Abel-summability of Fourier Series and its Derived Series

By Ng Tze Beng

In this article, we focus on the use of Poisson-Abel kernel to investigate the convergence of Fourier
series. Abel-summability or A-summability is more general than (C,1) summability. We concentrate on
A-summability and its application to Fourier series, Fourier integral and harmonic function. A-
summability, like (C,1) summability, is also regular and so it too generalizes the usual notion of
convergence in the sense of Cauchy. In section A, we give the definition of A-summability and its
regularity property. In section B we define the Poisson kernel, the conjugate kernel, the Poisson integral
and conjugate Poisson integral arising from a Lebesgue integrable function, show that they are harmonic
in the open unit disk and list some useful properties of the Poisson kernel. In section C, we give the
convergence theorems and some application to harmonic function, defined by the Poisson integral, state
a special form of the maximum and minimum principle for harmonic function of the Poisson integral
type and show that we can recover the continuous harmonic function defined on a closed unit disk from
the values on the unit circle. In section D, we show that the derived series of a Fourier series is A-
summable to its symmetric derivative if it exists. Through the use of the symmetric derivative of a
primitive of Lebesgue integrable periodic function f, we show that its Fourier series is Lebesgue

summable at € to c if’, and only if, f satisfies condition fc at 4.

Section A A-summability

Definition 1. Let(a,),n=0,1,2,3,.... , beasequence. Let S, = Zak be

k=0

the (n+1)-th partial sum of the series Zak . The series Zak Is convergent if
k=0 k=0

the sequence ( s, ) converges. Let T = Zsk and o, be the arithmetic mean
k=0

The series Zak is said to be (C,1) summable to a (finite) value s if the
k=0

sequence (on ) converges to s.

Consider the power series Zakxk. Suppose the power series converges for 0
k=0

<x<1lor |x<1. Ifthelimit lim Zakxk =S, then we say the series Zak IS
=150 k=0

Abel summable or A-summable to s.



We shall establish the regularity of A-summability as a consequence of the
regularity of (C,1) summability.

Theorem 2. (C,1) summability is regular. If the series Zak converges to s,
k=0

then it is (C,1) summable to s, i.e., the arithmetic mean o, = —Zsk
n+1¢%
converges to s.

Proof. Note that Zak converges to s if and only if (a,—s)+a, +-
k=0

converges to 0. Zak Is (C,1) summable to s if and only if o, converges to s if,
k=0
Lo 1L : e 1 <
and only if, ——>"s, —s converges to 0 if, and only if, —12(5k —5)

n+1iz k=0
converges to 0 if, and only if, (a,—s)+a, +--- is (C,1) summable to 0.

Therefore, we may assume without loss of generality that Zak converges to 0.
k=0

Thus, s, > 0. So given any ¢ >0, there exists integer N such that
N>N =S, Ke=>—-£<S,<&.  mmmmmmmmmmmmemmmmeees (1)

Hence, for n > N, by using (1),

n N n
s, ———(n—N)e.
“n n+lz Ko Z(; n+1kZN:+1 “ n+1z “ ( )
It follows that
liminf o, > liminf s, ———(n—=N)e
e o (n+lZ “ n+1( ) j
Since ¢is arbitrary, liminf o, >0.
Also using (1) we get for n > N,
1 n
o Z = Z t—— DS Zsk+—(n N)e.

n+l 1= n+1k:N+1 n+1



Therefore,

) ) 1 Q 1
limsupo. <limsup| — » s, +——(n—N)¢ |=¢ .
Py p£n+1kZ : n+1( ) j

n—o0 n—o0

Thus, limsupo, <0 and we have 0<liminf o, <limsupo, <0. It follows that

nN—o0 N—>0 n—oo

limo, =0. This proves Theorem 2.

n—o0

Theorem 3. If the series Zak Is (C,1) summable to s, then it is A-summable
k=0

to s.

Proof. Note that Zak is A-summable to s if, and only if, (a, —s)+a, +--- is
k=0

A summable to 0. Thus, we may, as in the proof of Theorem 2, assume that

D a, is(C,1) summable to 0. This means that o, = —Z =——T —0.
k=0 n+1im n+1"

It follows that given any &> 0, there exists integer N > 0 such that

nZN:>n+l<e:>|T|<(n+1)g ------------------- (2)
Therefore, using (2), we get
n>N=ls,|=[T, -T|<[T|+T . |<2(n+Ds. ----mmommemms 3)
It follows that
n>N+1=a,|=|s, = So|<[ss|+[ssu| <4(N+De. --mmmmmmmmmaav (4)

Since Z(n +1)x" converges absolutely for x| < 1, it follows by Comparison
n=0

Testand (2), (3), and (4) that > T,x", > s x" and > a,x" all converges
n=0 n=0 n=0

absolutely for |x| < 1.



We want to show that lim Zakxk =0. As a first step we shall rewrite the

X—>1" k=0

(n+1)-th partial sum > a, x".

k=0
n n n n-1 n n-1
Dax =55+ D (S, =S )X =D X = XD 5 X 45, =D 5 x —x> 5, X"
k=0 k=1 k=1 k=0 k=0 k=0

n
=(1-x)D 5 X +s,x"
k=0

=(1- x)((l— X)) T x" +Tnx”+1j +5, X",

k=0

by applying similar derivation for Zskxk :
k=0

=(L=X)?D T X+ A=) T X" 45 X" e (5)

k=0

Now for |x| <1, (n +1)|x|n+l — 0. Using this fact together with (2) and (3), we

n+1

can easily deduce that T x™ —0 and s x"* — 0 for x| < 1.

Hence, using (5), we have that for |x| < 1,
f)=>ax =L-x)?> T X" e (6)
k=0 k=0

Therefore, for |x| <1,

o0

D T XK

k=0

| f(x)|=@1-x)? =(1-x)?

iTkxk + i T x*
k=0

k=N-+1

i T x*

k=N+1

<(L-X)* D T x|+ @—x)?

N o0
<@-x)" D TX+el-x)7 > (k +1)|x[, by using inequality (2).

k=0 k=N+1




Hence for 0 <x <1,

Tt +e1-x)7 3 (k+ D

k=0 k=N+1

| f(x)|<@-x)?

V]
—
><T

N

D T

k=0

J:

Since eis arbitrary, limsup|f(x)|=0. Therefore, lim|f (x)|=0 and so

x—1"

+&.

reox)—2 (XY

<@1-x)° > T

g
—
><?T

N

D T X

k=0

Thus, limsup|f (x)| < Iimsup[(l—x)2

x—1" x—1"

x—1"

lim f (x) =0. This means Zak Is A-summable to 0. This completes the
X—1" k=0

proof.
Theorem 2 and Theorem 3 give the following

Corollary 4. A-summability is regular.

Section B

Abel’s Method, Poisson Kernel, Conjugate Poisson Kernel and
Harmonic Function

To bring in circular functions, i.e., sine and cosine functions, we consider the
complex power series

ForO< r<1 or |r| <1, this power series converges absolutely for all x and

l+Zr"e‘kx:1+reiX 1 _ l+re
2 = 2 1-re™ 2(1-re™)

_1-r*+2i rsin(x)
2(L+r?—2rcos(x))




Taking the real part of the power series we have:

1 <« 1-r?
= r* cos(kx) = I 9
2+kz_1: (k) 2(1+r* =2 rcos(x)) ®)

And taking the imaginary part we obtain:

2 B rsinx)
kz_llr (o) =1 T 5 rcos(x) - (19)
Let P(r,x) = L (11)

2(1+r* —2 rcos(x))

B rsin(x)
1+r?—2rcos(x)

and Q(r,x)

P(r,x) is called the Poisson kernel and Q(r,x) the conjugate Poisson kernel.

Suppose A (8) =a,cos(nd)+b.(nd) — 0 or (Ax(6)) is bounded.

This is always satisfied if (a, , b,) are Fourier coefficients of a Lebesgue
integrable periodic function f of period 2z and

1 [o'e]
Za,+ ) A(0)
2 =}
IS its Fourier series.
Then
1 2
U(r,0) =28+ 2 T A(0)  -meormmmeermmmeeeeeenes (13)
k=1

converges (absolutely) for | r| < 1.

Observe that, for k> 1,

lr f (t)cos(k(t—@))dt = iJ‘” f (t) (cos(kt) cos(kd) +sin(kt)sin(kd) )t
/el T "



1 [* £ (t)(cos(kt) Xt cos(ko) 2 [* £ @ (sinkt) ptsin(ko)
Tz Tz
=a, cos(kd) + b, sin(k@) = A (0).
Therefore, for0< r <1,

u(r,@):%ao+irklj” f (t) cos(k(t — 0))dt
k= 7

:%E . f(t)dt+§rk% [ f(®)cos(k(t- o)t

7Z' /2

- %{% + :erk cos(k(t— e)} f (t)dt

1 1-r?
g 2(1+r? =2 rcos(t—0)) L L (14)
by using (9),
I (e 110 P ————————— 15
-7

The integral in (14) is called the Poisson integral of f and P(r, t-6) is its

associated Poisson kernel.

The series %ao + Zﬂ(@) IS A-summable to s if Iirp u(r,0) =s or,
k=1 r—.

equivalently, if lim= " P(r.t—6) f (t)dt =s.

-1 g d-7n
Thus we can use the Poisson kernel to investigate A-summability.
We observe the following important properties of the Poisson kernel.

Note that for | r | <1,
1-r° 1-r°

Prx) = 2(1+ 2 —2rcos(x)) 2{(L-rcos(x))® + r*(1-cos’(x))}

>0 - (16)



We can integrate P(r, x), by integrating the power series expansion (9) of P(r,
X) term by term by invoking the Riemann Dominated Convergence Theorem
since the power series is absolutely convergent and uniformly bounded by

1
>+

5 ,to give, for 0<r<1,

1-|r|

1¢n 1,21
=1 P(,Xx)dx==| =dx=1. = --mmmmmmmmmmm 17
7z-Jl—7Z' ( ) 7[J‘—7Z’2 ( )

Consider the special cosine series:
1
(©) ot cos(6) +cos(26) +- -

(C) is A-summable to 0 for #not a multiple of 27, since

0 _ 2
1+Zr"cos(k9): 21 '

2 o 2(1+r°—2rcos(0))
1-r? 0

and

lim . = =0
1 2(1+r?> =2 rcos(d)) 2(2-2cos(6))

On the other hand, the (C,1) mean of (C) is given by the Fejer kernel,

} , which tends to 0 for &not a multiple

Kn(9)=ﬁka(9)= 2 {sin(;(n+1)x)

n+1| 2sin(36)

of 2z. So (C) is both (C,1) and A-summable to O for 6 not a multiple of 2.
We can of course deduce the A-summability of (C) indirectly by invoking
Theorem 3.

Now we turn to the special sine series

(S) sin(é) +sin(20) +sin(36) +- - -
For | r | < 1, from (10) we have ) r“sin(k6) = erm(e) and for &not
— 1+r°—2rcos(0)
a multiple of 27, lim erm(e) __sSin9) __ 1cot(gj. This means
1 1+r°—2rcos(d) 2-2cos(d) 2 2



(S) is A-summable to %cot(gj for &not a multiple of 2.  Of course, we can

also deduce this by invoking Theorem 3 and that (S) is (C,1) summable to

%cot(gj for &not a multiple of 2z. The conjugate Fejer kernel is

K. (9)_—ZDK( )_ Z 0s(30) —cos(3 (k +1)9)

cot(30)+= cot( 10)-= cot( L 0)

1 2sin(36)
1 {ncot(le) cos( (k+1)6’)}
“h+ll2 o 2sin(30)
- ﬁ{gcot(l 6)- —cot(l e)zcos(ke) i Zsm(k@)}
'l Po-3)300)
= —cot(le)——cot(le) D,(0)-= |+=Dn(6)
n+1(2

sin((n+3)6) , 1 cos(36) —cos((n +g)9)}

1
+1 2sin(10) 2 2sin(30)

NS

:i n+1 cot(2 ) — cos($)sin((n+3)0) +sin(% &) cos((n+ 1))
2 4sin’(3 0)

Loty L {sin(_(n2+1)9)}_
2 n+1| 4sin°(10)

Thus, |imKn(9)=|im{1cot(%9)— L {Si”(_(”jl)‘g)}}:lcot(%e). This shows that
n—20 N | 2 n+1| 4sin“(16) 2

(S) is (C,1) summable to %cot(gj for @not a multiple of 2.

Observe that (C) diverges for all 6 and (S) converges only when it is a trivial
series when @is a multiple of .

1 - . . . . i i .. .
If S D A(6) is atrigonometric series, then its conjugate series is defined
k=1

to be DN D — (18)



where B, (8) =b, cos(kéd) —a, sin(k6).

If B,(8)— 0 orwhen (Bn(6) is bounded, then the series

v(r,0) = irkBk(é’) --------------------------------------- (19)

converges absolutely for | r | < 1.

This is the case when (19) is the conjugate series of the Fourier series of a
periodic Lebesgue integrable function f.

Assume now that (19) is such a series. Then

lr f(t)sin(k(t—8))dt = lr f (t) (sin(kt) cos(k@) — cos(kt)sin(ko) dt
T d

T
_1 | " £ (t)sin(kt)dt cos(k@) — = | © £ (t)(cos(kt) tsin(ko)
Tz Y
= b, cos(kd) —h, sin(k@) = B, (6).

Therefore, for0< r <1,

v(r,0) =3 27 f sin(k(t— o))t
k= 7

zlj” {irksin(k(t—e)} f(t)dt
T k=

SR [ L) R — (20)
o-71+r°—2rcos(t—0)

zlj” Q(rit-0)f()dt. e (21)
g

The integral in (20) is called the conjugate Poisson integral of f and Q(r, t-6) is
its associated conjugate Poisson kernel.

10



For the conjugate Poisson kernel Q(r, x) we have that

We can use complex variable technique to evaluate this integral.

z 1_ z
A-r2)A-rzYiz il-r2)(z-r)
parametrize the unit circle [zl = 1. Then

[’ sin(x) dx =Im|[ f(2)dz.
-71+r°—2rcos(X) y

Let f(2)= Let y(x)=€" , —r<x<rx

For 0 <r <1, f(z) has only one simple pole r in the unit disk |z| < 1. The
residue of f at r is given by

: “lim—~2 =T
iIl—-rz)(z—r) zri(l-rz) i(1-r°)

res(f,r)= IZier1(z -r)

Therefore,
r 27y
f(2)dz =27i = ’
|, t@dz=27 i(l—r?) 1-r
s J.ﬂ 2rsm(x) _
-1+ r°—2rcos(x)
. [ erOS(X) dx — 27”2_ ------------------ (22)*
-z1+r* -2 rcos(x) 1-r

Consequently, Imj f(z)dz=0.
/e

We may of course use the Dominated Riemann Convergence Theorem to
integrate Q(r, x) term by term to give 0.

Theorem 5. u(r,d) and v(r,8) are harmonic function and

u(r,8) —iv(r,0) is analytic in the unit disk |z| < 1.

11



Proof. We shall show that both u(r,&) and v(r,8) satisfy the Laplace
equation.

In polar co-ordinate the Laplace equation is

¢ 104, 10 _

or? rar r8492

N
of ( 8rj ¢+602 - (#3)

We begin by writing u(r, ) in a different form.

Define a ,=a, andb_ ,=-b, forn>0and by, =0. Letc, :%(an —ib,).
Thena =c,+c, and b =i(c,—c ). We now rewrite u(r, 8).
u(r, 9) :%a0 + ) A =c,+ ) c, rleki
k=1 k=—0
=C, +ch re’? + 3 c ™ s (24)
k=1

We assume as before that a, and b, are bounded and so u(r,8) is absolutely
convergent for 0 < r <1.

Observe that,

(r—ju(r 0) = chkrk k'9+Zc krke ™%
(r_j U(r 9) ZCka k k|9+ZC k2 k —k|€
ou N n i pkaki0 N g ek ki
—(r,0) =) cikre“'’=> c ikr‘e™" and
00 a a

82 1 —K1
602 (r 9) ch kZ k k 1% ZC kZ k ki 0

12



2 2
It follows that (ragj u +% =0. Thus u(r,é) is harmonic in the open unit
r

disk.

Let z=re" . Then from (24),
u(r’g):C0+ZCka +Zc—k2k =CO+ZCka +Z€k7k """""" (25)
k=1 k=1 k=1 k=1
since C, =C_, .

Now let F(z)=c, + ZZCkzk . Plainly, F(z) is analytic in the open unit disk.

k=1

Observe that
u(r,0) =%(F(z)+%) N e (26)

Hence u(r, ) is harmonic in the open unit disk.

Note that the imaginary part of F(z) is

V@)=L (FQ)-F@) oo @)

Observe that

V(r’g) = i (zckzk _ZC_kEk) — i (chzk _Zékzkj — | M
k=1 k=1 k=1 k=1 2
Hence, v(r,0) =-V(z). Since V(z), being the imaginary part of an analytic
function in the open unit disk, is harmonic in the open unit disk, v(r,8) is

harmonic in the open unit disk. Note that V(z) is the harmonic conjugate of u(r,
) in the sense of harmonic function. But v(r,8) =-V (z) is conjugate function

of u(r,@) in the Fourier series sense.
We list some properties of these harmonic functions.

(1) F(z) =u(r,8)—iv(r,0),

13



(2) F(2)e™™ = (u(r,8) —iv(r,0))e "™ = Coe—ime + chkrkei(k—m)e |

k=1

2c.r™ if m>0
c, iIfm=0

1 ¢ H —imé _
(3) - Lﬂ(u(r,é’)—lv(r,e))e de_{
@) [ (u(r.6)=iv(r,0))e™do =0 form>0.
2o
Similarly,

5) [ (u(r,6)+iv(r,0)e " ™do=0 form>0,
27

© [ u(r,0)e"™do=2c,r" form>0,
72' —7T

(7) _—Ir v(r,0)e"™d6 =2c_r" form>0.
T

Properties of Poisson Kernel

2
(1) P(r,0)= 21 ' is evenin 4.
2(1+r° —2rcos(6))

1+r

2(1-r)

(2) For0O<r<1, maximum of P(r, &) occurs at & =0 and is equal to

(3) For 0<r<1, P(r, #)is monotone decreasing in 0 < < rwith a
1-r
2(1+7)

maximum at €= 0 and a minimum of

at = x. Thus, P(r, ) >0 for

0<r<1l.

(4) For0O<r<1, ij” P(r, x)dx =1.
7Z’ —7T

1-r?
2(1+r*=2rcos(9))

—r(1-r?)sin(8)

Let g,(0) = (1+r?—2rcos(6))?

0
Then —q.(0) =
aggr()

14



Therefore, a%gr(é?) <0 forO<r<land0< &< m Hence, g,(0)is

decreasing in [0, z] and increasing in [-z, 0]. Maximum value of g,(&) occurs

and minimum value of
1-r 2(1+7r)

at #=0and is equal to occurring at 8=

TT.

Section C

Convergence Theorems

Before we state the theorem on the A-summability of Fourier series, we prepare
some preliminary definition.

We shall assume f is a Lebesgue integrable periodic function of period 2z Let

0.(t) :%(f(0+t)+ f(0-t)-2c).

The function f is said to satisfy condition ¢ if Itirg%j; g.(x)dx=0. The

function f is said to satisfy the stronger condition L. if Itirg%ﬁ|gc(x)|dx =0.

Plainly, L¢ implies 7.

Our main theorem is:

Theorem 6. Suppose f is a Lebesgue integrable periodic function of period 2.
The Fourier series of f (t), for t = 6, is A-summable to f (¢) at a point of

continuity and to %( f(6+) + f(6-)) at a point of jump discontinuity and is

uniformly A-summable in any closed interval of continuity. It is A-summable
to c at any point @at which f satisfies ¢, and to f () almost everywhere.

Moreover, u(r,d) — f(60) inthe L' norm.

15



It is useful to use a closed form of the Poisson integral,

J. 1—r? 0
2(1+r* =2 rcos(9))

to investigate behaviour of the harmonic function u(r, ) near the boundary of
the unit disk.

We shall use trigonometric substitution to do this. Let u=tan (gj . Then

d_Uziseg(Q):l 1+tan2(€j =£(1+U2)
doé 2 2 2 2 2

and

J' 1-r? d@ZI 1-r? 2

du
2 2 2 2
2(1+r°—2rcos(9)) 20+r°-2r=5)1+u

:I 2 1;"2 2 du:j 21;"2 7du
Q+r)@Q+u’)—-2r(1—u°) A+r)u +@Q-r)

2 2
_ 1-r 1 du = 1-r 1+rtan‘1 u1+r i
(L+1)* 7 u® +(E)? (L+r)>1-r 1-r

=tan™ (u T—rj +C= tan‘l(tan(%)fr—:j +C.

1+r

Thus, for any h >0,

h 1-r?
0 2(1+r*—2rcos(d))

_[oh P(r,0)do = dH:tan‘l(tan(%)i—:). ---------- (28)

If h.—0 and 1hrr—>a as r—1 ,then
1+r _1sin(y) h  1+r

= - ——>a as r-1 .
1-r 2 (%) 1-rcos(¥)

tan(3)
Hence, we have from (28), the next theorem.

16



Theorem 7. . then

1-r

1-r°
0 2(1+r*—2rcos(d))

_[ P(r, 49)d9— do—tan(a)asr—1 .

We now examine the Poisson integral of f to write it in a more useful form.

1-r?
u(r,0) == j P(r,t— H)f(t)dt——jﬂz(“r S f (t)dt.

2

_I 70 2(1+r? —2 rcos(u))

f (u+80)du, by a change of variableu=t- 6,

— f (u+6)du, by periodicity of f,
-[ﬂ2(l+r —2rcos(u)) ( ) yP /

_r? 2
1 1-r fu+O)du+ L j 1-r f (u+6)du
790 2(1+r°—2rcos(u)) = 2(1+r* -2 rcos(u))
2 2
_1 1-r f(u+O)du+=] 1T f(=s+0)ds
790 2(1+r°—2rcos(u)) 90 2(1+r°—2rcos(-s))
o —r? T 2
_1 1-r f (u+ O)du+ = 1-r f (—u+6)du
90 2(1+r°—2rcos(u)) 790 2(1+r°—2rcos(u)
17 1-r?
=— f(u+8)+ f(6—u)du
790 2(L+r° =2 rcos(u)){ (u+6)+ f(O-u)}
SIPE{TUO)+ FO-U)du. e (29)
T
Then

u(r,0)—c, =1j”P(r,u){f(u+e)+ f(e—u)}du—lj” c,P(r,u)du,
Via 0 Y-

since lj” P(r,u)du =1,
Ty

17



:ijoﬁp(r’“){ f(u+6)+ f(0—u)—2c,}du, since P(r, u) is even in u,
T

:Ejﬂp(r,u){f(u-'_e)_'_f(e_u)—cg}du. """""""""""""" (30)
70 2

f(@+u)+ f(O—u)

Let ¢(6,u) = > and g, (u)=¢(6,u)—c,. Then
2 ox
U(r,0)—C, == [ "P(ru)g,, (U)dU . -mememsememeeemneeneees (31)
790 v
Thus,
limu(r,0) = ¢, < lim=["P(r,u)g, (U)dU =0 . --reeeeeemmmneee (32)
r-l r—1" g 0 0

We shall now investigate the behaviour of the Poisson integral,
2 or
= P(r,u)g,, (u)du.
/A ’

Take a fixed 6> 0 such that 0 < 6< 7 and consider splitting the Poisson
integral

u(r,6)—c, :EjaP(r,u)gc (u)du +3j”P(r,u)gc (u)du. -------- (33)
70 ’ 7T ’

Lemma 8. I; P(r,u)g,, (u)du—0 as r—>1". If c, isbounded in the

interval (a, b), then the convergence is uniformin 8 in (a,b)as r >1" .
Proof.

Since P(r, @) is non-negative and monotone decreasing in 0 < < r,

sj; P(r,u)

de, (u)‘du < P(r,5)j;

Us P(r.ug,, (Wdu g,, (W]du. -~ (34)

Now, _[;

g, (U)|

7| fu+6)+ f(6-u)
du_L‘ 5 —C,|du

18



<[ [fdutrle|. (35)

1-r?

Since P(r,0) = >
2(1+r°—2rcos(0))

—0 as r—1, it follows from (34) and

(35) that ”P(r,u)g (u)du|—0 as r—1". Consequently
5 Co

Lﬁ P(r,u)g,, (u)du—0 as r—>1".

If c, is bounded in the interval (a, b), then from (35), I:

gcg(u)‘du is
uniformly bounded in @ in (a, b). Hence '[; P(r,u)g,, (u)du—0 as r—>1"

uniformly in @ in (a, b).

It follows from Lemma 8 the following A-summable criterion.

Theorem 9. Suppose the function f is a Lebesgue integrable periodic function
of period 2z. Then u(r,8) —>c, as r—1 if, and only if, there exists 0 < 6 <

7z such that E_[O&P(r,u)g%(u)duao as r—1. If c, isbounded in the set
T

E ., then u(r,0) —>c, uniformlyinE as r—1" if, and only if,
EJ‘OfS P(r,u)g,, (u)du—0 uniformlyinE as r >1".
T

The Fourier series of f (t), for t = 6, is A-summable to c,, if there exists 0 < <
7z such that

EFP(r,u)gc (u)du—>0 as r—>1.
0 ¢

If c, is bounded in the set E, then the Fourier series of f (t), fort = 6, is
uniformly A-summable to c, in E if there exists 0 < 6 < z such that

Ef P(r,u)g,, (u)du—0 uniformlyinE as r ->1".
T
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We now look at situation when A-summability is possible.

Theorem 10. Suppose the function f is a Lebesgue integrable periodic function
of period 27.

exists and equals ¢ (6 +), then

(1) If 1im ¢(6,u) = lim f(<9+u); f(0-u)

u(r,d) > ¢(6+) as r—1. Thatis, the Fourier series of f is A-summable to

o(6+) .
Consequently:

(2) The Fourier series of f (t) att = @ is A-summable to f (&) at a point of

f(6+)+ f(6-)
2

continuity and to at a point of jJump discontinuity. The Fourier

series of f is uniformly A-summable to f in any closed interval of continuity.

(3) If fis bounded in (a, b) < [-7, ], then u(r,&) is bounded in any closed
interval in (a, b). Thus, if u(r,8) converges in a subset E in a closed interval in

(a,b)as r—1, it converges boundedly in E. That is to say, if the Fourier
series is A- summable in E, then it is boundedly A-summable in E.

Proof.
Parts (1) and (2):

Choose a 6> 0 such that 6< . Since

= P(0+),

lim ¢(6,u) = lim

u—0*

f(@+u)+ f(6—-u)
2

there exists positive 77 such that » < 7 and

g, ()| =|pO.u)—c)| <& for[u[<p, -eeeeeeees (36)

where ¢, = ¢(6+).

Then
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‘3 [ P(ru)g, (u)du
7T ~0 ’

<2 ['P(r)|g, @|du+Z ][ P(r.ug, (e
7T =0 ’ 7T 1on !

<2o]" Pruydu+Z|[ P, e <+ Z[["P(ru)g, (e - (37
T T 7T 1o /A

As in the proof of Lemma 8, J.éP(r,u)gcg(u)du—>O as r—1 . Itfollows
n

then from (37),

limsup <g.

r-1-

2 ["P(r,u)g,, (u)du
7T 90 ¢

Since ¢ is arbitrary, Iirpg_[j P(r,u)g, (u)du=0 and so
-1 7
u(r,0) > ¢(6+) as r—-1 .

At a point of continuity ¢, = ¢(6+) = f (€) and at a point of jJump discontinuity,

H(0+) = f(6?+)42r f(6-) |

Therefore, the Fourier series of f (t) att= 6 is A-

f(6+)+ f(6-)
2

summable to f (@) at a point of continuity and to at a point of

jump discontinuity. If f is continuous in [a, b], then f is uniformly continuous in
[a, b]and c, =¢(6+) = f(O) is bounded in [a, b]. We may thus choose the

same n forall @in [a, b] so that
Er P(r,u)g., (u)du — 0 uniformly in 6 in [a,b] as r —>1".
T n

It follows then from (37), that
u(r,8) - £(0) uniformlyin #in[a, bjJas r—>1".

Thus the Fourier series of f is uniformly A-summable to f in any closed interval
of continuity.

Part (3):
We now take a different perspective. Suppose f is bounded in (a, b) or [a, b].
Assume that | f (x) | < Mforall x in (a, b).
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Let[a;, bi] < (a,b). Letd= % min { distance of ato [a; , b;], distance of b to
[a1, bi1]}. LetO< n<min(5,d). Thus, forany &in [a;, b1],

[0-d,0+d]c<(a,b) .
In particular, for any @ in [as, bi],
lukn=0+u,0—-uec[f-n6+n]c(ab).
Thus forall € in[a;, bi] and |un,

f(@+u)+ f(O-u)
2

f(6+u)
2

#O,U) :‘ <M. — (38)

S‘ f(0-u)
2

+ ‘

Hence, for all & in [ay, b],

u(r.9)| =3‘ [T P(r.u)é(u. O)au
T

<2|["P(ru)gu o) + 2 |[P(ru)pu, o)
T T
SEI”P(r,u)|¢(u,e)|du +3j”P(r,u)|¢(u,9)|du
790 T
<M gj”P(r,u)olu +3P(r,n)j”|¢(u,0)|du
7T 90 T n
<M 2 [ P(ruydu+ 2P| | (W)du
T 0 T -7

<M +3P(r,n)j” | £ (U)| U, mmmmmmmmmmmmeme e (39)
T -

1-r? 1-r? 1

But P(r,n) = = - < — .
2(L+r*=2rcos(n))  2((r —cos(n))® +sin’*(n)) ~ 2sin’(r)

Hence, for all &in [a;, bi],

u(r,0)| <M + j\ f (u)|du.

zsin®(n7)

This means u(r, &) is uniformly bounded in r and in @ in [a; , b1]. Therefore, if
the limit of u(r, @) as r > 1" exists on a subset E contained in any closed

22



interval in (a, b), then the convergence is boundedly. The corresponding
statement about bounded A-summability in E follows.

Next we have that u(r, €) converges to f (¢) in the L* norm. Note that in
general u(r, ) need not converge (pointwise) to f (9).

Theorem 11. Suppose the function f is a Lebesgue integrable periodic function
of period 27z Then u(r,8) — f () in the L* norm.

The next result gives some insight into the behaviour of u(r, @) at the boundary
of the unit disk.

Theorem 12. If h ,—>0 as r—1 ,then u(r,6+h,)— f(0) at a point of
continuity €, and at a point of jump discontinuity,

u(r,0+h,) == (6+) - 1 (6-)) [ P(r,u)du —%( £(0)+ f(6)).
T 0

Proof.
If f is continuous at @, then given &> 0, there exists 6> 0 such that

I A B 1) | i — (40)

If h.—>0 as r—1, then for this value of ¢, there exists &1 > 0 such that

1-6,<r<1=h, |<g e (41)

Therefore, for 1-6, <r<1,

|u|<g:>|¢(9+hr,u)— f(9)|=%\f(9+hr+u)+ f(0+h,—u)—2f(6)

s%(\f(¢9+hr+u)—f(@)\+\f(9+hr—u)—f(@)\)<%(25):g. ----- (42)
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Therefore, for 1-06, <r<1,

u(r.0+h,)— £(0)| =3U”P(r,u){¢(9+hr,u)— f(e)}du‘
T 0

s% [* P(ru){p(o-+h,,u)- f(9)}du‘+§“§l2P(r,u){¢(9+hr,u)— £ (0)}du

IA

2" P(r,u)|#(6+h,,u) - f (6)|du +3j5’zp(r,u)\¢(9+hr,u) — £()|du
T 9612 90

IA

P(r,g) [ |#(@-+h,.u)~ £ (6)|du +§ jo‘”z P(r,u)edu

IA
N[N NN

S (en
Pr ) I F@du+ 2] £ ()] + o e (43)

Since P(r,6/2) >0 as r —»1 , it follows from (43) that

limsuplu(r,6+h,)— f(0)|<e¢.

r—1-

Consequently, since ¢is arbitrary, Iirp(u(r,0+ h,)— f(6))=0. This means
u(r,d+h)— f(@)asr—-1.
Suppose now f has a jump discontinuity at 8. By redefining f at 8, we may

assume that f(0) = %( f(6+)+ f(6-)).

Let d=f(64+)— f(6-). Let ((t—g)=> =)

Let g(t) = f(t)—%f(t—e)z f(t)—k(t), k(t):%f(t—é’).

= sin(nt)
n=1 n

Observe that f(t—@):%(ﬂ—(t—e)) for O<t—6@<2xz. Note that

converges boundedly to the function £(t) = %(n—t) forO<t<2z and ¢(0)=0

. It converges uniformly in any closed interval free from multiples of 2z. (See
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Integrating a Fourier series in Ideas of Lebesgue and Perron Integration in
Uniqueness of Fourier and Trigonometric Series, page 34.)

(See also Theorem 9 and Theorem 14 in Fourier Cosine and Sine Series, page
45.)

((t) is odd and has a jump of zat 0.

Note that g(8) = f (0) :%( f(6+)+ f(6-)). Observe that
: d,. dr
limg(t) = f (6+)——lim £(t—0) = f (0+) ——=
t—0* T t>0" T 2
- f(9+)—%(f(0+)— f(@—)):%(f(0+)+ f(6-)) and
. d,. drx
limg(t) = f(6-)——=limi(t-6)=f(6-)+—=
t—>6~ JT 10 T 2

= f(@—)+%( f(6+)- f(@—))z%(f(&+)+ f(6-)).

Hence, Itmg g(t) :%( f(6+)+ f(6-))=9g(6) and g is continuous at 6.

Plainly, g is periodic and Lebesgue integrable and so has a Fourier series.
Therefore, by what we have just proved for a point of continuity,

u(r,0+hr,g)—>g(6’):%(f(0+)+f(9—)) I e R (44)
Here, we add an additional third parameter to the notation u(r,,g) to include a
reference to the function g whose Fourier series is used.

Now we consider the function k, which is of course periodic and Lebesgue
integrable.

k(@+h, +t)+k(@+h, _t)}dt

u(r,¢9+hr,k):3j”|3(r,t){ .
790

_2d ”p(r’t){f(hr+t)+€(hr_t)}dt [ (45)

7T 7T 0 2
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Now,

1(7z—hr—t)+%(7z—hr+t), O<t<h,

%(ﬂ—hr—t)—%(ﬁ—(t—hr)), h <t<z

o(h, +t) + £(h —t) =

—-h, O<t<h
:{” A S (46)
—h.,h <t<zm

Therefore, in view of (45) and (46), we have,

u(r,@+h, k)

- izjh P(r,t){¢(h, +t)+((h, —t) }dt + d I” P(r,t){¢(h, +t) + ((h, —t)}dt
- Y0 h,

2
T

d ¢h d ¢~
:;L P(r,t)(n—hr)dt—?_[hr P(r,t)h dt

d ch d o er d oh g
:;jo P(r,t)dt—?hrj0 P(r,t)dt = [ P(r t)dt———h, . - (47)

—h,.
T 27

Now, u(r,@+h_ , f)=u(r,0+h, ,g)+u(r,d+h, k)

=u(r,0+hr,g)+gjhrP(r,t)dt—ihr.
0 2

Therefore,

u(r,0+h_, f)—gjhrP(r,t)dt=u(r,¢9+hr,g)—ihr —>g(@)as r—>1.
7T Y0 27

This completes the proof.

The following gives the bounds for the harmonic function u(r, ) a kind of
“maximum and minimum principle” for such a harmonic function.
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Lemma 13. Suppose the function f is Lebesgue integrable and of period 2 7.
(1) Ifmax{|f(8)|: 0 [-x x]} exists, then
lu(r,0) < max{ f (8)|: 0 e[-7, 7]} .

@ [ Juro)po<=["|f©)do .
T /e

Proof.

(1) fmax{|f(0)]|: €< [-x 7]} exists and equals K, then
\u(r,@)\:l‘j” p(r.u)f (u+9)du‘lej” P(r.u)du =K,
T |¥-7 T -
1
since —j P(r,u)du=1.
Y-z
1 ¢7 1 ¢z |en
@ [ ur,0)Ho <] U P(r,u)f(u+6’)du‘d0
72' =T 7Z' - =T

1 er fen
g?j_ﬂ(j_”P(r,u)\ f(u +9)\du)d9

:%fﬂ(fﬂP(r,u)\ f(u +9)\d9)du |
by Fubini Theorem for non-negative functions,

1 ¢ 7

~= [ Pew([7furo)as)a
1 = ”

_ ?I P(r,u)du.[_”\ f(u+6)de
1 er

since f is periodic of period 27 and 1_[” P(r,u)du=1.
72' /2
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Proof of Theorem 11.

The proof is similar to the proof of that the sequence of (C,1) means of the
Fourier series of f converges to f in the L norm as in Theorem 12* in Fourier
Cosine and Sine Series. Indeed the proof can be carried out in exactly the same
manner as in the proof of Theorem 12* in Fourier Cosine and Sine Series,
replacing the Fejér kernel by the Poisson kernel and taking limits as r tends to 1
on the left. The following proof differs in detail by not using explicitly the

continuity of the function 7(u) =j” | f (x+u)— f(x)|dx and that the Fourier series

of natu=0is A-summable to 0. (Theorem 10 part 2). The proof below may be
applied to summation method with kernel having properties similar to Fejér
kernel. We may of course prove Theorem 12* using the method below.

By Theorem 13 of Fourier Cosine and Sine Series, we may take a continuous
approximation f * of f such that

[0 fldt<s . oo (48)
We can extend f * to a periodic function on R.

Then [ 1 @+u)—f*@+u)|du=["|f(u)—f*(u)du <§. -------- (49)
u(r.6, ) —u(r,, f*)\:l‘j” P(r,u) f (u+0)du— [ P(r,u) f *(u+6)du
zld-r -n
=2|J" Pru)(f(u+0)- (0 u))d
72' -

glr P(r,u)‘f(u+<9)—f*(6’+U)‘dU- """""""" (50)
Ty
Therefore,

7 % Y 7 %
[ Jur.6, )~ u(r,0. 1 )\des;j_”(j_”P(r,u)\f(u+e) i (9+u)\du)d9

Y r %
:;j_ﬂ(j_”P(r,u)|f(u+0)—f (9+u)|d9)du,
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by Fubini Theorem,

zlj” P(r.u)duf” |f(u+0)— f *(0+u)|do
T d

:fﬁ|f(u+0)—f*(¢9+u)|d¢9<%, ------- (51)

by (49).

[ lutr.0. )~ f(@)do <[ |u(r.6, ) ~u(r,, f)|do
+J-_7;‘U(r,9, f*)_ f *(9)‘d9+.’._7;‘ f (0)_ f *(9)‘d9

<[ Ju(r,0, ) 1 *(0)\d9+§g, by (49) and (51).

------------------ (52)
By Theorem 10 part (2), since f * is continuous,
u(r,d, t*) — f *(6) uniformlyin 8as r—-1".
This means there exists & > 0 such that for all 4,
0<r-1<s :»|u(r,¢9,f*)—f*(9)|<6i. --------------- (53)
T

It follows then from (52) and (53), that
j” u(r,6, f) - f(H)\d0<27zi+ge:e
-7 6r 3

for 1 — & <r<1. Thatistosay, u(r,d) — f(6) in the L! norm.

Theorem 14. Suppose the function f is a Lebesgue integrable periodic function
of period 27.
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(1) Suppose at a point @, fsatisfies (.. That is, Itmg%_[ot g.(x)dx =0, where

gc(t):%(f(0+t)+f(@—t)—Zc). Then

u(r,d) >cas r—1 .

This means the Fourier series of f is A-summable at a point & where f satisfies
(

c*

(2) Since fis Lebesgue integrable, almost every point is a Lebesgue point, i.e.,
at almost every point &, f satisfies ¢ , . The Fourier series of f is A-

summable to f (€) almost everywhere.
Proof.

(1) Observe that the partial derivative of the Poisson kernel,
oP
P'(r,t)=—(r,t) <0
(r,t) p (r,t)
forO<r<land0<t<m (See properties of P(r,t).)
By integration by parts,
jo tP'(r,t)dt = [tP(r,1)] — jo P(r,t)dt

O JEELI. il . S S (54)
2 21+r 2 1+r

since E_[”P(r,t)dt =1.
T 0

Therefore, for0 <r <1,

4 !’ —_ 4 !’ _ L z ________________
jot\P(r,t)\dt_ jo P(r,dt =7 — <. (55)

Since Itmg%j; g.(x)dx =0, given &> 0, there exists 5> 0 such that
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0<t£5:>‘%j;gc(U)du <tg.  mmmmmmmmeeee- (56)

t
<e=> UO g.(u)du

For this value of &,
Ij P(r,t)g. ()dt = [@(t)P(r,1)]; - J.jCD(t)P’(r,t)dt ,

where ®(t) = I;gc(u)du,

R LG B I 10 (9L S (57)

Therefore,
‘ [ P(rng, @t §|CD(5)P(r,5)|+‘ de)(t)P’(r,t)dt‘

< P(r,5)‘ f:gc(u)du‘+ [ lo)P(rvjdt

<P(r,5)e5 + jjgt P/(r,t)|dte, by (56)

<5 21_r2 +¢Z by (55).

2(1+r°—2rcos(0)) 2

Therefore,

Iimsup“j P(r,t)gc(t)dt‘ < %g :

r-1
Since gis arbitrary, Iirpj'j P(r,t)g.(t)dt =0.

Hence, by Theorem 8, the Fourier series is A-summable to c.

(2). Suppose f is Lebesgue integrable. Then by Lemma 10 of Convergence
of Fourier Series (Page 9), almost every point is a Lebesgue point of f.

That is to say, for almost every @in [-7, 7],
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h—0

Iim%joh|f(9+x)— HC) [ o FR— (58)

Plainly, this implies Ihirrg%joh| f (8—x)— f(8)|dx =0 for almost every &in [-7,
7.

Now, for h #0,

‘%Iohgf(e)(x)dx‘:‘%j:%( £(0+X)+ f(6—x)—2(0))dx

1|1 ¢h
SE‘HJ'O(f(.% x) — f (6))dx

1]1 (h
+E‘Ej0(f(9—x)— f (6))dx

1|1 ¢n
S ARG O S 59)

1]1 ¢h
+E‘ﬁj0\f(6’—x)— f (6)|dx

Therefore, by the Comparison Test and using (58) and (59), we deduce that, for

|1 ¢h .1 eh
almost all 4, L'L’J ﬁjo ;0 (X)dx|=0 and so L'L]gﬁjo Js ) (X)dx =0.

Hence, f satisfies condition 7, at & for almostall &.

Therefore, by part (1), for almost all 6, u(r,6) —» f(6) as r—1 . Thatis, for
almost all 8, the Fourier series of f (&) is A-summable to f (&).

This completes the proof.

Proof of Theorem 6.

Theorem 6 is now a consequence of Theorem 10, Theorem 11 and Theorem 14.

Application to Harmonic Functions
Theorem 15 . Uniqueness Theorem

Suppose H is a function continuous in the closed unit disk and harmonic in the
open unit disk. Letf(8) = H(1, &), where H is expressed in polar coordinate.
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Then the function u(r,8) — f(8) as r —>1 . u(r, @) is harmonic in the open
unit disk and u(r,8) = H(r,0) identically in the closed unit disk. Moreover,
the Fourier series of f () is A —summable to f ().

Proof.

We know by Theorem 5 that u(r, ) is harmonic in the open unit disk.
Moreover, since f is continuous, by Theorem 12, we can extend u(r, @) to the
boundary of the unit disk to obtain a continuous function on the closed unit
disk. By Theorem 10 part (2), u(r,6) > f(8)=H(,6) as r —>1 forall 6.
Since now the extended function agrees with H on the boundary of the closed
unit disk, u(r,8)=H(r,0) identically in the closed unit disk. Of course the

Fourier series of f(8) is A—summable to f(8).

So long as f is Lebesgue integrable, u(r,&) is harmonic in the open unit disk.

If f is continuous at two different points with two different values, then
u(r,d) tends to these two different values as r —1". Consequently, u(r,&) is

non-constant. Hence, by the maximum-minimum principle of harmonic
function, u(r,d) cannot attain its maximum nor minimum in the open unit disk.

Thus, we have the following special case of harmonic function derived from the
Poisson integral.

Theorem 16. Suppose the function f is a Lebesgue integrable periodic function
of period 2z.  Suppose f is continuous at two distinct points in [-7, 7] with two
distinct values. Then u(r,&) is harmonic in the open unit disk and does not

have an absolute maximum nor minimum in the open unit disk.

Suppose f is a Lebesgue integrable periodic function of period 27z Suppose fis
not equal to a constant function almost everywhere. Suppose f attains its
maximum M and minimum m at ¢; and 8, with m <M. Since almost every
point in [, 7] is a Lebesgue point and f is non-constant almost everywhere,
there must exist two points ¢ and £, in[-7, ] such that f(&;) = f(<,) with

33



u(r,&,) — (<) andu(r,&,) — f(<,)as r—1". Consequently u(r,d) is non-
constant in the unit open disk. Moreover,

T

P(r,u)f (u+O)du<=M [ P(r,u)du=M = f(6)
. ~M],

u(r,0):§j

T

P(r,u) f (u+6)du zlmj” P(r,u)du=m= f(8,).
T 7Z' 7T

and u(r,0) =1j
T

Hence, we have:

Theorem 16. Suppose f is a Lebesgue integrable periodic function of period
2w and f is not equal to a constant function almost everywhere. Then

(1) u(r,®) is harmonic in the open unit disk and does not have an absolute
maximum nor minimum in the open unit disk.

(2) If f attains its maximum M and minimum m at 8, and 8, with m <M, then
m=f(6,)<u(r,d)<f(6)=M forallO<r<land-z<6 < x

If f satisfies ¢, ,, at &1, then the supremum of u(r,&) over the open unit disk
is f(6)). If fsatisfies ¢, at 82, then the infimum of u(r, &) over the open

unit disk is f(6,). Consequently, if f is continuous at €1, then the supremum
of u(r,d) over the open unit disk is f(6,) and if f is continuous at @, then the
infimum of u(r,&) over the open unit disk is f (6,)

Proof.

We only need to prove the last few statements in part (2).

If f satisfies ¢, ,, at &1, then u(r,6)— f(4) as r—>1". Therefore, it
follows from the fact that u(r,8) < f(6,), the supremum of u(r,&) over the
open unit disk is f(6,). Similarly, if f satisfies U, at @2 then

u(r,8,) — (6,) as r »1 and the infimum of u(r,&) over the open unit disk
is f(6,). Iffiscontinuousat &, then f satisfies L, , and a fortiori, ¢ , at 6.

Therefore, the last statement in part (2) follows from the previous statement.
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In general, we may not be able to extend u(r, @) to the boundary of the unit disk

to define a meaningful value at (1, ) . Suppose f has a jump discontinuity
of d="f(6+)—f(6-) at . Then by Theorem12,if h ,—-0 as r—>1,

u(r, H+h)——(f(9+)—f(¢9 ))j P(r,u)du — = (f(¢9+)+f(¢9 ).

And if we take any value a and choose a path (r, hy + ) making an angle of
tan~*(a) with the radial vector connecting the origin to (1, &) in such a way

1 ~, connecting say (1/2,h,,+6) to (1, &
—r

), then by Theorem 7,

1-r?

j P(r,0)do=["
0 2(1+r*—2rcos(d))

do—tan(a)asr—1 .

It then follows that
u(r,0+h,) —%( f(0+) - f(@—))tan‘l(a)+%( £(0+)+ f(6-)),
ie.,
u(r,6’+hr)—>%tan (a)+= (f(9+)+f(9 ).

asr—1 .

Thus, for different values of a, u(r,6+h,) tends to different values.

In particular when the path is tangential to the unit circle at (1, @), when a = o,

u(r,0+h )—>9%+1(f(9+)+ £(0-))=f(6+) as r»1 . Along the radial
T

line, u(r,@+h)—>= (f(¢9+)+f(0 )) as r »1 . Therefore, we cannot

extend the function u(r, @) to the boundary of the unit disk at (1, &)
meaningfully.
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Section D

Derived Series of Fourier Series

Definition 17. Suppose g is a real valued-function defined in an open interval I.
Let @ beinl. Suppose the limit

i 9@+h)—g(0—h)
h—0 2h

exists. Then we call this the generalised symmetric derivative of g at 8 and
denote it by Dg(6).

Suppose f is a periodic Lebesgue integrable function of period 27z Let
k(t) = .f; f(u)du. Thenk is absolutely continuous and differentiable almost

everywhere.
Suppose c is a real number and let g (t) = %( f(@+t)+ f(6—-t)—2c). Recall

that f satisfies condition ¢ at 6, if Itmg%jot g.(x)dx=0. The following is a

sufficient condition for f to satisfy condition ¢, at 6.

Lemma 18. Let k(t) = I; f (u)du. Then the generalised symmetric derivative

of fat @, DKk(8) exists and is equal to c if, and only if, f satisfies condition ¢,
at 8. Consequently if Dk(8) =c, the Fourier series of f at £is A-summable to
C.

Proof.

%L:gc(u)du :%j;%(f(9+u)+ f(0—u)—2c)du
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S 2(f(0+u)+ F(O-w)du—c

th?
:%OI f (6 +u)du +%Lt f(6—u)du—c
_ zlt:t f(s)ds— zit:t f(s)ds—c
_ %.'0"“ f (s)ds — %.':‘t f(s)ds—c
_ %_’0‘9“ f (s)ds — %_'0“ f(s)ds—c

_k@+)-k(@-) __
- 2t

k(@+1) k(@) _
2t -

.1t .
Thus, Itg)\{jo g.(X)dx=0< Itg)]

Hence, f satisfies condition ¢ at @ if, and only if, the symmetric derivative of

k(t) exists and is equal to c at 8. Therefore, by Theorem 6, the Fourier series of
f at 8 is A-summable to c.

Now we look at the situation with the derived series of the Fourier series of a
Lebesgue integrable function. We can deduce a similar conclusion, if f has a
generalized symmetric derivative at 8, then the derived series of the Fourier

series at #is A summable to Df (9).

Suppose

[ee]

%ao +SA0) = %ao + (8, cos(k@) + b, Sin(KA)). --------- (60)
k=L k=l
Then its derived series is given by a formal differentiation term by term of (60),

> k(b cos(kd) —a,sin(ko)) = ikBk(Q) | mmmmmmmmmmmmeenne (61).

0
k=1
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where B, (8) =b, cos(kéd) —a, sin(k6).
We shall show that, if the generalized symmetric derivative at 6, Df (&), exists,

then > k(b, cos(kd) —a,sin(kd))r* — Df (6) as r >1 .
k=1

We begin with

0

u(r,0) = %ao + i& O)rk = %ao + > (&, cos(ko) + b, sin(kg) ) r*

zlj” P(r,t—@)f(t)dt:lj” P(r,t) f (0 +t)dt.
VA Ve

LIPLE!
00 00

j P(r,t-6) f (t)at
Y a 1 ¢7-0 a

=——| =P(rt-0)f@{®)dt=—=| —=P(r,s)f(s+8)ds
[ 5 Pnt=0)fOdt=-—[  ~P(r,s)f(s+6)
17 0 o

= __I —P(r,s) f (s+8)ds by periodicity,
-7 ot

170 10 0
=——| —P(r,s)f(s+8)ds——| —P(r,s)f(s+8)ds
— [, ZPs)f(s+0)ds——[ —P(r,s)f(s+0)

170 100
:—;jo —Prs)f (s+9)ds+;jﬂap(r,—s) f(—s+0)ds. ------- (62)

—r(1-r?)sin(t)
(1+r® —2rcos(t))?
follows from (62) that

But QP(r,t): so that gP(r,—s):—g P(r,s) and so it
ot ot ot

8 1 ”8 1 ira
—5u(r.0) =—;jo —P(r9)f (s+9)ds+;j0 —P(r,8)f (=s+0)ds

:iﬁ(—%P(r,s)j( F(0+3)— f(6-5))ds

_ij-ﬂ r(L—r?)sin(s)
0 (1+r*—2rcos(s))?

(f(@+s)—f(0-s))ds. ------- (63)

T
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r(L—r?)sin®(s)
(L+r®>—2rcos(s))®

Note that _9 P(r,s)sin(s) =
ot

Now, for0<r<1,

2 ["2sin(s) 2 P(r,s)ds = [2sin(s)P(r, )| — [ 2cos(s)P(r, )ds

70 ot 0 o ’ ’
by integration by parts,

= —EJ‘”ZCOS(S)P(I’,S)dS
72' 0

__EJ.” COS(S)(l_rZ) dS
790 14+ r%—2rcos(s)

2 2
:_1 r J‘ 2COS(S) dS——l—r 7”2 =—r, by (22)*.
7 Y0 1+r°—2rcos(s) T l-r

Therefore,
9 u(r,6) - DFf (8) :ij”(—ﬁp(r s)j(f(9+s)— f(0—s))ds— DFf (0)
00 ' ol o

Df (9) s

:—j (——P(r s)j(f(¢9+s)—f(0 s))ds + = jzsm(s)—P(r 5)
:—j (—%P(r s)](f(ms)—f(e s) - 2sin(s) Df(e)j ----------- (64)

.0
Hence, lim—u(r,8)—-Df(8)=0
lim - u(r,6) - Df ()

olimt Oﬂ(—gP(r,S)j(f(0+s)— £ (6—s)—2sin(s) Dfr(‘g)jds:o. - (65)

f(@+s)—f(0-5) _lim f(@+s)— f(49—s)Iim S
550 2sin(s) 550 2s -0 5in(s)

:Imf(0+s)—f(9—s)

50 2s

.1=Df (),
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given ¢> 0, there exists & >0 such that

f(@+s)—f(0-59)
2sin(s)

O<\s\<5:>‘ —Df (6)

In view of (66), we write

lj”(_ﬁ P(r,s)j( £(0+5)— f(0—s5)—2sin(s) 2 (0)jds
o\ ot r

:_I (——P(r s)j(f(0+s)—f(0 s) —2sin(s) Df(‘g))

+1j”(—ﬁ P(r,s))( F(0+5)— f(0—s)—2sin(s) 2 09))
r9\ ot r

We may choose ¢ in (66) to satisfy0< 6 < z/2.

Notethatforo < s <z and 0< r<1,

(—%P(r,s)j(f(9+s)—f(9 5)—2sin(s) ()J

_r@@-r?)sin(s)
(@412 =2rcos(s))?

(f(9+s) f(6—s)—2sin(s) (0)j

Foro<s<z-dand 0<r<1,

r(1—r?)sin(s)
(Q+r°—

r(1—r?)sin(s) _ra-r?

217 sin*(0)

2:( _

For 7—6 <s<rmzand 0<r<1,

r(1—r?)sin(s)
L+r -

r(l—r?)
sin*(5)

—rz)‘s

Hence,foro < s <z and 0<r<1,

‘(—%P(r,s)j( £(0+5)— f(6—s5)—2sin(s) Dfr(‘g)j‘
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r(l—r?) ~ IDf ()]
< S (9) (|f(¢9+s)|+|f(6’ s)|+2—r )

Andso, forO<r<1,

lj”(—ﬁ P(r,s)j( F(0+85)— f(0—s)—2sin(s) > (g)jds

T\ ot r

<i[ (—Qp(r,s)) (f(0+s)— £(0—s)—2sin(s) 2" (Q)st
Yo ot r
1-r%) 1 ¢n Df (6

< rs(in4(r5));j5 U f (e+s)|+|f(9—s)|+2Mst
1r(l—r?) (¢~ 2

<202 16+ ZE[DE ()], (68)

It follows then from (68) that

if;(_gp(r,s)j( F(0+5)— f(0—s)—2sin(s)

T

Df (6)
r

lim

r—1-

jds‘ =0. ---- (69)

Now, in view of (66),

ijé(—ﬁ P(r,s))(f(éhrs)— f(0—s)—2sin(s) 2" (Q)st
0 ot r

1 _2sin(s)§P(r,s) f(0+s)_— f(0-s) Df (e)jds
7T 90 ot 2sin(s) r

_Df (0)+(1—%j Df (9))ds.

_ip —Zsin(s)gP(r,s) f(0+s)_—f(6?—s)
7T 0 ot 2sin(s)

f(@+s)—f(0-5)
2sin(s)

_=[ —23in(s)§P(r,s)) — Df (49)de

+%.[0§(—25i”(5)§P(r’s)j(l_%j Df (6)ds.
Therefore,
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‘1j5(—§P(r,s)j( £(0+5)— f(0—s5)—2sin(s) 2" (g)jds‘
790

r

ds

1 s . 0
< ;IO ‘(—Zsm(s)aP(r,s)j

[f(8+s)— f(0-5s)

2sin(s) ~bf (Q)j

+%Jj(_2$in(s)§ P(r, s)j(l—%jds\Df 9]

g%g[j —23in(s)%P(r,s) ds+% jj(—zsin(s)gp(r,s) ds(l_l IDf (9)|

slgjo” —23in(s)§P(r,s) ds+§ K(—Zsin(s)%P(r,s) ds(l—— |Df ()]

<er+(r=1)|Df(B)]. - (70)

Therefore, it follows from (70) that

limsup

r—-1"

EJ'(S(_%P(r,s)j( F(0+5)— f(O—s)—2sin(s) > (0))ds
T 0

r

Therefore, from (67),

limsup

r—1-

r

lj”(_gp(r,s)j( £(0+5)— f(0—5)—2sin(s) 2t (Q)jds‘
790

<limsup

r—1-

lj”(—ﬁ P(r,s))( F(0+85)— f(0—s)—2sin(s) 2" (g)jds‘
T\ ot r

+limsup

r-1-

1 j05(_§ P(r,s)j( F(0+3)— f(0—5)—2sin(s) 2" (9)jds‘

T r
<0+e&=¢, by (69)and (71).

Since ¢ is arbitrary,
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limsup

r—1-

ljo”(_gP(r,s)j(f(9+s)—f(H s) —2sin(s) (e)j ‘ 0

T

and so lim~ ”(-%P(r,s)j(f(eﬁ)— £ (6—s)—2sin(s) Dfr(e)jdszo.

r—1" g 90

It follows from (65) that Iirp%u(r,@) = Df (0).

That is, ﬁ—u(r ,0) = Zk b, cos(kd) — ak5|n(k0))r —>Df(#) asr—1

k=1

This means the derived series of the Fourier series of f at & is A-summable to
Df (@) .

We have thus proved the following theorem.

Theorem 19. Suppose f is a periodic Lebesgue integrable function of period
2z If f has a generalized symmetric derivative Df () at &, then the derived
series of the Fourier series of f at 0,

D k(b cos(kd) —a,sin(kd)) = > kB, (6)
k=t P}
is A-summable to Df (0) .

Remark. Note that the derived series of the Fourier series of f at & may not
be a Fourier series.

Observe that if f is a periodic Lebesgue integrable function of period 2, then
by Theorem 30 of Ideas of Lebesgue and Perron Integration in Uniqueness of
Fourier and trigonometric series, the series

%aox+i%—ib” cos(nx) —a, sin(nx) 1 +z ZBn(x) ’
n=1

n-1 n N ohg N

where (a,,b.) are Fourier coefficients of f, converges uniformly to _[ f(t)dt.

n?!>n
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Thus, ib —ibncos(nx)_ansm(nx)zib —iB”(X) is the Fourier series of

—n
=1 n n=1 n n=1 n

7
L
S |4
p=}

x 1
| f(t)dt-Za,x. Then

x+hf dt — x—hf q Y .
.[0 © tzhjo ® t:%ao‘F;(anCOS(nX)+bnSin(nX))W — (72)

So, the symmetric derivative Dk(x) of k(x):jox f (t)dt exists if, and only if,

sin(nh)

.1 < . .
Ll_r)Tgan+Z(an cos(nx) + b, sin(nx)) exists.

n=1

Thus, by Theorem 19, if Dk(x) exists, then

%a0+2(an cos(nx) +b,sin(nx))r" — Dk(x) as r—->1 .

n=1

If Ihirg%aﬁi(an cos(nx)+bnsin(nx))smn(nh) =c , then we say the series
- n=1
%a0+i(an cos(nx) + b, sin(nx)) =--=-=-=====-------- (™)

n=1

Is Lebesgue summable or L-summable to ¢ . We have shown that if the Fourier
series is L-summable to c then it is A-summable to c. The converse is generally
not true. Zygmund gave a sufficient condition for the convergence of a
trigonometric series to imply Lebesgue summability. There are other sufficient
conditions for the converse. For instance, if a, and b, are of O(1/n), then the
series is convergent if, and only if, it is Lebesgue summable. If

Zk«/alf +h? =0(n), then A-summable to ¢ implies Lebesgue summable to ¢
k=1

(Vindas Theorem 3 in On the relation between Lebesgue summability and some
other summation methods, J Math Anal Appl vol 411 2014 page 75-82.)

It is worth noting that for Fourier series, Lebesgue summable to ¢ implies by
Lemma 18 and Theorem 32 of Ideas of Lebesgue and Perron Integration in
Uniqueness of Fourier and Trigonometric series, that the Fourier series is
Riemann summable to the same value c. Thus we can also conclude by
Theorem 20 below that if f is a Lebesgue integrable periodic function, then its
Fourier series is Riemann summable almost everywhere to f.
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If Ilrgl¢(9,U):|lm f(H+U)+ f(g—U)

5 exists and is equal to c, then f satisfies
u—0*

condition ¢, at 8. We have the following Lebesgue summability Theorem.

Theorem 20. Suppose f is a periodic Lebesgue integrable function of period
2.

(L) If lim@(0,1) = lim

Fourier series of f is Lebesgue-summable to ¢(6+) .

f(9+t)“2“ TO7Y exists and equals ¢ (0+), then the

Consequently:

(2) The Fourier series of f (t) att = @ is Lebesgue-summable to f (#) at a point
f(6+)+ f(6-)

of continuity and to at a point of jJump discontinuity.

(3) The Fourier series of f is uniformly Lebesgue summable to f (&) in any
closed interval of continuity.

(4) The Fourier series of f is Lebesgue summable almost everywhere to f(&).

Proof.

Note that we have shown in the proof of Lemma 18 that

"rydt- [ fo)dt g .
J 2th :%jo %(f(9+t)+ f(0-t))dt

and so

[Mtmd- [T fmdt g g 1 oh
o —c=ﬁj0§(f(e+t)+f(¢9—t)—2c)o|t=ﬁj0 g, (t)dt.

It follows from (72) that

1.8 i sin(nn)  _ 1" gt e
2a0+§(ancos(n«9)+bnsm(n0)) i , 9 (tdt. (73)
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Therefore, the Fourier series of f is Lebesgue summable at any point 6, where

_1h 101 _
'h'ﬂgﬁjo gc(t)dtzlhmﬁjoa(f(eﬂhf(6?—t)—2c)dt:0,thatlstosay,f

satisfies condition /_ .

Since Iirg]¢(<9,t):lim
t—>0"

t—0*

f(9+t);‘ f(e_t) :¢(9+)’ given e>0

there exists 0> 0 such that

gcg(t)\=\¢(9,t)—cg\<g O RS R R P ——— (74)
where ¢, = ¢(0+) .

Thus for 0<h< 4,

1en1 1 ¢h
‘HL E( f(@+1)+ f(@—t)—ZCQ)dt‘=‘EL (¢(t9,t)—ce)dt‘

1 ¢h 1 ¢h
SHL\¢(0,t)—cg\dtsﬁjogdt:g.
Since ¢is arbitrary, this shows that
. 1eh .10l
L'LE‘HIO gc(t)dt:IhlgolﬁjOE(f(QH)Jrf(&—t)—Zc)dtzo.

Hence, the Fourier series of f is Lebesgue summable at 4.

This proves part (1).

Part (2) follows from part (1) since at a point of continuity 6, ¢(6+) = f(6)
and at a point of jump discontinuity, ¢(6+) = %( f(0+)+ f(6-)).

If f is continuous in [a, b], then f is uniformly continuous in [a, b] and so we
can choose the same 6> 0 in (74) for all & in [a, b]. This implies that

%johgf(g)(t)dt—)O uniformly in @ in [a, b]. Consequently, the Fourier series

of f isuniformly Lebesgue summable to f (&) in[a, b]. This proves part (3).
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Since f is Lebesgue integrable, almost every point is a Lebesgue point of f.
Hence, as we have shown in the proof of Theorem 14, f satisfies condition ¢, ,,

at dfor almost all &. Therefore, the Fourier series of f is Lebesgue summable
almost everywhere to f(6).
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