Convergence of Fourier Series

By Ng Tze Beng

This article is about convergence of Fourier series. Pointwise convergence, uniform convergence,
(C,1) summability and convergence almost everywhere will be discussed. We divide this note into
three sections. In Section A we set up the notations and describe the concepts involved while in
section B we describe some results in Lebesgue theory. In Section C, we give necessary and sufficient
conditions for convergence, uniform convergence and (C,1) summability. Some tests and sufficient
conditions for uniform convergence for function of bounded variation are derived. Application to
sectionally continuous functions is given. We have included Féjer Lebesgue Theorem which gives a
sufficient condition for the (C,1) summability of Fourier series and some theorems concerning (C,1)
summability and convergence almost everywhere.

Section A. Definitions, Notations and Preliminaries

Definition 1.

Let fbe a Lebesgue integrable periodic function of period 2.

It is convenient to assume that f'is defined for all values of x in [0, 27] and by
periodicity to all of R. We may need to define values of fappropriately where
it is not defined in [0, 27] and extend to R by periodicity.

Then we have the following formula for the definition of the coefficients

of a Fourier series of f:
an=l.[2”f(x)cos(nx)dx,n=0, 1,2, .... =———mme- (1)
T 0
b :ljz”f(x)sin(nx)dx, n=1,2,....  cccceeeee (2)
7790
Consider the series
T(x)= %ao + i(an cos(nx) + b, sin(nx)) = %ao +D A,(x) . ==mmmmme- (A)

If a, and b, are given by (1) and (2), then 7(x) is called the Fourier series of the
function f.



Note that we assume the function fis integrable in [z, 7] so that (1) and (2) are
meaningfully defined. Thus (A) is a Fourier series if it is the Fourier series of
some integrable function f, otherwise it is called a trigonometric series, 1.e.,
when the coefficients, a,, b, of (A) are not known to be given by (1) and (2).

The trigonometric series 7(x) may or may not converge and may not be the
Fourier series of its limiting function. When 7(x) is a Fourier series it may not
converge at all points. Kolmogorov showed that there exists a Lebesgue
integrable function f whose Fourier series diverges at every point.

If we assume nice convergence for the trigonometric series, we do have some
positive result. This is Theorem S below.

Theorem S. If the trigonometric series 7(x) converges uniformly to a function
£, then it is the Fourier series of its sum function f. More is true, if 7(x)
converges almost everywhere to a function f'and the n-th partial sums of 7(x)
are absolutely dominated by a Lebesgue integrable function, then 7(x) is the
Fourier series of /. More precisely the n-th partial sum converges to fin the L!
norm.

We note that in all two cases of Theorem S, the limiting function f'is Lebesgue
integrable and the trigonometric series 7(x), by using either the consequence of
uniform convergence or the Lebesgue Dominated Convergence Theorem, can
be shown to be the Fourier series of /. The convergence to fin the L' norm is a
consequence of uniform convergence for the first case and in the other of being
absolutely dominated by a Lebesgue integrable function.

In this note we are concerned mainly with Fourier series. Where trigonometric
series 1s meant, it will always be specified.

Definition 2.

Suppose ( @, ) is a sequence. The Cesaro I or (C,1) means of the sequence is
defined to be

1
:m(SO+S'+W+S")’

n+l

where s, => a, for n>0.
k=0

Forn>1, let



be the sum of the first n +1 terms of the Fourier series 7(x) and #,(x) = %ao.

The (C,1) means of the Fourier series is then given by
1
G, (1) == (1 (D) +{(x) +-48,(x)) . —mmmmemmmmemees 2)

If 0,(0)—> s, then we say the Fourier series 7(x) is (C, /)-summable to s at 6.

We are concerned when 7(x) is a Fourier series of f, if #,(x) is pointwise
convergent, uniform convergent or boundedly convergent and if it converges to
the function f. We are also concerned with the pointwise convergence, uniform
convergence and almost everywhere convergence of the (C,1) sums o, (x) of

T(x).
Summation formula

We use Abel’s summation technique. For this we reproduce the following
material from my article Fourier Cosine and sine series.

Abel’s Summation Formula.

Suppose (a. ) and (b,) are two sequences. Let s, = ibk . Then we have the
k=1

following summation formula:

n n—1
Zakbk = Z(ak - ak+l )Sk + ansn
k=1 k=1

= Z(ak D L B (3)

k=1

For the truncated sum we have:

q g-1
Zakbk = Z(ak _ak+1)S'k +aqs'q s TTTTTTTTTTTTTTTTTTTTTTT (4)
k=p

k=p

k
where s\, =>b , k>p.

Jj=p



Estimates of the sum are expressed in the following technical lemma.

Lemma 3. Suppose ( a ) is a decreasing sequence and a, > 0 for all n. Then

n
;akbk S@max|s, | -om-eommeomneoeee- (5)
q

and kzakbk e (6)
=p

The proof can be found in Fourier Cosine and sine series.

Summing the Fourier Series

Dirichlet and Fejer Kernels
Definition 4.

Consider the (n+1)-th partial sum of the Fourier series 7(x),

t (x)= %ao + Zn:(ak cos(kx) + bsin(kx) ) = %J: f(t){% + icos(k(t — x))}dt

=l_‘-” S(O)D,(t—x)dt = ! J-” f(x+u)D, (w)du,  ------- ---- (8)
i x

Tz
by Change of Variable and periodicity,

where

D,(x)= % + icos(kx) ———————————————————————————————————— 9)

for n > 0 and Do(x) = Y.

Dy(x) is called the Dirichlet kernel. Note that D,(x) is defined and continuous
for all x in [-z, #]. We shall use this form of the (n+1)-th partial sum of 7(x) to
investigate convergence of 7(x).

The (C,1) mean of 7(x),



0,100 = (W) () w41, 0) = [ F )= 37D
_1 [ Fetw)K, (@)du,  —mmemmemmem e (10)
T -
where
1 n
K () == " Dy(t), =oreomereomreremeereceeeece (11)
k=0

is called the Fejér kernel.

We now describe some properties of the Dirichlet and Fejér kernels.

Now, 2sin(1x)D,(x) =sin(%x) + i 2sin(3 x) cos(kx)

k=1

—sin(tx)+ > (sinky + $x) —sin((k — )x + 1))

k=1
=sin(3x)+sin((n +3)x) —sin(3 x) =sin((n + $)x) .
Thus, for x # 0 and x in [z, 7], or 0 <x <2,

e Pt (G —— (12)

2sin(5 x)

1 1 1 1
Observe that 1im S22 _y (1+5)cos((+3)x)
=0 2sin(3 x) x>0 cos(4x)

n+i=D (0)

n

and the Dirichlet kernel in its functional form (16) is continuous at 0.

For the estimate of the Dirichlet kernel it is useful to consider the modified
Dirichlet kernel defined by

D, (x)=D,(x)—4cos(nx)

_ sin((.n +3)X) Lcos(nx) = sin((n +3)x) - cos(nx)sin(; x)
2sin(4 x) 2sin(4 x)

_sin(nx)cos(3 x)
2sin(4 x)




_ sin(nx)
2tan(4 x) .

Note that the modified Dirichlet kernel is continuous in [—z, 7] and

D (0)=n and

D (7)=0.

The Fejér kernel has too a useful functional form. Using (12),

_ I 3 1 Gsin((k+5)x)
K= n+1,§Dk(x) - n+1,§4 2sin( x)
1
PR (2 Zsm((k +1)x)sin(4 x)
1 1 " cos(kx) —cos((k +1)x)

2

B n+12sin’*(1 x) =

1 T-cos((n+1)x)
n+l

4sin’(1 x)

1 2sin’(3(n+1)x)

T+l 4sin’(lx)
2 Jsin(3(n+1)x)
n+1| 2sin(§x)

I

2

The Fejér kernel in its functional form (15) is continuous in [z, 7].

Since D, (0)=k+1

Note that from (9),

J: D, (x)dx = J‘; % dx + ifﬁ
k=1

and so

and

%J””Kn (x)dx=1.

1 1 1 1 n
sK 0)= D (0)=—— k+—)=—+4—
,(0) n+1§ . (0) n+1§( =3

z 1 &
.L; K, (x)dx = mkzz(;f_”

5

cos(kx)dx =rm

1 n
D(x)=—>rn=nx
L (%) n+1;

(15)



Useful properties of trigonometric functions

Lemma 5.
(1) Forallx, [sin(x)|<x|; [sin(x)|<x forx>0. ----mmmmmmmmmmeaaen (19)
(2) Foro<x s% , sin(x) > 2 (20)
T
2
(3) For 0<x<r, 1—cos(x)22%. ............................ 1)
(4) Forallx, 1-cos(x)< %xz N — (22)

1

. Then A(x) is continuous, bounded and
2tan(3)

(5) Let h(x)=+—
X

increasing on (0, m), lilg h(x)=0, lim A(x) = l, so that 0 < A(x) < 1/m and
X—> X /4

sup h(x) = 1 . In particular, I _ l+0(1) in (0, 7).
0<x<rm T 2 tan %) X

Consider the problem of the Fourier series 7(x) converging to ¢. Our aim is to
examine when the difference 7, (x)—ctends to 0 and formulate conditions for

pointwise, uniform or almost everywhere convergence. The difference has a
nice integral form in terms of the Dirichlet kernel function.

tn(x)—c:l_[” (f(x+u)—c)D,(u)du , -=-=-======-=-- (23)
Ty
since l_[” D, (x)dx=1.

-7

We shall do the same for the problem of (C,1) summability of the Fourier series
T(x) to c. The difference o, (x)—c too has a nice integral form in terms of the

Fejér kernel function.

L C) T L yC T W 7 V—— (24)
|

s
T

. 1
since — I K (x)dx=1.
7Z' -



Section B Lebesgue Theory and Mean Value Theorem

We shall need a generalized form of the Lebesgue Riemann Theorem. This is
used to show uniform convergence and to show that the problem of
convergence, be it pointwise, uniform or boundedly, only depends on the local
behaviour of the function. Results from Lebesgue integration theory will be
used.

We shall state some of the well-known results without proof.
Theorem 6. (Uniform continuity of the Lebesgue integral)

If g 1s Lebesgue integrable over the measurable set £, then given any &> 0,
there exists 0> 0 such that for any measurable subset U in E,

m(U)<5:>IUg<g.

Theorem 7.

Suppose g is Lebesgue integrable on an interval containing [a, b] or g is
Lebesgue integrable on [a, b] and g is formally extended to an interval
containing [a, b] by defining g to be 0 outside [a, b]. Then

. b
%L |g(t+h)—g(t)|dt =0.
Theorem 8. Suppose g is Lebesgue integrable on [a, b]. Let G(x) = jx g(t)dr.

Then G is absolutely continuous on [a, b], differentiable almost everywhere

and G'(x) = g(x) almost everywhere on [a, b].

Definition 9. Suppose g is Lebesgue integrable on [a, b]. A point x in [a, b] is
a Lebesgue point of g if J.Oh‘ g(x+1)— g(x)‘dt =o(h) or equivalently,

1k
%Zjo lg(x+1)—g(x)|dt =0.

The Lebesgue set of g: [a, b] = R is the set of Lebesgue points of g in [a, b].



Almost every point of [a, b] is a Lebesgue point of g. This is a consequence of
the following more general result.

Lemma 10. Suppose g: [a, b] »> R is Lebesgue integrable. Then for any cin R,

1
lim-
t—0 t

j(:| g(x+u)—c|du=|g(x)—c| for almost all x in [a, b]. More precisely,

there exists a subset £ of [a, b] of measure 0 such that

limljg|g(x +u) —c|a’u = |g(x) —c|

=0

for all x in [a, b] — E and for any c in R.

Proof. For any rational number p, there exists a subset E, of zero measure in [a,
b] such that for all x in [a, b] — E,

. Lt
11m—.[0‘g(x+u)—p‘du :‘g(x)—p‘.

=0 ¢

This 1s deduced by noting that
G(x+1)—G(x)

1 1 px+
;Jot‘g(x+u)—p‘du :;L t‘g(s)—p‘ds =

where G(u) = ju‘ g(s)— p‘ds . By Theorem 8, G is differentiable almost

everywhere in [a, b]. Therefore, there exists a set of measure 0, E,, such that

for all x in [a, b] — E,, G'(x) =lim

t—0

AEEDZEE) o)~ pl.

Now let E = U E,. Since the set of rational numbers is countable, £ is a
peQ

countable union of sets of measure zero and so is also of zero measure. In
particular for all x in [a, b] — E and for all rational number p in [a, b],

. Lyt
llm—Io‘g(x+u)—p‘du=‘g(x)—p‘.

=0



Suppose now x is in [a, b] — E and f1is irrational. We want to show that

1im1j0’\g(x+u)—ﬁ\du —|g(x)-A].

=0

Given any &> 0, by the density of rational numbers we can choose a rational
number p in [a, b] such that

Note that for ¢ # 0,

1 ¢ 1 et
‘;Ug(x+u)—ﬂ|du—;j0|g(x+u)—p|du

<= [[l(gtx+w=p)~(gCr+u) - p)ldu=='|5 - plau=|5 - pl < £~ (26)
Thus, for ¢ # 0,

<

‘1 J{lgCr+) - Bldu g -

| 1 et
;J.O‘g(x+u)—,8‘du—;jo‘g(x+u)—p‘du

+

+||lg(x) - p|-|g(x)- |

[l e+ pldu =g~ p]

g |l
<S+[ [ leGrw = pldu=|g(0) - p|+|5-p

2
<—&+
3

e - plau-lg-pl. e @)
by using (26).

) |
Since lim-
t—0 t

Lt‘g(x +u)— p‘du = ‘g(x) — p|, there exists 0> 0 such that

1 et
0<|t|<5:‘;jo‘g(x+u)—p‘du—‘g(x)—p‘<§. —————————— (28)

It follows then from (27) and (28) that there exists 6> 0 such that

10



O<|t|<5:>‘%Jg‘g(x+u)—ﬂ‘du—‘g(x)—ﬁ‘ S§8+§=8.

. 1t
Hence, ltlf(};,[o‘g(er”)_ﬂ‘du =|g(x)-p|.

The next technical result, which proves to be very useful, is the Second Mean
Value Theorem for integral. We state the generalised version of the theorem
here without proof. A good reference is Hobson’s classic, The theory of
Functions of a Real Variable and the Theory of Fourier’s Series and the
improvement of Dixon in The Second Mean Value Theorem in the Integral
Calculus in Mathematical Proceedings of the Cambridge Philosophical society,
25, 1929, 282-284.

Theorem 11 (Generalised Second Mean Value Theorem).

Suppose f'is Lebesgue integrable on [a, b] and g: [a, b] — R is monotone.

Then

i) [ fgd=g@)] f@)dx+g®)[ f(x)dy -wreomeme (M)
for some C witha < C<b;

(11)) (M) holds with a < C < b except in some trivial cases, where g(x) is
constant in the open interval (a, b);

(i11) (M) holds with g(a) and g(b) replaced by 4 and B respectively so that

A, x=a,
the function /(x) =< g(x), a <x<b, is monotone; i.e.
B, x=b

fb f(x)g(x)dx=A LC f(x)dx+B j z F(x)dx

for some C with a < C < b, except in some trivial cases where g(x) is constant in
the open interval (a, b); 4<lim g(x),B > lim g(x) if g is non-decreasing and
x—a* x—b~

A>1lim g(x),B < lim g(x) if g is non-increasing.
x—a* x—b~

11



We use Theorem 11 in the following special case which we state below.

Corollary 12. Suppose fis Lebesgue integrable on [a, b] and g: [a, b] > Ris
monotone. If g is non-negative, non-increasing and greater than or equal to 0,
we can take B =0 and 4 = g(a); if g is non-negative, non-decreasing and greater
than or equal to 0, we can take 4 = 0 and B = g(b). This is sometimes called the
Bonnet’s Mean Value Theorem.

Theorem 13. (Riemann Lebesgue Theorem)

Suppose f'and g are function of period 2 and that f'is Lebesgue integrable and
g is of bounded variation. Then for any a, b with — 7<a <b < rand any &,

Lb f(@+1t)g(t)cos(nt)dt and Jj f(@+1)g(t)sin(nt)dt

both tend to 0 uniformly in a, b, and & as n tends to co. Moreover, both
sequences are uniformly bounded in a, b, € and n.

Proof. We shall prove only the conclusion for J.b f(@+1t)g(t)cos(nt)dt. The

proof for the other sequence is analogous.

Suppose first that g is the constant function g(¢) =1 for all #. Then

Lb (0 +t)cos(nt)dr = jb F(O+s+=)cos(ns + 7)ds
= —jb:ff(e + 5 +Z)cos(ns)ds
[ f(O+s+2)cos(ns)ds + [ f(O+s+5)cos(ns)ds

—j: f(@+s+Z)cos(ns)ds .
Hence,

2 jb F(O+1)cos(n)dt = jb( F(0+5)— f(0+s+2))cos(ns)ds

12



+[ f@+s+)cos(us)ds [ f(O+s+5)cos(ns)ds.
It follows that

b
a

jjf(0+t)cos(nt)dt =%J‘ (f(l9+s)—f((9+s+%))cos(ns)ds

+%{Ibzf(9+s + Z)cos(ns)ds —J‘:Zf(6’+s +§)cos(ns)ds}.

-------------- (29)
Therefore,
‘ jb f(t9+t)cos(nt)a’t‘ < % jb\ f(O+5)— f(O+s+)ds
+%{Lb_z\f(<9+s +2)ds + L”_:\f(m s+ %))ds}
_ lj‘bw‘f(f) _ f(t + g)kh‘ 4 +1{J.b+9+z‘f(t))dt 4 J.a+6+z‘f(t))clt}
2 Ja+o " 2 |Jb+o a+
1 ¢7 1 ( po+o+= a+O+=
< Ej_ﬂ\f(t)—f(t+§))dt++§{jb+9 No‘zam \f(t))dt}.
----------------- (30)
By Theorem 7, there exists N such that
n2N= [ |f() = fU+DW <& -memmemrmmemmemes (31)

and by Theorem 6, there exists M such that for all » > M and for any a, b or 6

[ ok [0 < S+ S -

Let L = max{M, N}. It follows then from (30), (31) and (32) that for any a, b or
6,

b E &
n2L:>U f(l9+t)cos(nt)dt‘<5+5:8.

13



Hence, jb f(6+t)cos(nt)dt — 0 uniformly in a, b, and 6.

Observe that
‘ j” £(O+ t)cos(nt)dt‘ < j”\ f@+0jde< " |f@+0ldr=["| /Ot <.

Therefore, I ’ f(0+t)cos(nt)dt — 0 uniformly and boundedly in a, b, and 6.

Now suppose g is of bounded variation on [—7, 7]. Then g is the difference of
two decreasing functions. Thus, we may write

§=-81—82,

where g1 and g; are bounded and decreasing. We may choose g1 and g> to be
both non-negative on [—7, z]. Then

j” (0 +1)g(r)cos(nt)dt = jb £(O+0)g,(1)cos(nt)dt — jb £(O+0)g,(t)cos(nt it .

By the Generalized Second Mean Value Theorem or the Bonnet Mean Value
Theorem,

["£(0+g,(t)cos(uirdt = g,(@)[” £(O+)cos(nrydr, - (34)
for some ¢, with a < ¢, < b and
jb (0 +0)g,(t)cos(nt)dt = gz(a)Ld" R ) — (35)

for some d, with a <d, <b.

Therefore,

‘ [ 16+ g@)cos(nryir

<g(a) j f(O+ t)cos(nt)dt‘

+g:(@|[[" f(O+)costnn].

14



Now g1 and g; are bounded above and so both are bounded above by some
constant K. We may take K = max{g,(-r),g,(—7)}. Hence

‘ j:’ F(O+0g() cos(nt)dt‘ < K‘ [ 1@+ cos(nt)dt‘ + K‘ j" £(O+1)cos(ni)d|.

By the first case that we have just proved, given &> 0, there exists N such that
for any a, b, and 6,

b &
n ZN:‘L f(6’+t)cos(nt)dt‘< T

It follows then that for any a, b, and 6,

2Ke
2K +1

n>N= ‘ ["r@+0g cos(nt)dt‘ < <e.
This means | £(6-+1)g(t)cos(nr)dt —0 uniformly in a, b, and 6

Moreover,

jb £(O+0)g(t)cos(nt)dt

<2K J:” ‘ f (t)}dt <. Therefore,

_[ ’ f(@+1)g(t)cos(nt)dt 1s uniformly bounded in a, b, 8 and n and

I ’ f(@+1)g(t)cos(nt)dt — 0 uniformly and boundedly in a, b, and 6.

Uniform boundedness of the integral of the Dirichlet kernels, modified
Dirichlet kernels and related integral.

Theorem 14. For ¢in [0, 7], the integrals

£ £ 81 1 - £ Sl
[ D, =[22D0 4y [ ey = [ 32y gng
0 0 2sin($?) 0 0 2tan(1¢)

J—s sin(nt)

0 dt are uniformly bounded in n and ¢.

15



e 1 1 . . :
I - ————  [sin(n?)dt is uniformly bounded in # and £ and tends to 0
ol ¢t 2tan(5¢)

uniformly on [0, 7].

Proof. By Lemma5, A(¢) = Lt is continuous, bounded and
t 2tan(41)

increasing on (0, 7). Note that limA(¢) =0 and lim A(z) = l Therefore, by the
—0" t—>7” T

Second Mean Value Theorem (Theoreml1), for any ¢in (0, 7],

(11 . N
| [_ - m} sin(nt)dt = h(z) | sin(nt)dt

A

for some C with 0 < C < r,

g

= h(e)[—%cos(nt)} = h(g)(%cos(nC) — %cos(ng)) :

c

Therefore,

¢ 1 | 2
) (z‘mjm(””‘” UGG Rt

for all n and for all in [0, 7], Since —— >0, [ LU \sinmodr
nrx ot 2tan(51)

tends to 0 uniformly on [0, 7].

Now, '[Og sin(nf) dt j s1n(u) ———=du by a change of variable. Let
G(x)= I sm(u) du. 1Itis well known that G(x) —)I sm(u) du = % as x —oo,

This means that G(x) must be bounded on [0, o). It follows that
J~s sin(nt)
0 t

dt = G(n¢) is bounded for any ¢in [0, ) and for all positive integer 7.

sin(nt)

That is to say, J- »

——=dt is bounded uniformly in ¢in [0, ) and 7.

Since

16



J-s sin(nt) di— r D' (t)dt = stm(nt) di — J-s sin(nt) dr
o ¢ 0 o ¢ 0 2tan(5 1)

el 1 1 :
= IO [; — mj sin(nt)dt

converges uniformly on [0, 7] to 0 as n tends to infinity, it follows that

¢ sin(nt)

J.SD:(t)dt = I dt 1s uniformly bounded in # and ¢.
0 0 2tan(4¢)

and so

Now .[:Dn(t)dt_ J‘Og D’ (t)dt = J.Og % cos(n)dt = %[sin(nt) T _ sin(né)

no 2n

‘ jog D (f)dt— J: D’ (t)dt

1 & £ 4 .
<—. Hence j D (t)dt —I D, (¢)dt — 0 uniformly on
2n 0 0

[0, 7] to 0 as n tends to infinity. It then follows that J: D, (t)dt 1s uniformly

bounded in » and ¢.

This completes the proof.

Section C Convergence Conditions. Convergence
Theorems.

We shall formulate the condition for convergence of Fourier series in terms of
the Dirichlet kernel function and related much friendlier functions. To derive
convergence condition for function which is of bounded variation, the following
estimation result, in terms of the total variation function, is crucial in some of
the proofs below.

Theorem 15. Suppose 4 is a function of bounded variation on [0, 2] such that
lim A(x)=h(0+)=0 . Then for any 0 < 7< 0< 27, there is a constant K such
x—0"

that for all 1> 0,

sin(Ar)
4

‘ ["h(o) d| <KV, (0,5)

17



where V, (0,x)1s the total variation of / in the interval (0, x).

h(u), u>0
limA(t)=0"

t—0"

Proof. Let g: [0, 2] — R be defined by g(u) :{ Then g is
continuous and is also of bounded variation. Note that the total variation
function of /4 is the same as the total variation function of g. Let Pg(x) denote
the positive variation of g on [0, x] and Ng(x) be the negative variation function
of g on [0, x]. Then both P,(x) and Ny(x) are non-negative increasing functions,
g(x) = Py(x) — Ng(x) and the total variation function of g, V[0, x] defined to be
the total variation of g on [0, x], is equal to Pg(x) + Ny(x).

Then for any 0 < 7< 6 < 2x, by the Second Mean Value Theorem (Theorem
12) there exists n with 7< 77 < ¢, such that

J.éP(t)Md :P(a)fsm(mdt.
v # t £ n t
Hence,
s sin( At s sin( At
[ Pg(t)%t £Pg(5)‘.[n#dt <2DP.(5), - (36)
: x sin(¢) :
where D is a bound for G(x) = IO Ta’t as shown in Theorem 14.

Similarly, we deduce that there exists 7" with 7<7'<J, such that

‘ f N0 sin(tﬂ,t) "

SNg(é)‘ j: smg/u) r

<2DN (). --emener (37).

Consequently, using (36) and (37), we have

s sin(Ae) | |ps  sin(Ar) | |¢e B sin(A1)
‘Lh(t)—dt t‘—f,g(t) t dt—‘jT(Pg(t) Ng(t)) t dt

ro

J‘jNg 0 singlt) dt‘

IA

JyT

sin(At)
P (2) fdt +

<2D(P,(8)+N,(5))=KV,[0,5]=KV,(0,5),

where K = 2D.
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This completes the proof of Theorem 15.

Suppose f'is periodic of period 27 and is Lebesgue integrable on [, 7] and
therefore, integrable over any finite interval. Suppose

2

n=1 =

T(x)= %ao + i(a” cos(nx) + b, sin(nx)) = lao + iAn (x)

is its Fourier series and ¢, (x) = %ao + " A4,(kx) 1s the sum of its (n+1) terms.
k=1

Let ¢ be any real number, then from (23) we have
1 V4
f,(x)—c=— L{( f(x+u)—c)D,(u)du
= lJ.”(f(xwLLt)—c)Dn(u)du +ljo (f(x +u)—c)Dn(u)du
7 J0 T

N lr(f(“”)_c)Dn(“)d” ‘ljo(f(x—s)—C)Dn(—s)ds , by a change of variable,
70 T
- %J‘:(f(x +u)—c)D, (u)du+ %J.Oﬂ(f(x —u)—c)D,(—u)du

- %I:(f(x +u)—c)D,(u)du+ ij.:(f(x —u)—c)D,(u)du,
since D,(u) 1s an even function,
=lj”(f(x+u)+f(x—u)—2c)Dn(u)du
V4l

:lj”(f(x+u)+f(x—u)—20)wdu- --------------------- (38)
90

2sin($ u)
For a fixed c and x, let g (?) =%(f(x+t)+f(x—t)—20)

Then from (38) we obtain

tn(x)—c:lrgc(u)wdu. ---------------------- (39)
T do

sin($u)

19



Hence a necessary and sufficient condition for the Fourier series at x to
converge to ¢ is

sin((n +$u)

lr sin((n +$)u)

pul g.(u) snCim0) du— 0 or, equivalently, I: g.(u) sinCin) du—0.
It follows that
T i + 1
ORI WA Sl (GRS V) (40)
0 sin(3 u)
Now, for0 < o< 7,
7 sin (n + 2)u s1n (n + 2)u) 7 sin((n +§)u) _______
IO &=ty sin(1u) _J. sin(u) du+L g.() sin({u) - @1
For a fixed owith 0 <6< 7,
7 sin((n + %)u) 7 . ,,
[" g.)y———==du = g.(u)cot(u)sin(me)du+ | _g.(u)cos(mu)du .~------ (42)

sin({u)
By the Second Mean Value Theorem (Theorem 11), for some a(x) with
o< a(x) <,

[ 8. () cot(3)sin(mu)du = cot(} ) j:(’” O —— (43)

Now by the Riemann Lebesgue Theorem (Theorem 13),

““ ¢ (u)cos(nu)du — 0 and [ 2. (wysin(uydu —0

boundedly and uniformly in » and x.

It follows then by using (42) and (43) that for any arbitrary o with 0 < 6 < r,
J:,r ) sin((n +$)u)

- du— 0 as n tends to infinity.
sin({u)
Thus, we have proved the following theorem.

Theorem 16. A necessary and sufficient condition for the Fourier series 7(x) of
the function fto converge at x to the value c is that there exists a fixed o such
that 0 < 6<m and
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s sin((n +4)u)

J, g

- du—0.
sin( u)

Theorem 16 is about convergence at a point.

Now we investigate condition for bounded convergence and uniform
convergence.

Let E be a subset of [—7, 7] and suppose c is a function defined on £. The
Fourier series at each point x of £ converges to c(x) if, and only if, there exists o
sin((n+1)u)

, du — O0pointwise on E.
sin(§u)

with 0 < 5< 7, j: 2o (1)

Suppose now c(x) is bounded on E by M, i.e., |c(x)| < M for all x in £. For all x
in E,

sin ((n + %)u)
sin(§u)

() > c(x) < [ g, @) di—>0.  eeemmeenee (44)

Following (41) we obtain

sin((n +1)u

)du _ J-ag L@ sin((n +1u

)du+'f”g( o sin((n +Lu)

J.O gc(x)(u) du .

sin(3 u) sin(3u) sin(5u)

We shall show next that the second integral on the right of (45) for a fixed 6> 0
tends to 0 uniformly in x for x in E.

From (42) we get

sin ((n +Du

[ 2o ) = [ 2.0 ycotGuysin(miydu+ [ g, . (u)cos(mu)du . ---- (46)

sin(3u)
The second integral in the right-hand side of (46),

L ooy (u) cOS(nut)du = %L (f Ce+u)+ f(x—u) = 2¢(x)) cos(nu)du

=L+ ) costmidu (o) costmyaa
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= % [ (fCe+w)+ £ (x =) cos(mu)du + €9 Gin(ns) .
g n

Therefore,

JA: gc(x)(u) cos(nu)du

< %‘ L( FOe+u)+ f(x—u))cos(nu)du

+ l|c(x)|
n

< %‘ L( Fe+u)+ f(x—u))cos(nu)du

T —— (47)
n

Moreover,

J.;gc(x)(u)cos(nu)du S%I:(|f(x+u)|+|f(x—u)|)du+%M SJ.0”|f(u)|du +M .

Now by Riemann Lebesgue Theorem (Theorem 13),

— 0 as n tends to oo uniformly and boundedly in 6

U;(f(x +u)+ f(x—u))cos(nu)du

and x and so for a fixed 0 < 6< 7,

— 0 uniformly and boundedly on E.

U:(f(x +u)+ f(x—u))cos(nu)du

It follows from (47) that for a fixed 0 < 6 < 7,

JZ .o m)cos(mu)du — Ouniformly and boundedly on £, ---------- (49)
For the first integral in the right-hand side of (46) following (43), we have
[ g ycotGusin(uuydi =cot(b8)[ " g, (wsin(mudu, === (50)

where 0 < a(x) < .

We can prove as above by invoking the Riemann Lebesgue Theorem (Theorem
11) that for a fixed 0 < 6 < 7, since c(x) is bounded on E,

a(x)

5 8. W)sin(nu)du —0 uniformly and boundedly on E.

Thus, from (50) we see that

Jj .o (W) cot($u)sin(nu)du — 0 uniformly and boundedly on E.
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Therefore, it follows from (46) that for a fixed 0 < o< 7,

sin((n + %)u)

_ du — 0 uniformly and boundedly on E. ------- (51)
sin(3u)

J“:gc(x)(u)

It then follows from (45) and (51) that if ¢(x) 1s bounded on E the Fourier series
sin((n + %)u)

. du — 0 boundedly
sin(3u)

converges boundedly on F if, and only if, '[: ey ()

sin((n + %)u)

on E and it converges uniformly on E if jj Gy () — T
sin(u

du — 0 uniformly

on E. We have thus proved the following theorem.

Theorem 17. Let E be a subset of [-7, 7]. Let c: E — R be a finite function.

(1) A necessary and sufficient condition for the Fourier series 7(x) of the
function f'to converge pointwise to ¢(x) on E is that there exists a fixed 6 such
that 0 < o< rand

: L
sin((n+3)u) du—> 0 pointwise on E;

5
J.O gc(x)(u) sm(%u)
(11) Suppose c is bounded on E. A necessary and sufficient condition for the
Fourier series 7(x) of the function fto converge boundedly to c(x) on E is that
there exists a fixed o such that 0 < 6 < rand

. : 1
J' ’ Zetn) u)wdu — 0 boundedly on E;
0 sin(3 u)
(i11) Suppose c is bounded on E. A necessary and sufficient condition for the
Fourier series 7(x) of the function fto converge uniformly to c¢(x) on E is that

there exists a fixed o such that 0 < 6< rand

J.jgc(x) 0 sin((n+4)u)

_ du — 0 uniformly on E.
sin(3 u)

Our next goal will be to obtain simpler integrand for the integral in the last
theorem. We shall do this in stages.
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We would like to replace the integrand gc(x)(u)—Sin ((n(jr 5))”) b
sin(3u

1 1
gc(x)(u)w. Notice that the convergence behaviour of

sin((n+1)u)

, du 1s the same as that of
sin(3u)

J'05 gc(x)(“)

sin((n + %)u)

Jj gc(x)(u)st(%u)du = .[05 &emW)D, (u)du .

Now,
Jjgc(x)( )Slr;(s(jl—(i»u _J. e (1 )Ma’u
1.
J. gc(x)( )[25111(1u)_;]sul((n"'%)u)du- ________________________ (52)
1 1

Let 4: (0, 7] — R be defined by h(u) = ——. Thenfor0<u<r,

2sin(Fu) u

, 1 cos(¥) 4sin*(%)—u’cos(¥)
h(u)=—— SV 2,2
u-  4sin”(%) sin”(4)u

_l6tan*(%)—u’ +u’ tan* (%)
4(1+ tan’ (%))’ sin® (4)u’

by expressing sin(u/2) and cos(u/2) in terms of tan(u/4) and the fact that for 0 <
u<g 2tan(%)>u so that 16tan(*)* >u’. Note that

hm h(u) = lim %
u=0" 2y sin(4)

=0 by L’ Hopital’s Rule.
Hence, 4 is strictly increasing on [0, 7], if we defined 4(0) to be equal to 0. By
the Second Mean Value Theorem (Theorem11) (taking

A< lim A(u) = lim u=-2sm(3) _

=0 and B:1>h(7z):l—l),
u—0" u—0* 2usn’1( ) 2

1) . 5 )
f ey (U )(2 () —;]sm((n +1)u)du = L}(x)gc(x)(u)sm((n +Du)du ---- (54)

24



for some 0 < A(x) < 0.

é‘ .
Now, Iﬂ(x) 8o )sin((n+L)u)du

= -[;(x)g"(”(u) sin (nu)cos (L u)du + I;(x)gc(x)(u)cos(nu)sin(%u)a’u . e (55)
By the Second Mean Value Theorem (Theorem11) (taking
A=1=cos({B(x))=cos(6)=20=B),

5

8. wpsin(me)cos )=

s G )sin (nu)du ===-=n-mmneeeem (56)

B(x)

and (taking 4=0<sin(B(x))<sin(5)<1=B)

[ &ocos(m)sin(3u)du=[" g, @)cos(mu)du , —-mremmermeee- (57)

for some f(x)< f'(x),B"(x)<0 .
Therefore, by the Riemann Lebesgue Theorem, for a fixed 6> 0, it follows from

(54), (55), (56) and (57) that

rg (1) L1 sin((n+1)u)du — 0 pointwise on £
0 S 2sin(fu) u

and if ¢(x) is bounded on E,

I: gc(x)(u)£ ! —ij sin((n +1)u)du — 0 uniformly and boundedly on E.

2sin($ u)

It follows from (52) that convergence of the Fourier series 7(x) on £ is

sin((n+4)u)

equivalent to the convergence of the integral J': ey () du 10 0.

Hence, we have proved the next equivalent condition for convergence.
Theorem 18. Let £ be a subset of [-7, 7z]. Let c: E — R be a finite function.
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(1) A necessary and sufficient condition for the Fourier series 7(x) of the
function f'to converge pointwise to c(x) on E is that there exists a fixed o such
that 0 < o< rand

s sin((n +1)u) . .

IO 8.(n () ——>du— 0 pointwise on E;

(11) Suppose c is bounded on E. A necessary and sufficient condition for the
Fourier series 7(x) of the function fto converge boundedly to c(x) on £ 1is that
there exists a fixed J such that 0 < 6 < rand

sin((n+4)u)

J.jgc(x)(u) du — 0 boundedly on E;

(111) Suppose c is bounded on E. A necessary and sufficient condition for the
Fourier series T(x) of the function f'to converge uniformly to c(x) on £ is that
there exists a fixed o such that 0 < 6 < rand

1 1
Mdu — 0 uniformly on E.

J‘jgc(x)(u)

Now consider a simpler integrand for the convergence problem, namely

sin . . .
N ) ( ") . We examine the difference in the same manner as above.

sm( )

s1n((n +Du) d J-

I gc(r)(u)

_ J-O(sgc(x)(u)[sin((nuwL %)u) B sin(nu)jdu

u

c(x)( )

_ fggc(x)(u)( 5 008((n + Hu)sin( u)j P rgcm (u)(sin(;u)jcos ((n+ Dy
0 u 0 u

d sm(4u) cos(%4)(4—tan

2

Now forO<u<rm, — )<Osmcetan( >4 forO0<u<r

du u u

(L
Thus, sins u) is non-negative and decreasing on (0, zz]. Note that lim —=— sin(3u) i
u u—> u

. Therefore, by the Generalized Second Mean Value Theorem (Theorem11),
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(taking 4 = Y5 and B = 0), there exists 0 < d'(x) < such that

J'ch(x)(u)(z cos((n +9)u) Sin(}‘u)jdu = J.é‘,m e (u)cos((n+Hu)du . ------------- (59)
0 u 0

As before as for the case of (55), by the Riemann Lebesgue Theorem,
J'j(x) 8. M) cos((n+u)du converges to 0 pointwise and if ¢(x) is bounded on F,

it converges to 0, boundedly and uniformly on E£. It follows then from (58) and

(59) that the same holds true for Jj gc(x)(u)sin((n—JrWd I (L )sm( )
u

As a consequence, we have the next convergence theorem.
Theorem 19. Let £ be a subset of [-7, 7]. Let ¢: E — R is a finite function.

(1) A necessary and sufficient condition for the Fourier series 7(x) of the
function fto converge pointwise to c(x) on FE is that there exists a fixed o such
that 0 < 0 < rand

_[ e (U ) ( )du—>0 pointwise on E;

(11) Suppose c is bounded on E. A necessary and sufficient condition for the
Fourier series 7(x) of the function fto converge boundedly to ¢(x) on E is that
there exists a fixed o such that 0 < 6 < rand

J. AN () Sm( )du — 0 boundedly on £;

(111) Suppose c is bounded on E. A necessary and sufficient condition for the
Fourier series 7(x) of the function f'to converge uniformly to c(x) on E is that
there exists a fixed J such that 0 < 6 < rand

SlIl( )

du — 0 uniformly on E.

J- gt(x)(u)

A summary of the above theorems is as follows.
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Theorem 20. Suppose the function f'is periodic of period 27 and is Lebesgue

integrable on [-7, 7z]. Let ¢ (x)= %ao + Zn:Ak(kx) be the (n+1) partial sum of its

Fourier series 7(x). Then the behaviour of #,(x) for large n depends on the
behaviour of f'(u) for values of u in (x—06, x+9).

Proof. Taking ¢ = 0, by Theorem 19, the behaviour of #,(x) for large n depends
on the behaviour of g(u) = %( f(x+u)+ f(x—u))which obviously involves

values of fin (x—9, x+9).

Theorem 21. Suppose the function f'is periodic of period 2 and is Lebesgue
integrable on [-7, 7z]. Suppose at x, lim f(z) = f(x+) and lim f(z) = f(x—).
Let c= %( f(x+)+ f(x—)). Then a necessary and sufficient condition for z,(x)

to converge to c is that there exists a o with 0 < 6 <r, J‘: gc(u)wdu -0,
u

where g_(u) :%(f(x+u)+f(x—u)—2c).

Proof. Immediate from Theorem 19.

We can formulate a version of Theorem 21 in terms of the behaviour of go(u)
below.

Theorem 22. Suppose the function f'is periodic of period 2 and is Lebesgue
integrable on [-7, 7]. Letxbein (—z, 7). Suppose the function

P(u) = %( f(x+u)+ f(x— u)) is of bounded variation in (0, 7). Let
lim ¢(u) =#(0+). Then ¢ (x) > @(0+) .

u—0"

Proof. Suppose ¢ is of bounded variation in the interval (0, 77). Then
lim¢@(¢) = #(0+) exists. By Theorem 19, ¢ (x) = ¢(0+) if and only if
t—0"

Ij(¢(u)—¢(0+))wdu 0.

u
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v

du .

jj(qﬁ(u)—¢<0+>)smfl”) = [ (p) - p(0)) - ( i+ [}/ (90~ p0))> (

And so,

‘j (¢(a0) - ¢<0+))Sm( ) g

<[ () - $00) ) 17 gy - g00) ) gy o (60)
0 u " u
By Theorem 15,
I"(¢(u)—¢(0+))Mdu <KV,0,7), mememeeeeeeeeee 61)
0 u

where 7,(0,7)1s the total variation of ¢ on the open interval (0, 6). Note that

the total variation 7,(0,5) is equal to the total variation of

o) — {¢(u) —$(0+), u>0

, which is continuous at 0 and so
0, u=0

limV,(0,u) = lim¥,[0,u]=0. Hence, given any &> 0, there exists 7> 0 such
u—0" u—0"

that 0<77<T:>V¢(0,77)<§. Thus, for all 0 < 7< rand 0 < 1 < ¢, we have then

from (60) and (61), that for any integer n > 0,

‘ [° (g - o) 320 g, < " (¢ - 9(0+) Sm( I p— (62)
0 u
But by the Riemann Lebesgue Theorem, (¢(u) A0+ )) ( )du —0asn
tends to oo, and so there exists N such that n > N implies that
‘ jj(¢<u>—¢<o+>)Mdu‘<§ S —— (63)

It follows from (62) and (63), that for n > N,

‘If(¢<u)—¢<0+))@du‘<g+g:g,
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This means Iﬁ(¢(u) —~ ¢(0+))Mdu —0 and so 7, (x) > #(0+) .
0 u

Convergence Theorems
We now expand our domain of convergence,

Theorem 23. Suppose the function f'is periodic of period 2 and is Lebesgue
integrable on [—7, 7]. Suppose fis of bounded variation in (a, b) < [-7, 7].

Then its Fourier series 7(x) converges boundedly to %( f(x+)+ f(x—))in any

closed interval [a',b'] in (a, b). If in addition, fis also continuous on (a, b),

then the series T(x) converges uniformly on [a',b'].

Proof. Since [a',b'] C(a,b), there exists a 5> 0 so that for any x in [a’,b'],
[x—0,x+ 0] < (a,b). Since fis of bounded variation in (a, b), the left and right
limits, /' (x—) and f (x+), exist at each point x in (a, b).

Let c(x) = %( fxH+f (x—)) for x in (a, b). Then c(x) is bounded on (a, b)

since f'is bounded on (a, b).

Let ¢(u)=%(f(x+u)+f(x—u)). For x in (a, b),

Ha) = lim ) = () + £ () = ().
Then by Theorem 22, 7T(x) converges pointwise to c(x) for any x in (a, b).
We next show that the convergence is boundedly on [a',b'].
For each x in (a, b), define
fi)=f(x+u)— f(x+) and f7(w) = f(x—u) = f(x—). ----- (64)

Then f (u)=f(x+u)—f(x+)and f ()= f(x—u)— f(x—) are of bounded

variation in[x —J,x+ o] < (a,b).
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By Theorem 19, T(x) converges to c¢(x) boundedly on [a’,b'] if, and only if,
sm( u)

du — 0 boundedly on [a',b'], where

[ g

8o ) =5 (St + £ (v=1)=2e(0) = 2 (/7 )+ £ (@) = (6)

for 0 <u < ¢ is of bounded variation on [0, 6]. In particular, the total variation
of g..,(u) in (0, 9), Ve (0, 0) satisfies

V. (0,8)<~ (V (0,8)+V, (0, 5)) (V (a,b)+V,(a,b)) =V (a,b), — (66)

8e(x)

where V/,+ (0,0) and V - (0,0) are respectively the total variations of
S (w) and £ (u)in (0, 6) and V,(a,b)is the total variations of f'in (a, b).

We already knew that j Gy (1) Sm( )du — Opointwise on [a’,b']. By Theorem

15, for all integer n > 0,

,[ oo (1) sm( )du <V, 0.OK<V (a,b)K. =—mmmmmmmmmeeee- (67)

This shows that jj e () sin () du 1is uniformly bounded and so the
u

convergence is boundedly.

Suppose now that f'is also continuous in (a, b). Then c(x) = f(x) for all x in (a,
b) and I .oy () Sm( )du — 0pointwise on [a’,b']. Let a" be such that

a<a"<a' . Since f is continuous and of bounded variation on (a, b), the
function 7, (x) =V,[a",x] for x in (a, b) is continuous on (a, b) and so is

continuous on [a’,b]. Therefore, T,(x) is uniformly continuous on [a',b'].

Since g,,,(u) = %(f(x +u)+ f(x—u)—2f(x)), the total variation of g, (u)

on (0, J) is less than or equal to half the total variation of fon (x, x+0) + the total
variation of fon (x—9, x), i.e.,

1
Ve ,(0,0) < E(Vf(X,X +0)+V, (x—9, x))
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s%(Tf(x+5)—Tf-(x)+T,-(X)—Tf-(X—5)) """"""""" (68)

Since T, (x) is uniformly continuous on [a',b'], given &> 0, there exists a> 0

such that for all x in [a',b'], | ¢ | < @ implies ‘T (x+1)-T, (x)‘ < % Therefore,

for all x in [a,b], for any 0< ' < &,

1( ¢ & &
V, (0,0")<— + P —— 69
e (0:9) 2(2[{ 2Kj 2K (69)

Choose a rsuchthat 0 <z <o and O0<7 <. Then

s1n( s1n(

.[ g"(x)(u) d I gc(X)( u) du +_[ gc('c)( )Sln( )du. -------- (7())

By Theorem 15, for all integer » > 0 and for all x in [a,b'],

J.gc(x)(u)sm( ) <V (OT)K<ﬁK_E ________________ (71)

by using (67).

Now, we claim that ° g, sin () du converges to 0 uniformly and boundedly
)
T u

n [a',b']. By the Mean Value Theorem (Theorem 11), we get

[ u)sm( ¥ u=%J.:(X)gc(x)(u)sin(nu)du .................... (72)

for some 7<y(x)<o .

Since c(x) is bounded on £, by the Riemann Lebesgue Theorem,
7(x)

8., (w)sin(mu)du tends to 0 boundedly and uniformly on[a’,b'].

Hence from (72),
l y(x)gc(x)(u) sin(nu)du —> 0. --==--==-mmmmmmemee (73)

Therefore, by (72) and (73),

32



I e (1) sm( )d | ———— (74)

boundedly and uniformly on[a’,b'].

Hence, given &> 0, there exists integer N such that for all x in[a’,b],

0> N = ‘Irggc(x)(u) sin inu) du

It then follows from (68), (69) and (75) that for all x in[a’,b'],

s sin (nu
n= N:‘IO o) i )du‘

+

@) sm( u) "

g sin
L oo () Elnu)du‘<§+§ —e

sm(nu)

This means I . (#)———=du — 0 uniformly on[a’,b'].

Therefore, by Theorem 19, the Fourier series 7(x) converges uniformly to f(x)

on [a',b'].

This completes the proof of Theorem 23.

Remark. The proof above also shows that if ¢(x) is bounded, then

j - (D)) Sm( )du — 0 uniformly and boundedly.

If we take the interval (a, b) in Theorem 23 to be [ 7z, 7], then we have
immediately the following:

Theorem 24. Suppose the function f'is periodic of period 2 and is Lebesgue
integrable on [-7, 7]. Suppose f'is of bounded variation in [-7, z]. Then its

Fourier series 7(x) converges boundedly to %( S(xH)+ f(x-))in [~z 7). If,
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in addition, f'is also continuous on [—7, 7x], then the series 7(x) converges
uniformly to f(x) on [-7, 7x].

Proof. Note that it is not essential that (a, b) < [-x, 7] in Theorem 23. One
can replace the interval in Theorem 23 simply by a bounded interval (a, b) in R.
Therefore, if f1s of bounded variation on [—7, 7], then fis of bounded variation

n [-27x, 2 x], and we can take (a, b) to be any open interval containing [-27, 2
7]. Theorem 24 is then a corollary of Theorem 23.

We next describe a test of Dini.

Theorem 25 (Dini Test). Suppose the function f'is periodic of period 2 and is
Lebesgue integrable on [-7, 7]. Let c be a real number and x € [-7, n]. Let

gc(”)__(f(x+u)+f(x u)—2c). If £o= gc()

Fourier series of fat x, 7(x), converges to c.

(u) .

is Lebesgue integrable, then the

If f'has a jump discontinuity at x and gc is Lebesgue integrable, then c 1s

necessarily equal to %(( f(xH)+f (x—)).
Proof. By Theorem 19, T(x) converges to c if, and only if, for some 0 < 6< 7z,

[ g )Sm( “) g =5 0.

But by the Riemann Lebesgue Theorem, since is Lebesgue integrable,

g (u)
u

du — 0 and so the theorem follows.

J:‘ ¢ (1) sin inu)

If fhas a jump discontinuity at x, then by Féjer’s Theorem (Theorem 12 in
Fourier Cosine and Sine Series or Theorem 34 this note), the (C,1) mean of the

Fourier series at x converges to %(( f(xH)+f (x—)). Since the Fourier series

converges at x to ¢, ¢ must be equal to %(( f(x+)+ f(x-)) by the regularity of
(C,1) convergence.
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Sectionally Continuous Function

A function f: [a, b] = R is said to be sectionally continuous if there is a finite
partition, a = x, < x, <---<x, =b such that fis bounded and continuous on each

open interval (x, ,x,),i=12,...,n.

Therefore, a sectionally continuous function on [a, b] can have at most a finite
number of discontinuity. Note that they need not be jump discontinuity.

Lemma 26. Suppose at xo f'1s differentiable in an open neighbourhood
containing xo, except possibly at xo , i.€., there exists a 6> 0 such that f is
differentiable in (xo — &, xo + 0)—{ xo0 }. Suppose

li_>n1 f'(x)=f"(x,+) and li_)m f'(x) = f"(x,—) both exist and are finite. Then f

is necessarily continuous at xo or has both left and right limits at xo .

Proof. Take any sequence ( a,) in (xo, xo + o) such that a, > xo and a, — xo . .
Since lim f”(x) = f"(x,+), there exists 61 > 0 such that

x0<x<xo+§1:>‘f'(x)—f'(x0+)‘<l. ------------------ (76)

There exists an integer N such that

el
T (x|

Foralln,m> N, if a, # a,, by the Mean Value Theorem,

n=N =|a, —x, |<lrnin 0,
2 1+

fla,)~f(a,)

a,—a

=f'(n) ,

for some 7 strictly between a, and a,,. This means |17 —xo | < o1 .

Hence

1f(a,) - f(a,)

=|/"||a, —a,|<(1+]/'(x+)|)|a, —a,

9
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because |77 — xo | < &1 so that by (76),

S < (1] (xH)

)

&
——=c.
L+] f'(xy+)|

If a,=a,,(78) holds true trivially.

<(1+

JAERD))

Therefore, ( f(a. ) ) is a Cauchy sequence and so is convergent. This means

lim f(x)= f(x,+)exists. Similarly, we can show that lim f(x)= f(x,~)

X=X X=X

exists. Note that even if both the left and right limits f'(x,+) and f'(x,—)at xo

are the same, f need not be continuous at xo.

Now we examine the local behaviour of fat such an xo . By the hypothesis of
Lemma 26, fis continuous in (xo, Xo + 8). Since lim f(x)exists, by taking a

smaller value of o, we may assume that f'is bounded in (xo, xo + 8). Therefore,

g(h) — f(xO +h)h_f(x0+)

is defined and continuous on (0, 0).

Moreover, by the Mean Value Theorem, for 0 <4 < ¢,

f(x0+h)h—f(x0+) = f"(x, + () for some 0<(<h

and so

S (xg+h)— f(x,+)
h

— 1D = o+ O = (P . e (79)
Given &> 0, there exists & > 0 such that
Xy <X <X+ 8, = |f1(x)— f(x,+)|< €.

Thus, from (79) we have

0<h<min{s,,5) = |7 Ko™ h)h_ ZACIRD B (80)
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That is to say, lim

h—0*

UCSDS L

This means g(4) is Lebesgue integrable on (0, o).
SO =)= f(x-)
—h

Similarly, we can show that lim

lim = f"(x,—) and
k(h) — f(xO _h)h_ f(xO_)

1s Lebesgue integrable on (0, 9).

It follows that
gc(h) :l(g(h)‘Fk(h)) — f(xo +h)+f('x0 _h)_f(x0+)_f(x0_)
h 2 2h
with ¢ = S (x°+)J2rf (%) is Lebesgue integrable on (0, 6). Therefore, by

f(xo+)+f(xo_)-

Theorem 25, the Fourier series of f'at xo converges to 5

We have thus proved the following

Theorem 27. Suppose the function fis periodic of period 277 and is Lebesgue
integrable on [-7, 7]. Letxobein (-7, 7). Suppose f'(x,+) and f’(x,—)
exist, 1.e., there exists a o> 0 such that f'is differentiable in (xo — o, xo +
d)—{xotand lim f'(x)= f'(x,+) and lim f'(x)= f"(x,—) both exist and are
finite. Then fnecessarily has a jump discontinuity at xo or is continuous at xo

f(x0+);f(x0_) . IfflS

and the Fourier series at xo converges to

differentiable at xo, then the Fourier series at xo converges to f (xo).

Proof. We only need to prove the last statement. If fis differentiable at xo,

SO+ )+ f o —h)=2f(x)

then lim =0 and so the function
h—0 2h
SO+ +f (2);‘; —h=2/(x) is Lebesgue integrable. It then follows by

Theorem 25 that the Fourier series at xo converges to f (xo).
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Corollary 28. Suppose the function fis periodic of period 27 and is Lebesgue
integrable on [—7, 7]. Suppose fis sectionally continuous on [-7, 7z]. Let xo be
in (—z, 7). Suppose the left and right limits of f'at xo exist. If

lim SO+ 1) = (5 +) and lim SOy =)= /(%) both exist, then the Fourier
h—0* h h—0* —h
series at xo converges to G er S(x7) :

Proof. The Lebesgue integrability of

g.(h)= f(x,+h)+ f(x, +;l;l_f(x0+)_f(xo_)

is a consequence of sectional

continuity and the existence of lim Sy h) = J(x ) and

h—0" h
S(xg—h)— f(x,-)
—h

Iim as in Theorem 27. The result then follows from

h—0*

Theorem 25.

The next result is about absolute convergence of Fourier series.

Theorem 29. Suppose the function fis periodic of period 2 and is continuous
on [-7z, 7). Suppose f' is sectionally continuous on [z, 7] with jump
discontinuity. That is to say, there is a finite partition,

—T =x,<x, <--<x, =7 such that f is differentiable on each open interval

(x,,,x,) sothat f' is continuous and bounded on (x, ,x,),i=1,2, ..., n, and at
each point x of discontinuity of f’, both the left and right limits of f” exist.

Then the Fourier series of f converges uniformly and absolutely to fon [-7, 7].

Proof. Since f is continuous and bounded on (x, ,,x;)and f is continuous
on [x, ,,x;], by the Mean Value Theorem For Derivative, for any x, y in [x, ;,x,]
, | f(x)— f(»)IKC|x—y|, where Cis a bound for f” in (x,_,x,). It follows
that f'1s Lipschitz on [x, ;,x;] and so fis continuous and of bounded variation on
[x,_,,x;]. Since there is only a finite number of such interval in the partition, /s
continuous and of bounded variation on [-7z, 7]. Then by Theorem 24, the

Fourier series of f converges uniformly to fon [-7, 7z]. More is true, since fis
Lipschitz on each [x, |, x;] and there is only a finite number of these intervals in
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the partition, fis Lipschitz on [z, 7] and so fis absolutely continuous on [—7,
7).

We shall show next that the Fourier series of f converges absolutely and
uniformly to fon [-7, 7.

Here we digress to bring in Parseval inequality for square integrable function.

Suppose g is square integrable on [, 7], that is, g is Lebesgue integrable.
Since [—7, 7] is of finite measure, g is also Lebesgue integrable. Suppose

%ao + Y (a, cos(nx) +b,sin(nx)) is the Fourier series of g. Now for each integer m

n=1

>1

b

2

dx>0. = (81)

[ ‘g(x) ~3(a, cos(nx) + b, sin(nx))
" n=l1
On the other hand,

dx = J._I;(g(x))2 dx + fﬁ(i(an cos(nx) +b, sin(nx))j dx

fﬂ‘g (x)— i(an cos(nx)+b, sin(nx))

—2i j a, g(x)cos(nx)dx —2i j b, g(x)sin(nx)dx
n=I1 n=l

= [ (g(0) de (a2 +5) 23 a,ma, 23 b,
n=1 n=1

n=1

:I;(g(x))z dx—ﬂi(af +b,f) . Therefore, ﬂi(af +bj)§ J-;(g(x))z < oo

n=1 n=l1

It follows that i(af +b; )< .

n=l1

This means that if g is square integrable, then its Fourier coefficients satisfy

0

Z(af+bnz)<oo. —————————————————————————— (82)

n=1

Now we return to our function /. Note that f'is absolutely continuous on [—7,
z]. Thus, we may write f as an integral, 1.e.,
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S =] @i+ £(0).

Then

a = %j:” £(x)cos(mx)dx = % j;”( [ fdr+ f(O))cos(nx)dx

ij@m+ﬂmf””q L[ LI by integration by parts,

L5, e (83)
n

where —A0 + Z (A, cos(nx) + B, sin(nx)) is the Fourier series of f.
n=1

Similarly,

== j £ (x)sin(nx)dx = — j (j f(tyde + f(O))sm(nx)dx

[ ( [ fwar+ f(O))COS(nx)} jz”de, by integration by parts,

A e (84)

n n n

:l(ﬂm_fﬂﬂq+1A:1
V4 n "

By the Cauchy Schwartz’s inequality,

sEE) ——

Note that since f” is sectionally continuous, it is bounded almost everywhere

and so ( f ')2 1s integrable and so its coefficients satisfy the Parseval inequality

(82). It follows that ZBZ <. Since Z— <0, it follows from (85) that
k=1 k= 1

[ Be
2%

k=1

<oo. Thenby (83) D |a,|<o. Similarly, we can deduce that
k=1

o0 0

b=y

k=1 k=1

<. It then follows by Weierstrass M-Test that the Fourier

series of f converges uniformly and absolutely.
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Differentiation of Fourier Series

Theorem 30. Suppose the function f'is periodic of period 2 and continuous
on [-7, z]. Suppose fis sectionally continuous on [—7, 7] with jump
discontinuity. Let xo be in [z, z]. Suppose f”(x,)exists. Then the Fourier
series of f'may be differentiated term by term to give f’(x,) and the resultant

series 1s the Fourier series of f/ at xo .

Proof. Since f' is sectionally continuous on [—7, 7], fis absolutely
continuous on [-7, 7z]. Hence, both fand f’ are Lebesgue integrable on [-7,

7]. Suppose the Fourier series of 77 is

— A, + i(An cos(nx)+ B, sin(nx)). ----------m--- (86)

N | —

And the Fourier series of fis

%ao + i(an cos(nx) + b, sin(nx)) . =----=---------- (87)

n=1

Note that 4, = ﬁ ' f'(t)dt = f(m)— f(—n)=0and the coefficients of the two series
are related by (83) and (84), i.e.,

B =-na, and A =nb,.  -------m-mmmmmmmmeeeeeo (88)

By Theorem 27, the Fourier series of f’ at xo converges to f'(x,).

By Theorem 29, %ao + i(an cos(nx) + b, sin(nx)) — f(x). In particular,

n=1

%ao + i(an cos(nx,) + b, sin(nx,)) > f(x,) .

n=1

If we differentiate (87) term by term we get (86) on account of (88).

This completes the proof.
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Theorem 31. Suppose the function f is periodic of period 2 7 and is absolutely
continuous on [—7, 7] . Then fand f" are Lebesgue integrable on [-7, 7]. If

f~(a,b,) ,then f'~(nb ,—na,).

Proof. Immediate from the proof of Theorem 29.

(C,1) Summability of Fourier Series.

Suppose the function f'is periodic of period 2 and is Lebesgue integrable on

[-7, x]. Suppose ¢ (x)= %ao + i/lk(x) 1s sum of the (n+1) terms of the Fourier
k=1

series of . Then the (C,1) mean of the Fourier series is
|
O-n+1(x) = _(to(x) + t1(x) tet t,,(x)) .
n+1

Recall from (10) that

0100 = (W) #1041, 0) = [ F G 37D

n+

= lJ.” f(x+u)K, (u)du,
ﬂ' =T

1 n
where K (u)=——> D,(u)=
() n+1kz_(; (1) n+1| 2sin({x)

2 {sin(é(n +1)x) }2 . (See (15).)

Let ¢ be a real number. Then recall from (24)
6, ()= == [ (f(x+u)-c)K,(wdu
72' -

— %J.O”(f(x+u)—c)Kn(u)du +%J‘Oﬁ(f(x+u)—c)]{n(u)du

1

T

[[(fr+w)=c)K, (u)du —% jo( f(x=s)=c)K,(~s)ds

= lr(f(xJr“)—c)Kn(u)@’?fl +1J‘”(f(x—u)—C)Kn(u)du , since K, is even,
70 90
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:lj”(f(x+u)+f(x—u)—2c)1<n(u)du ----------
T 0

1
2+

) sin® (L (n + Du)
sin”(Lu)

["(fr+wy+ fx—u)=2c

With (90) we get immediately:

Theorem 32. Suppose the function f'is periodic of period 2 and is Lebesgue

integrable on [—7, z]. Then the (C,1) mean of the Fourier series at x converges

to c if, and only if,

_J- sm (znu)d 50
sin’ (3u) ’

where g_(u) =%(f(x+u)+f(x—u)—2c).

Take a fixed 0 < o< 7.

lJ-” sinz(%nu)d 1 1 a(x)

- sin® (L nu)du ,
sin® (1 u) ! n sin’(15) %o g (u)sin” (3 nu)du

for some o< a(x)<r,

by the Second Mean Value Theorem.

1 ¢~ sin® (L nu) 1 1 a(x)
Therefore, |- 2 du|<— T
J, 8 sin’(lu) | nsin’(33) J; el
Now rm g (u)|du <J.”|f(u)|du+7r|c|
S c - 0 .
sin’ (4 nu)

It then follows from (92) that lr g.(u)—
ns sin”($u)

boundedly in x. Hence, we have proved the following:
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Theorem 32. Suppose the function f'is periodic of period 2 and is Lebesgue
integrable on [—7, 7]. Then the (C,1) mean of the Fourier series at x converges
sin’ (4 nu)

— du—0.
sin”(Lu)

to c if, and only if, for some 0 < 6< 7, ljjgc(u)
n

Suppose E is a subset of [-7, 7] and c:E — R s a finite function. Suppose c is
bounded. Then the (C,1) mean of the Fourier series at x converges uniformly to

)
c(x) on E if, and only if, for some 0 < o< 7, 1 _[: gc(u)mdu — 0 uniformly
n

sin’ (L u)

on k.

Assume c: E — R 1s bounded. Consider the difference,

sin’(1 nu) sin® (4 nu)

O e S P (O R L Loy

sin®(Lu)

_ Ioégc(x)(u)sinz(%nu)[sinzt1u) N (12)2 Jdu ]

Now A(u) = Fl(u)_% is strictly increasing on (0,%]. Observe that for u in

sin(u)

——u
(cos(u))"”

0.2): W= 1o sinG)

—u>0. Note that k()=
sin’(u) o’ (cos(u))"? “ ote that k(u)

is increasing on [O,%) by observing that £'(0)=0 and £"(u) >0 for u in (O,%) .

1

sin® (1 u) (%u)

Thus, is strictly increasing on (0, 7] and so by the Second Mean

2

Value Theorem, since lim — 1 1 . _1 0, there exists, 0 < a(x) < such
u-0" sin’ (L u) (%u) 3
that
sin’(4 nu) sin® (4 nu)
'[ Ztn ) sin’ (21 _.[ 8o (@) m 2) du
— 1 1 s o
_[Sinz(éé‘) (;5)2}'|‘a(x)gg(x)(u)sm (Fnu)du .
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Now,

jf(x)gcm(u)sinzenu)du <[ [ @fdu < [|g. w|du < [ f@]du+ o) = (92)

Since c(x) is bounded on F, it follows that

1 sin’ (4 nu) 1o sin® (4 nu)
Ll g S e [ 0 = du =0

uniformly and boundedly on £. We have then by Theorem 32 the following:

Theorem 33. Suppose the function fis periodic of period 277 and is Lebesgue
integrable on [z, z]. Then the (C,1) mean of the Fourier series at x converges

sin (2 nu)

to ¢ if, and only if, for some 0 < 6< «, lj:gc( du—0.
n

Suppose E is a subset of [-7, 7] and c¢: E — R is a finite function. Suppose c is
bounded. Then the (C,1) mean of the Fourier series at x converges uniformly to

sm (L 2 nu)

c(x) on E if and only if for some 0 < < 7, 1 J'j g.(u) du — 0 uniformly
n

onFE.

Suppose the function f* is periodic of period 27 and is Lebesgue integrable on
[-7, 7]. Suppose at each point x of a subset E of [-x, 7], the left and right

limit of f'exists. Suppose further that c¢(x) = %( f(xH)+ f (x—)) 1s bounded on
E. For instance, c(x) is bounded if E is a finite set.

Take a fixed 0 <6<z Let0<n<J. Then

1 sin (2 nu)

L N L L AL LV L)

Foreach x in E, liffolgc(x)(“) =1i£101%(f(x+u)+f(x—u)—f(x+)—f(x—)):
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Therefore, given ¢> 0, there exists 7(x) depending on x, with 0 < n(x) <6< &
such that

2¢
] < 7(0) = [0y @) < = oo (94)
Therefore,
1| sm( nu) 1 (o sm( nu)
;J-o C(X)( U)y——o— 2 S;jo CW( )‘ 2 du
<2_gj~r7(x) sinz(%nu)d 2_8 (o) sin® (v) 2 _J- Lnn(x) Sin (v)
nrx u’ nrx (2 )2
& p=sin’(v) ET &
<& awv=LE_ 95
72'".0 2 YT E2T Y ©3)
since J.OO sin (V)d :Z
2

By the Second Mean Value Theorem, there exists, 77(x) < S(x) <&, such that

8ot )Sm (znu)du 1 — ﬂmgc(x)(u)sinz(%nu)du_ ................ (96)
n(x) ( (x)) 2(x)

Now,

J'ﬂ( x)

It follows that if ¢(x) is bounded on E and that 7(x) is bounded below on E by a
positive constant, then

) .
J. 8. (W)sin’ (4 nu)du| <
7(x)

gc(x)(u)‘du <J.

gc(x)(u)‘du < J. |f(u)|du + 7z|c(x)|

sin (2nu) = 1 B(x)

(n(x))"

gc(x)(u)sm (L nu)du 1s uniformly

J. ( (x) ( )
bounded.

sin (2 nu)

Therefore, lj 8. () ——=—=du tends to 0 pointwise and if 7(x) is bounded
n

sin (2 nu)

below on £ by a positive constant _[ . (W)——2—=du — Ouniformly and

boundedly on E.
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Hence there exists an integer N such that

sin (2 nu) £

1 ¢o
e e I T B (97)

If n7(x) 1s bounded below on E by a positive constant, then there exists an integer
N so that (97) holds for all x in E.

It follows then from (93), (95) and (97),

&

Mdu<_+£:g
2 2 '

n>N:>‘j Loy (1)

sin (2 nu)

This means ljj - ) du — 0 pointwise on E .
n

If /1s uniformly continuous and bounded on E, then the left and right limits at x
in E are the same and equal to /' (x). Thus c(x) =f(x) on E. We may choose the

same 77(x) for all x in £ by uniform continuity so that 7(x) is bounded below on
E and that (94) and (97) holds for all x in £. Hence (95) and (97) implies that

_I c(x)( )

sin (z ) s Ouniformly and boundedly on E.

We have thus proved the following theorem.

Theorem 34. Suppose the function fis periodic of period 277 and is Lebesgue
integrable on [—7, z]. Suppose at each point x of a subset £ of [—7, 7], the left
and right limits of f exist.

(1) At each point x of £, the (C,1) mean of the Fourier series at x converges to

e(x) = %(f(ﬂ)  f (o).

(i1) Suppose fis uniformly continuous and bounded on E. Then the (C,1) mean
of the Fourier series converges uniformly and boundedly to f'(x) on E.

(1) If fis continuous on [—7, 7], then the (C,1) mean of the Fourier series
converges uniformly and boundedly to f'(x) on [, 7].
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Our next result is a more general sufficient condition for summability. This is
the Fé¢jer Lebesgue theorem.

Theorem 35 (Féjer Lebesgue). Suppose the function fis periodic of period 27
and is Lebesgue integrable on [—7, z]. Then the Fourier series of fis (C, 1)

summable at every point x for which 111101%];\ f(x+u)—f(X)du=0,tof (x).

More generally, if f'satisfies condition L. at @, i.e., if llt%l%'[ﬂ gc(u)|du =0,
t—>

f@+u)+ f(0—u)
):
2
summabletocatx = 6.

where g (u — ¢, then the Fourier series of f(x) is (C, 1)

Before we prove Theorem 35, we state a useful consequence.

Theorem 36. Suppose the function f'is periodic of period 2 and is Lebesgue
integrable on [—7, z]. Then the Fourier series of fis (C, 1) summable almost
everywhere to f (x).

Proof. By Lemma 10, almost every point of [—7, 7] is a Lebesgue point of /.

That is to say, for all x in [-7, 7] except for a null set,

lim 0’\ f(x+u)— f(x)du=0.

=0

Therefore, by Theorem 35, the Fourier series of fat x is (C, 1) is summable to
f(x) for all x outside a set of measure zero.

Proof of Theorem 35.
Fixaowith0<o<m Let g (u) :%(f(x+u)+f(x—u)—2f(x)).
Then for ¢ > 0,

1
o

g ldu="{' L (frw+ fxe—1)=20)du
1902
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IA
N | =

%Iot\f (x+ 1) - f(x)\du+% [/ Ge—u- f(x)\duj

e sl L[ - o). e 09

IA
N | —

-t

. N ) R Y
Since lim- jo | (x+u)— f(x)du =0, it follows that lim- jo |2, (u)|du=0.

=0 f

We can deduce similarly that lim% I; g. (u)‘du =0 Therefore,
t—=0"

.1 : . .
III?;.[(:‘ gx(u)‘du =0. This means f'satisfies condition L, at x. Thus, we
— :

may proceed the proof with the more general case taking ¢ in place of f(x) and

: . .1
write @ in place of x. = We assume that hr?;.m gc(u)|du =0, where
t—>

L0100

g.( C.

Let \P(¢) = J.;| g.(u)|du for t>0. Then given &> 0, there exists 7 such that for
O0<p<odandfor0<t<rn,

W) <tE. (99)
4
I . 1
Choose n>— ,i.e., —<n.
n n
5 sin®(dnu) ¢t sin® (L nu) 7 sin® (L nu) 5 sin’ (L nu)
J, 8= du=[ g ()= 2 du+ [ g.() = du+ [ g ()= du
L +L+1,. e (100)
Now
sin® (1 nu)
uz

dué.[

1
n
0

since —<717.
n
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|5,| < 7gc(u)wdusjﬁ_gc(2”)| [‘1’(“)} 2J~7‘P(u)
" u woou
by integration by parts,
Yo _ eu e e 1) (1 A}
gl
|I |<J ‘ ( )Sln (znu) J- gc(u)| du<—J- |g (u)|du gC(U)|du o (103)

Therefore, given £> 0, for a fixed 7 as above, by (100)-(103),

) 1
1 J-«?gc(u) sin (znu)du
n|ro u

- 2

1( ne e &€ 1 ps
<—|—+n—+—+—
n\16 2 4 n*o

Thus, given ¢> 0, fix an 77, with 0 < 77 < d'such that for 0 <7< 77, (99) holds.

Then take n sufficiently large so that

e ¢ 1 e 1 s
—+—+— —+—2J‘
16 2 n\d4n n°do

sin (2 nu)

gc(u)|duj< .

This means —_[ g (u)—2+—du—0.

Therefore, by Theorem 33, the Fourier series of fat x= 8, 1s (C, 1) summable to
c. This proves the more general case and hence the special case when

hm ‘f(x+u) f(x))du 0.

-0 ¢

Theorem 37. Suppose the function f'is periodic of period 2 and is Lebesgue
integrable on [, 7]. Suppose the function ¢(u) = %( f(x+u)+ f(x —u)) has
alimitatu=0,i.e., L}g? d(u) = ¢§(0+) exists, then the Fourier series of fat x is

(C, 1) summable to @#(0+). In particular, if f1s continuous at x, then the Fourier
series of f'at x 1s (C, 1) summable to f(x).
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Proof. Note that if lim ¢(u) = ¢(0+), then f'satisfies condition L. at x with
u—0*

c=¢(0+). Theorem 37 then follows from Theorem 35. Observe that if fis
continuous at x, then lim ¢g(u) = #(0+) = f(x).
u—0"

Convergence Almost Everywhere

We now discuss some results concerning convergence almost everywhere. A
most useful result is the important Riesz-Fischer Theorem.

Theorem 38. If Z(aj + bj) < oo , then the trigonometric series

n=l

iAn (x)= i(an cos(nx) + b, sin(nx))

n=l1

is the Fourier series of a square integrable function F.

The following summability result of Hardy is very useful in passing from
summability to normal convergence.

Theorem 39. Notation as in Theorem 38. If 4,(x)=0(2), then

iAn(x) is (C,1) summable to s if, and only, if iAn(x) converges to s.

n=1 =

The next two results are about convergence almost everywhere.

Theorem 40. If iA"(x) = i(an cos(nx)+b, sin(nx)) 1s the Fourier series of a

n=l n=1

square integrable function F, then the series

| a, cos(nx)+ b, sin(nx)
Z{ (n(m))* J

converges almost everywhere onR .
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Theorem 41. Suppose an, b, are Fourier coefficients of an integrable function f,

1e., %ao + > (a, cos(nx) +b,sin(nx)) is a Fourier series, then both series

n=1

[ a, cos(nx)+ b, sin(nx) [ a,sin(nx) —b, cos(nx)
Z( In(n) ]and Z( In(rn) j

n=2

converge almost everywhere.

The proofs of theorems 38 to 41 can be found in Zygmund’s monumental work
Trigonometric Series.

We now state some consequences of these theorems.

Theorem 42. If %ao + > (a, cos(nx)+b,sin(nx)) 1is a trigonometric series with

n=1

a,—>0 and b, — 0, then the series %aox—z

n=1

(bn cos(nx) —a, sin(nx)
n

j converges
almost everywhere to some function.

Proof. a, - 0 and b, — 0 implies that both sequences (a,) and (b.) are

n n

" 2 2
bounded and as a consequence Z[(&j + (b—”j J <oo. Therefore, by

n=l1

Theorem 38, i

n=1

(bn cos(nx) —a, sin(nx)

j 1s the Fourier series of a square integrable
n

function F. Then F is of course integrable. By Theorem 36, this series is (C,1)
summable almost everywhere to F(x). As a, >0 and b, >0,

b, cos(nx) — a, sin(nx) 1S o(lj. Therefore, by Hardy’s Theorem, Theorem 39,
n

n

this series converges almost everywhere to F(x). Consequently, the series

1 i( b, cos(nx) —a, sin(nx)

2 n

) obtained by a formal integration of the

n=l1

trigonometric series term by term, converges almost everywhere.
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Theorem 43. The trigonometric series %ao + > (a, cos(nx) +b, sin(nx))

n=1

converges almost everywhere if i(aﬁ + bf)(ln(n))2 <.

n=l1

Proof. By Theorem 38, i(an cos(nx) + b, sin(nx))In(n) is the Fourier series of

n=1

some square integrable function F. It follows then by Theorem 41 that

i (a, cos(nx) +b, sin(nx) ) In(n) = i("n cos(nx) +b, sin(nx))

n=2 ln(}’l) n=2

converges almost everywhere to some function. Consequently, the series
converges almost everywhere.

Theorem 44. The trigonometric series %ao + > (a, cos(nx) +b, sin(nx))

n=1

converges almost everywhere if Z(af + bf)ln(n) <0,

n=l1

Proof. By Theorem 38, i(an cos(nx) + b, sin(nx))/In(n) is the Fourier series of
n=2

some square integrable function F. It follows then by Theorem 40 that

5 (4, cos(m) +J l;;z:;(”x))vln(”) =" (a, cos(nx) + b, sin(nx))

converges almost everywhere to some function. Hence the trigonometric series
converges almost everywhere.
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