Question 1

The function f Is defined by
%x%%, N

f(x):<x25in(%), -l<x<landx#0
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Thus f maps (—o0,—1) onto (—oo, —2).

(Because for any y < —2, we can take
X=3%y+1sothat f(x)=y)

Also, for -1 <x<1, -1<f(x) <1.
This 1s seen as follows.

For-1<x<landx=+0, |f(x)|= ‘xzsin(%)‘ RN
Also we know f (0) = 0.
Thus -1<f(x)<1. Therefore, f (1) =1 is the absolute

maximum of f on [-1, 1]
and f (—-1) =-1 is the absolute minimum of f on [-1, 1].

)




Assuming that f Is continuous on [-1, 1]
(as we shall show in part (d) below),
by the Intermediate Value Theorem)

f maps the interval [-1,1] onto [-1,1].

Finally for x> 1, f(x)=5x® +3 > L.

And for any y > 1, we can take

-1
R €/3y2 >1sothat f(x)=Y.
Hence f maps (1, %) onto (1, ).

Hence the range of f iIs
(-0, -2)U[-1, 1] U (L, ) = (-0, -2) U [-1, )y,




(b) By part (a) Range(f) =
(—o0,—2) U [—1, ©0) #R = codomain( f ),
therefore f Is not surjective.

(© @ By part (a)
1 isin the image of [-1, 1] under f .

Thus, to find the preimage we need to solve the
equation
X2 sin(%() =1 for x in [-1, 1]-{0}.

Forx+0and -1 <x <1, xzsin(%)‘gx2<1.
Since we know f (1) =1,and f(-1) <0, x=1.

)




(1) From part (a)
- 2 1s not in the range of f.
Thus, the solution of f(x) = -2 does not exist.
Therefore, there 1s no value of x such that f(x) = -2
(d Whenx<-1, f(x)=x3-1, f is
continuous on (—oo,—1).
When -1 <x<landx=0, f(x)= x25|n( D

Since x sm(g) IS continuous on (-1, 0) and on (0, 1),
f 1S continuous on the union of these two ntervals.

When x> 1, f (x) is a polynomial function and so it is
continuous for x > 1.

Thus 1t remains to check if f 1s continuous at )
x==1,00r1.
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Xllrln_ f(x)_Ime sm(2 R S|n(2)_1
I|m f (x)=lim 2

X—>1+ X—>+3

Therefore, !(inl] f(x)=f(1)andso fis
continuous at x = 1.

Now lim f(x)= lim x°3-1=-2
X=>(=1)" X>(=1)"

AR
£x3 + §=§ §=1 f(l)

im fo)= lim x2sin(Z)=12sin(-2)=-1
2X 2

X—(—1) + X—>(—1)*

Thus the left and the right limits of f at x = -2 are

not the same and so / 1s not continuous at x = -1.
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Now !(Lrg f (X) —!ﬂQX 3|n(2X)_O
by the Squeeze Theorem.

Since f(0) =0, f is continuous at x = 0.
Hence f is continuous at x for all x # -1.

(e) f 1isdifferentiable at xx =1 . This is seen as

follows. 2 cin(-L) _
MUK
NANTNAR X—1 X—1- X—1
2x sin(Z) — £ cos()
:X|inl1_ 2X T 2 2X by L’ Hopital’s Rule
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Thus f is differentiable at x=1 and f ‘(1) = 2.

(f) Note that

f 1s an odd function on the interval [-1, 1],

since f(-x) = x%sin(—m/(2x)= —xZsin(m/(25))=- [ ().

AR

=7 f ()
Therefore,

x=—[> f(-t)dt wheret=— x
t=—[g f(t)dt

1, feodx=Jg foodx+[°, f0dx=0.

)



Question 2

: 61x" +2x3 +1
@) 1M 507x7 + 7x3 +Bx2 + 7
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(b) him 14x2
_lim X2
x~0 14x2(J7x2 + 121 + 11)
_1im 1 -
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by repeated use of L’ HOpital’s rule
and Jim 2xeX" = oo so that the limit of the

. \ \ NN
reciprocal function lim >xexz 1S 0.



_sin(tan(x))
(d) lim tan(sin(x))

. cos(tan(x)) sec?(x) MHMHINN
_)|(Ln8 R ITRRRR by L’ Hopital’s rule

- cos(tan(0)) sec*(0)
~ sec?(sin(0)) cos(0)




(e) Let y=(e®) +3x2)1),
Then In(y) = xl Ine®?) + 3x2).

. ~In(e®) +3x2)
Now firgIny) =g
NN 3x2e®) 4 6x
x—-0 2X(e™®) + 3x2)
DB
NN

Therefore, limy =lim e = XNV = g3
X— X—
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b) [ sin~L(4x)dx = x sinL(4x) — | 4x————adx
(b) | sin(4x) (40 - | =
by integration by parts

_ xsin~t(dx) + & [ —=32X__ 4
%9 8§J1—16x2

= xsin~}(4x) + 71— 16x2 + C

by change of variable or substitution

using e.g. u = V(1=16x%)




(c) [eXsin(5x)dx =762 sin(5x) - 3 | €25 cos(5x)cX

= 2e2X sin(5x) — 2[3e2* cos(5X) + 5 | €25 sin(5x)dx]

= 222 sin(5x) — 22 cos(5x) — 2 | €2 sin(5x)dx]

by Integration by parts.
Therefore,

7 1 e sin(5x)dx = 382 sin(5x) — 38 cos(5x) + C

Thus

[ e2Xsin(5x)dx = &e2* sin(5x) — =e2* cos(5x) + C'.

)




Therefore,

)

= 55262 sin(5x) — 56 cos(5x)13

jf e?X sin(5x)dx

X 2—19[5eO cos(0) — 5e’s cos(n)]




@ | X+ 3 dx=f(l 4. AN )dx

X2 4+ 2X + 4 2X2+2X+4  X2+2x+4
NN 2 L
R —I—2X+4)+2§(X+1)2+3dx

=2 I + 2x+ D + = tan Tt ) + C

Therefore,

2. X+3 AR i e
jOX2+2X+4dx_[2In(x +2x+4)+=tan" (T )}

= 3((IN(12) - In(4)) +2(tan~1(/3) — tan1(=%))

=3In(3) + L(% ~8)=3In®+ =

/3 Bf



Question 4

(a) Let f (x) = 3x -2. First note that
| () —=1] = |3x—=2-1] =3|x1].

Therefore,
given any € > 0, take 0 = €/3
Thus,

0<|x—-1|<0=|f(x) —=1| =3|x1]|<30=c¢.

Therefore, by the definition of limit,
!(I m RO




(b) First note that
£ 1is differentiable at x for x 1n (-00, -T) or (T, )
since on these intervals the function 1s the same
as sine(x) and sine (x) is differentiable on these
intervals.

Now for x such that - < x <7, f(x) 1s given
by a polynomial and any polynomial is
differentiable on the interval (-1 , ).

Then a necessary condition for f to be
differentiable at 7 is that / be continuous at 7.

Thatis, Jim f () =]lim f (x) =f (7).

X—>7T+



Now Jim f (x) =)im ax® + bx = an® + b = f (n)
and  lim f (X) =lim sin(x) = sin(x) = 0.

X—>mt X—>7t

And so our first condition is

Since we know the derivative of sin(x) is cos(x),

that iIs _ _
ULQ sm(y))/: )s(ln(x) MR

f (x))( X 17;(7'5) :xl'ﬂl sir;(oi)n— 0

lim

X—7T+

=lim sin(x))( — iin(n) S COSRRRR




Similarly,
f (X) f (n) ax® + bx — (a3 + brn)
—)71'— )!—>7'C_ X—T

= 3an* + b.
Therefore, in addition to equation (1), for
differentiability at 7, we must have

i T )
Solving (1) and (2) gives b = % and a = —

For differentiability at - T,

we get the same equations (1) and (2) above.

Thus the same values for « and 4 above will guarantee
differentiability at - T too.



(c) Let f(x)=2x3+3x+1-3sin(x)cos(x)
= 2x3 + 3x + 1 — Zsin(2x).
Then f'(x)=6x%+ 3 —3cos(2x)
= 6X° + 3(1 — cos?(X) + sin?(x))
= 6(X? + sin?(x)).
Therefore, f'(x) >0 forx 0.
Since f is continuous on R, f is continuous at x = 0.

Thus f is increasing on (-00, 0] and on [0, %) and so
it 1s increasing on R. Therefore, f is injective.




Now f(0)=1>0and f(-m) =-2n*~3 1 + 1
< 0.

Theretore, by the Intermediate 1 alue T'heorem,
there exists a point ¢in R such that f (¢) = 0.

Thatis, / has a rootin R.

Since f is injective, it has exactly one real root.



Question 5

Observe that
, MRS
2XIX| N\ _142-x2’ X<0
fx)=1 1+x° =12 0<x<1
X 1 X i\
X XZ].

We note that

1. f is continuous on (1, 00) because f is a rational
function on (1, 00) .

2. f 1s continuous on (-0, 1) because f 1s a
product of a rational function and | x| and
| | 1s a continuous function .




Now lim f (X) :)!Lrln x=1=f(1) and
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. NN
Iim f () =lim = 1.
X—1- () x—1- 1 4 X?

Therefore, !(im f(xX)= f(1) andso f Is

continuous at x = 1.
Thus f 1Is continuous on R.

Then
NN
(1+x2)2’
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(1+x2)2°

—X%, X>1

X< 0




xRy
(1+x2)3’
XY
(1+x2)3’

Xx<0

4
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X3’

3
(1 +x2)3’

, 0 =3
(1 +x2)3’

VX sk

X <0
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(@) For x<0, —Aflx> 0 and so from (1)
, —— RN ] -
f (X)_(1+x2)2 >0 forx In (- oo, 0)

since (1 + x°) > 0.

Thus f is increasing on the interval (-0, 0] since f 1s
continuous at x = 0.

Now for xin (0, 1) f'(X) = a f§2)2 >0.

Therefore, f is increasing on [0, 1] since f is
continuous at x = 0 and at x = 1.
Thus f 1s increasing on the interval (- oo, 1] .




For x >1, f'(x) = —X—12 < 0.

Thus f 1s decreasing on the interval [1, 00) since
f 1s continuous at x = 1.

(b) Now Jim f () =Jim % =0

and so the line y = 0 is a horizontal asymptote of
the graph ot f.

Next we check the following limit.
DN\ 2

= 1m -
14+X%2 x>=-w 1_|_X—12

Jim, 00 = lim, - =2

Therefore, the line y = -2 is another horizontal
asymptote of the graph of f.




(c) When x < —% from (2),

QRS
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Hence the graph of f Is concave upward on the
Interval (—oo, —
( J—)
Also from (2), when _E AR
(x*-3)

drx2)s <V

RO

> 0 since (x? —2) > 0.

f/(x) = 12

Therefore, the graph of f Is concave downward on

the interval (—%, 0).
)




Again from (2), for 0 <x < —=(< 1),

f'(x) =12 kv >0since (x2-%)<0
N\ (1+ x2)3 3 '
Therefore, the graph of f Is concave upward on (0O, %).
1 (XZ NN
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For = <x<1,1T (¥ = 12(1+x2)3 <0

and therefore the graph of f Is concave

downward on (==, 1).

Finally forx > 1, f"(x)= x_23 > 0 and so the graph
of f Isconcave upward on (1, ).



(d) Since from part (a) f is increasing on (-0, 1] and
decreasing on [1, 00), f has a relative maximum value
at x = 1.

 Indeed the relative maximum wvalue is /(1) = 1.
Since f is increasing on (-00, 1], / has no relative
minimum in (-0, 1] .

*  Likewise since f is decreasing on [1, 00), f has no
relative minimum value in [1, 00), .
Therefore / has no relative minimum value.



(¢)

From part (c), there are changes of concavity
before and after the following points in the graph:

LA R R Ak
(_\E,f( \/5)) ( \/§’ 2))1
(0 Y (0)) = (U, 0>

and (1, f (1)) = (1,

1%{ . . .
Therefore, these are the points of inflection.

)




(f) The graph of [ (not drawn to scale)
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Question 6

1
@) 9(x) = LX1+s|n2(2t)+t2dt

x3 I\

1
= _ dt+ f° dt
0 Trsmtp it

> 1 +5sin?(2t) +t2

x> 1 —X 1
X . dt — dt
Jo 1 4 sin?(2t) + t2 Jo 1 4 sin?(2t) +t2

= F(x%) ~ F(-X)

i\
where F(x) = [o 1 +5sin2(2t) +tZdt




Therefore,
g'(x) =F'(x%) - 3x* = F'(-x) - (1)
by the Chain Rule

\ & \ 1
1+5sin%(2x3) +x8 1 +5sin%(=2X) + X2
by the FTC




(b) ()

r—

Since k(x) = |3 ! dt, by the FTC,
1+t4

k'(X) = >0 since 1+x%>0.

\\
R

I'herefore, £ is increasing on the whole of R.

T'hus £ 1s injective.



(i) (k™'(0)= k’(k—ll(O))'

* Need to know the value of £ 71(0).

k2(0)=x & k(x)=0 o [F —L—dt=0

) V1+1t4
Since k(1) =3 dt =0 and
( ) 1\/T
k Is Injective, x=1.
Therefore,
(kYO =Ty~ @ =1 =2
%




(c)®

Let £ =["heydt+[

N h=1(s)ds — xh(x)

* We want to show that this is a constant function.

o At this point, it is reasonable to make some assumption
that allows us to proceed to show that this is true under
this assumption. We then assume that b is differentiable.
Lhis is to make sure that the function f 1is
differentiable.

* Notice that f 1s continuous on [a, 4] .




With this assumption, by the Fundamental Theorem
ot Calculus, f is indeed differentiable and

f'(%) = h(x) +h=(h())h'(X) = (h(x) +xh'(x))
= h(x) +xh’ (x)=h(x)—xh"(x) =0
Therefore,

f(x) = C for some constant C.
Thus C= f (a) =-a b (a).
h(X)

Hence [, h(tydt = xh(x) - ah(a) - f, - h-*(s)ds
In particular
f, h®ydt = bh(b) —ah(a) - [ ;) h-%(s)ds s




The solution to this part without assuming
the differentiability of / is given at the end
of the page

http:/ /www.math.nus.edu.sg/ ~matngtb/
Calculus/test_paper/99ex1.pdf




(i

Let h(x) = {1+ (x—1)3 for xin [0,1].

h (x) =y if and only 1f

1+(X=1)3 =y2 < (x—1)3 =y2 — 1 s0 that
R R e R RS S
Therefore h=1(y) = y® — 3y* + 3y?

Now 4 (0) = 0and 4 (1) = 1.
* Before we use part (1), note that in part (i) we
only require that / be differentiable on (g, ).



Hence by part (1),

fo 14 (x=1)3dx=h(1)- [ (8 - 3y* + 3y2)dy

= 1[5y ~5yP +y¥lg=1-+4-9=4




Or use substitution u=1+ (X — 1)%.

Then x=u®-3u? + 3u.

o1+ (x=1)3dx=[,(3u? —6u? +3u?)du




