3+k2 (k=) tk (k=12 +(k=1)3-1

J-zmk/akl ‘Sln(u)‘ dx = Z J‘(n+1)7r ‘Sln(u)‘ dx

4 u ! 7 u

3k3+k2 (k=) tk (k=12 +(k=1)>-1

D)

—1 J‘(M)ﬁ ‘sin(u)‘ dx

o (n+1)m
S+ (ke (=D 24 (k1)1 )
3,,2
— —Z SZ (1 (3k +k“ (k—1)+k(k— l) +(k— 1) ) 1) > Z k3 111(3)
p— (n+yr x

7lag_ 2 2 s
Therefore, I / g(x)|dx >c,—k’In(3)==kIn(3). Hence Jo | g(x)|dx is divergent
Tlay 7Z' 7Z'

Proof of Claim 5.

sin(nt)

We want to show that I: g(t)sin(nt)dt = I: (@) dt isdivergent. Itis

sin(a,

% t
sufficient to show that J, = Io f(?) )dt —> o0 as k— 0.
t

7l

a sm(akt) ay s1n(akt) sin(a,t)
J j f(6)=—= dtj SOy —=dr+ | flo=—"=dr.

Let J! = j e )sm(akt) dt J = J‘ e )sm(akt) nd
Jm J‘ f(t) Sln(akt)
sm(akt) T oz
.[ ‘f( )‘ dt<a, tegl%/)i | (0‘2 =6t = (k—l——l)2 <l. -—(6)

sm(akt) g J-zr/akl sin®(a,t) g =S J-n/akll—cos(Zakt) i
7lay t 2

e IO

lay 4

C, Jﬁr/ak | 1d Ck J‘”/akl COS(zakt) dt

? zla, ¢ 2

/ay t



_ C_kln(3k3+k2(k—1)+k(k—1)2+(k—1)3 ) _%J"”"kl cos(2a,t) dt

lay t

c 3012 (h— 2 (k1) ¢, (a1 cos(2a,t
:_kln(3k I (k=1)+k (k=1)?+(k-1) )_?kj (24, )dt

lay t

=% SR R k=1 + k(=1 + (k= 1)) In(3) - Sk j”/““—cos(z“k’)

2

/ay t

1n(3) Rk =1)+k(k—1) + (k—1)")— I:/a"']Mdt. -------- 1)

lay, t

By the Second Mean Value Theorem,

jn/ak_. c0s(24,) 4 _ 4 I ¢ cos(2a,t)dt = %[Sin(zakt)]i/a
T k

7lay 4 T Y 7la
T T
for some C such that — < C <—— . Therefore,
ay Ay
¢, (a1 cos(2a,t c, 1
—"j ' 1Ma’t [s1n(2akt)] LS <] e (8)
2 Jzla t dia 472' a4k
It follows then from (7) and (8) that
J, > as k— oo, 9).

k-1

Fork>2, Jm J‘ / f( )Sln(akt) di = ZC J‘ﬂ/a Sln( [)%dz‘

- (10)
= 2 Jdzla, t

Now,

Iﬂ/a 1cos((ak a,)t) " J'l/(ak a)cos((ak a,)t) di+ J-fr/anl cos((a, —a,)t) gt

nla, 1/(ay—a,) t

! cos(u) (a=a,)a,, cOS(U)
—du+ | =4
7(a Kk~ )/an u du 1 u “



B J-fr(ak—an)/anl cos(u) du J'fr(ak—an)/an cos(u) du
1 :

u u

Similarly,

Iﬂ/an_l cos((a, +a,)t) i = W(ag+a,) cos((ak +a,)t) s J‘fr/an_l cos((a, +a,)t) s
nla, { nla, 1/(a,+a,) t
”(akJran)/anfl COS(M) ”(ak+an)/an COS(H)
= —du— j —=d
'[ u ! u
G s Y _ AR Rk (k1741 3

a
Observe that for k>2, and n > k, —&— > >
a -1 a, a_,

n
n(a, +a,) ’ n(a, +a,) ond n(a, —a,)

a a a

n n-1 n

, and so

are all greater than 1. Plainly,

”(ak _an) > ﬂ(ak _an) >1
a a

n—1 n

, . ' ©cos(u)
Since the improper integral J 1

du is convergent, the function
u

xcos(u)

o=

du is bounded, say by U. It follows that, for k> n,

Jvr/a 1 cos((a, —a,)t)—cos((a, +a,)t) "
nla, t

<4U .

2

ch U<2UZC = ?<oo

"
Hence,

Thus, since J, and J k"’ are uniformly bounded and J; —> o0 as k — o0, it follows that

sin(nt
( )dl‘ diverges.

J,—>® as k—>o0. Hence j 2(¢)sin(nt)dt = j £



