Composition and Riemann Integrability
by Ng Tze Beng

It is natural to ask whether composition of Riemann integrable functions is again
Riemann integrable. Unlike the case for differentiable functions, where composition
of differentiable functions is again differentiable, composition of Riemann integrable
functions need not be Riemann integrable. The starting point is of course to establish
that non-Riemann integrable functions exist. The following example will be used in
subsequent proceeding.

Example 1. The function 4 : [0, 1] > R, defined by
0, if x is irrational
h(x) = { 1, if x is rational

is not Riemann integrable.

We shall prove that / is not Riemann integrable, using Theorem 1 of Riemann
Integral and Bounded function or more precisely part 1 of this theorem.

Let P:0=x<x <x»<...<x, =1 Dbe any partition for the interval [0, 1]. Then by
the density of the rational numbers and irrational numbers, in each of the subinterval
[x;.1,x: ], (= 1,..., n) we can always find a rational number and an irrational number.
Hence for i=1,...,n., {h(x):x €[xi.1,x;]} = {0, 1}. Therefore, for eachi=1,...,n,

M; (P, h) =sup{h(x): x €[x;-1,x; ]} =sup{0, 1}=max{0, 1}=1 and

m; (P, h) = inf{h(x): x €[x;.1,x; |} = inf{0, 1}=min{0, 1}=0.
Therefore, the upper Riemann sum with respect to the Partition P is

UP,h) = 2, Mi(P,h)Ax; = 2, Ax; =1
i=1 i=1
and the lower Riemann sum with respect to the Partition P is
L(Pa h) = 2 mi(Pa h)Axl =0.
i=1

The above is true for any partition P for [0, 1]. Hence, the lower Riemann integral of
h,

f h =sup{L(P, h) : P is a partition for [0, 1]} =max{0} =0

and the upper Riemann integral of /,

f h=mf{U(P, h) : Pis a partition for [0,1]} =min{l} =1.
Therefore, the lower Riemann integral j h is not equal to the upper Riemann integral

y h and so by Theorem 1 of Riemann Integral and Bounded Function, h is not
Riemann integral over [0, 1].

There is a deeper theorem that we can invoke, namely the Theorem of Lebesgue.
Theorem 1 (Lebesgue). A bounded real valued function f: [a, b] — R from the

closed and bounded interval [a, b] into R is Riemann integrable if and only if f is
continuous except perhaps on a set of measure zero in [a, b].

© Ng Tze Beng 2002 1



Here we have a new concept, more precisely, the concept of Lebesgue measure. This
is a kind of generalisation of length. How can we use this theorem?. It isuseful to
know that the set of rational numbers is a set of measure zero and that the set of
irrational numbers in a non-trivial interval is not zero. We shall also use other exotic
sets of non-zero measure. For now what we need to examine is the set of
discontinuities of 4.

Assertion 1. % is nowhere continuous on [0, 1].

Proof. Letx be an irrational number in [0, 1]. Then A(x) = 0. Take any € >0 with ¢
<1, for any 6 > 0, there exists, by the density of rational numbers, a rational number
ps in (x — 8, x + 8)M[0,1] such that |a(ps) — A(x)]=|1 — 0| =1>¢. Hence,

ylilr}c h(y) # h(x). Therefore, h is not continuous at x. Similarly letx be a rational
number in [0, 1]. Then A(x) = 0. Take any € > 0 with ¢ < 1, for any d > 0, there
exists, by the density of the irrational numbers, an irrational number g5 in (x — J, x +
8)M[0,1] such that |a(gs) — A(x)]=10—1]=1>¢. Hence }ig}c h(y) # h(x). Therefore,

h is not continuous at x.

For our purpose we only need to know that the function /4 is discontinuous on the set
of irrational numbers in [0, 1] and that the measure of the irrational numbers in [0, 1]
is not zero (in fact, the measure is equal to 1). We cannot easily establish the fact that
the measure of the irrational numbers in [0, 1] is not zero without going into the
theory of Lebesgue measure. Also the measure of [0, 1]is 1. For now we accept
these facts.

Another proof of the non Riemnann integrability of 4.
By assertion 1, /4 is discontinuous on a set of measure bigger than zero. By Theorem
1, A isnot Riemann integrable on [0, 1].

How can we produce a counter example to the assertion that composite of Riemann
integrable functions is Riemann integrable? If we factor /4 into a composite of
Riemann integrable functions, then we are done. Indeed, we can do so. Let us first
describe the factors.

Example 2. The function f: [0, 1] > R defined by f(x)=0ifx=0and f(x)=1,
for 0 <x <1 is Riemann integrable.

Proof. We shall use the method of Example 9.2.6 of Calculus, An Introduction to
show this. Given any € > 0, there exists a positive integer m such that 1/m <e. Take
any partition P : 0 =xo <x; <x; <... <x, = | such that the norm of P, ||P|| = max{x; -
Xioi:i=1,...,n} < l/m Then the dlfference of the upper and lower Riemann sum,

uep, f) L(P = ZM(P S)Ax; - Zmz(P F)Axi,
where M; (P, f)—sup{f(x).x €[xi.1,x: ]} and
m; (P, f)=inf{ f'(x): x €[x;.1,x ]},

= M (P, [)=mi (P, [ -X0),
since M; (P, f)=m; (P, f)=1fori>1,

=(x1 —x0), since M, (P, f)=1andm, (P, f)=0,
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<P <1/m<e.
Hence, by the Riemann's condition (Theorem 1, Riemann Integral and Bounded
Function), f is Riemann integrable.

We consider now the next example.

Example 3. The real valued function g : [0, 1] — [0, 1] defined by

0, x 18 irrational
gx)= %, O<x<landx= % in its lowest term .
1, x=0orl

is Riemann integrable.

Before we show that g is Riemann integrable we observe that fand g are the required
factors for our counter example.

Example 4. The functions f, g and 4 as defined in example 1, 2 and 3 satisfy
h= fog. The functions f and g are Riemann integrable but / is not Riemann
integrable.

Proof. If x is an irrational number in [0, 1], then f° g (x) =/ (g(x))=/(0) =0 = A(x).
Suppose now that x is a rational number in [0, 1]. Then by the definition of g, 0 <g(x)
< 1. Hence by the definition of £, f> g (x) =f(g(x))= 1 = h(x) for any rational number
in [0, 1]. Thus, for all x in [0, 1], fo g (x) = h(x). Therefore,h= f-g.

Assertion 2. The function g: [0, 1] — [0, 1] as defined in Example 3 is Riemann
integrable.

We shall use Lebesgue theorem. This requires us to show that g is continuous at
every irrational point in [0, 1]. Thus, since the rational numbers in [0, 1] is of
measure zero, by the Lebesgue Theorem, g is Riemann integrable. Since the proof of
the continuity at irrational points is of some interest, especially the simple logic
involved, we shall present the proof along this line. We shall do more, we shall prove
that g is discontinuous at every rational point in [0,1]. Given any € > 0, by the
Archimedean property of R, there exists a positive integer m > 1 such that 1/m <e.
Next we observe that there can only be a finite number of reciprocals of integers that
are greater than or equal to 1/m: For any rational number p/q with p/q in its lowest
terms and 0 <p/q <1, g(p/q) 2 1/mifand only if /g > 1/m if and only if IS g <m .
This means that 1 < p < g and the greatest common divisor of p and ¢ is 1. Thus, the
number of rational numbers in [0, 1] that have values greater than or equal to 1/m is
finite and this set includes the point 0 since g(0) = 1. That is, the finite set S,, = { p/q:
g=1,...m;p=1, ..., q}{0} is precisely the set on which the values of g are
greater than or equal to 1/m. Take an irrational number x in [0, 1]. Then let d =
min{|x —y|:y € S, }. Then &> 0 since x is irrational. Obviously, the open interval (x
— 9, x + 8) do not meet S,, . This is because if (x — 5, x + )N S, # &, then there exists
p/q in S, such that [x — p/g| < d contradicting that [x — p/g| > 6. That means for all y in
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(x—=938,x+3)N [0, 1],y ¢ S, and so consequently, g(v) < 1/m <e. Therefore, |g(y) —
g(x)| = |g(y) — 0| = g(v) <e. Hence, for all y in [0, 1] such that |y — x| < we have |g(y)
— g(x)| <e. Thus gis continuous atx. Now we shall show that g is discontinuous at
rational point x. For any rational pointx in [0, 1], g(x) > 0. Lete =g(x)/2>0. Then
for any 6 > 0, by the density of the irrational numbers in any interval, there exists an
irrational number ys in (x — 8, x + )M [0, 1]. Then |g(ys) — g(x)| = |0 — g(x)| = g(x) >
g(x)/2 =¢. That means g is not continuous at x. Hence g is not continuous at any
rational number in [0,1]. This completes the proof of the assertion.

Another proof of assertion 2.

We shall show that g satisfies the Riemann's condition. For any ¢ > 0, take any

positive integer m > 1 such that 1/m < ¢&/2. Recall that the finite set S,, is precisely the

set {y €[0, 1]: g(v) > 1/m}. Note that 0, 1 € S,. Let the number of points of S, be k

+1. Order the elements y, , y1, ¥z, ..., yx of S,.as follows:
O=yo<yi<ym<..ya<y=1

Choose k—1 pair of points, each pair constitute an interval containing each y; in its

interior and of length <¢/2 fori =1, 2, ..., k—1 and such that they are all mutually

disjoint. That is, we choose xy < x; <x; <... <xz- such that

0=1y0<X1 <Y1 <X2<X3< I <Xy <X5< ... Xop-4< Xop -3 <V -1 <Xop -2 <V =1

We choose further two more points, xo and x5 -1 and name y, as x_; , yx as x» such

that 0 =x_1= yp< Xo <kx1 and xy 2 <Xy -1 <X =y =1. We further require that

(o —x1) <5 (1)
J=0

Obviously,
P 0=x0<X<x1<X0<X3<X4<X5< ... X0 -4 < Xop -3 <Xok -2 <Xop -1 <Xox =1
forms a partition for [0, 1].
Now, by the density of the irrational numbers in any interval,for i =0, 1, ..., 2k,
m;(P, g)=inf{ g (x): x €[xi.1,x ]}= 0. ~--m-mmmmmmmmm- )
Foreach j=0,1,2, ...,k y; € [x2; -1, X2 ;] and so by the definition of S,, ,
M:; (P, g)=sup{g(x):x €[xy.-1,x; [}=g () 3).
forj=0,1,2, ..., k.
Now because for j=1,2, ...k, [x2;-2,X;-1 |NS,=I,
M;; (P, g)=sup{ g (x):x €[x2j.2, %21 ]}< UUm, —-mmmmmmmme (4).
forj=1,2, ... k.

2k 2k
Hence, UP, g)—L(P, g)= 2 MP, g)Ax;— 2, mi(P, g)Ax;,
i=0 i=0
2k
= 20 M;(P, g )Ax; , by (2),

k
= ;)sz(P, g )A)Czj + ;)sz_l(P, g )Ax2j—1
J= J=
k k
< X gr)Axy +% %szj_l , by (3) and (4),
J:

J=0

K
<> Ax2j+%z(:)szj_1 , sinceg () <1,
]:

2k
<gf2 4 Z:,)ij,by(l),
J=
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2k

<2+ 1/m,since 2, Ax; =Xy —x-1 = 1,
Jj=0

<el2+e2=¢.
Thus g satisfies the Riemann's condition and so by Theorem 1 of Riemann Integral
and Bounded Function, gis Riemann integrable. This completes the proof.

This wraps up our demonstration of a counter example. It is then natural to ask:
Under what condition can we deduce that the composite of two Riemann integrable
functions is Riemann integrable? In view of Lebesgue's Theorem, it is necessary to
examine the set of discontinuities of the composite function. If the set of
discontinuities of the composite function is contained within the set of discontinuities
of the first function, then it becomes an easy matter to make a deduction. Note that it
is the set of discontinuities that determines the Riemann integrability of a function.
We have the following theorem.

Theorem 2. Suppose g: [a, b] & R is a Riemann integrable function and f: [c, d]
— R is a continuous function such that the range of g, g( [a, b] ) is contained in [c, d].
Then the composite function f° g :[a, b] = R is Riemann integrable on [a, b].

Proof. We shall prove this using Lebesgue's theorem. Note that if g is continuous at
a point x in [a, b], then since [ is continuous at g(x) (because /" is a continuous
function), f> g is continuous at x. This means that whenever g is continuous at x the
composite f o g is also continuous at x. Hence the set of discontinuities of the
composite function f- g, D,., is contained in the set of discontinuities of g, D,.
Since g is Riemann integrable, D, is of measure zero and since D., € Dy, Dy.,t00
is of measure zero. Therefore, by Lebesgue's theorem fo g is Riemann integrable.

This proof demonstrates the power of Lebesgue's theorem. But one need not use
Lebesgue's theorem. One can make use of the uniform continuity of g too. It will
involve a clever manipulation of the Riemann sums.

Another Proof of Theorem 2.
As f:[c,d] > Ris a continuous function, by Theorem 1 of The Boundedness
Theorem, Extreme Value theorem and Intermediate Value Theorem, f is bounded.
Therefore, there exists a real number M > 0, such that | f(x) | <M for all x in [c, d].
Also by Theorem 9 of Closed and bounded sets, Heine Borel Theorem, etc, [ is
uniformly continuous. Therefore, given any € > 0, there exists 0 < d < € such that for
all x, yin [c, d],

pr— 3| < 8 implies that |/ (1) ~f ()] < gy ~-emmrreeee (5).
Next, since g is Riemann integrable by Theorem 1 of Riemann Integral and Bounded
Function, we can find a partition P : a =xo<x, <x,<...<Xx, = b for [a, b] such that

- UP, g)-L(P, g)<8%/(4M),

where U(P,g) = Z; M;(P, g )Ax;, L(P,g)= z} mi(P, g)Ax;, fori=1, ..., n,

M;(P, g)=sup{g(x):x €[x;.1,x; ]} andm; (P, g)=1inf{ g (x): x €[x;-1,x: ]}.
Note that

Up, g)—-L(P, g)= Ié(Mi(P, g)—mi(P, g))Ax; <82 /(4M) - (6)
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Now,
M:(P, g)—-mi(P, g)=sup{g(x):x €[xi.1,x; ]}— inf{ g (x): x €[xi_1, x: ]}

=sup{g (x) —g(): x, ¥ €[xi1, x; ]}
Similarly,

Mi(P, fog)—mi(P, fog)=sup{feg (x)—fog):x,y €lxi1,x]}.
Therefore, using the same partition P for the composite f- g, the difference of the
upper and lower Riemann sum with respect to P for fo g is,

UP, fog)—L(P, f°g)=i§ supifeg(x) —fog(y) 1 x, y € [xi1,X:]jAx; .

Let J={i: 1 <i<nm, sup{g(x)—g():x,y €[xi-1,x: ]}<0}. So we can rewrite the
above difference as

UP, fog)—L(P, fog)= Z sup{fo g(x) —fo g(y) : x, y € [xi-1,x] }Ax;
+ Z sup{fog(x) —fog(y) : x, ¥ € [xi1, X1} Ax; . === (7)

IfJ# O, then fori € J,
Sup{fog(x) _fo g(y) X,y E[xi-l ,xi]} e
= sup |/ (£() ~/ (UM x.y €lxi-1 31} £ g5, by (5)

because for anyx, y €[x;.1,x: ], | gx) —g()| <sup{g (x) —g(v):x, ¥ €[xi-1, % ]}<0.

Hence,
EJ sup{fo g(x) —fog() : x, y € [xi1,xi] JAx;
SR L T Y e )ZAX <3
(3
If{1,...n} —J#Q ,then i e {1,...,n} —Jimplies that M, (P, g)—m (P, g)=>38.
Therefore,

2 (Mi(P, g)=mi(P, g DAxi 20 3 Axi.
Hence, by (6),

5% Avi< TP, g)-miP, )Avi < TP, g)-mi(P, g v < 2y
and so, 5
Tavsdy ©

Therefore, using (9),

3 suplfog()—fogl)ix. y € i uljAx <2 T Av <oMPs =

(10)

Therefore, by (7), if J=O using (10), UP, fog)—-L(P, feg)<el2<e. If J={1,
o, by ) UP, fog)—L(P, fog)<el2<e If JxDandJ = {1, ...,n}, by (7),

(8) and (10), U(P, fog)— L(P, fog)<¢€/2+¢/2= g Thus, by the Riemann's

conndition (Theorem 1 of Riemann Integral and Bounded Function ), f- g is

Riemann integrable on [a, b]. This completes the proof.

_ 0 _&
2

<2.

Now we ask the question: If g is Riemann integrable and f is a continuous function,
is it true that the composite g - f is Riemann integrable? In fact it need not be the
case. More specifically, if f:[a, b] = [c, d] is continuous and g : [c, d] > R is
Riemann integrable, the composite function g - f: [a, b] — R need not necessarily be
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Riemann integrable, even if f is a monotonically increasing bijective continuous
function. Our counter example will involve two types of Cantor set, one of measure
zero and another of positive measure. We shall not go into the construction of these
Cantor sets. But we shall state the properties these Cantor sets enjoy.

Example 5 Cantor sets. There are Cantor sets in [0, 1] with measure £ with 0 <k
< 1. Let C;denote the Cantor set of measure k&. Thus C, is the Cantor set of
measure zero. This is the usual cantor set we meet. The construction of these Cantor
sets is similar. They satisfy the following properties:

1. Any Cantor set C is closed in [0,1].

2. Any Cantor set C is nowhere dense, that is to say, C does not contain any interval,
meaning C has empty interior.

3. Any Cantor set is uncountable, more precisely, it has the cardinality of the real
numbers R.

4. Any Cantor set is perfect, that is, it is its own accumulation points.

5. At the n-th stage of the construction of C; for 1 >k > 0 there is left a disjoint
union of 2" closed intervals. The (n+1)-stage is obtained by deleting from the centre
of each of these disjoint intervals, an open interval of length 2~ 7'(1- k).

6. At the n-th stage of the construction of C,, we have a disjoint union of 2" closed
intervals. The (n+1)-stage is obtained by deleting from the centre of each of these
disjoint intervals, the middle open interval.

7. The complement of any of these Cantor sets is a disjoint union of a countable set of
open intervals.

Our example for the continuous function f mentioned above will be given by the
following lemma.

Lemma 1. For each £ with 0 <k < 1, there exists a function f: [0, 1] — [0, 1] such
that

1. f is monotonically increasing and onto and so f is continuous. (Refer to Theorem
2 of Monotonicity and Continuity of Inverse Function.)

2. f maps the Cantor set C; onto the Cantor set Cj .

Proof. We shall look at the complement of the Cantor set Cy and C, . They are
disjoint unions of open intervals. Let {/,,1,, L, ..., I,, ...} be the open intervals of
the complement of C;, listed from left to right following the construction of Cj in the
order of deletion and the natural ordering of the open intervals in each stage of the
construction. Similarly, let {J,,J2,J;, ..., ., ...} be the open intervals of the
complement of C, listed from left to right following the construction of C,. For
each n denote 7, by (a. , b,) and J, by (¢ , d,). Now we shall define our function f*:
[0, 1] — [0, 1] as follows.

£(0)=0. .
2. Forxinl, =(an,b,), f(x)= b”—:fl"(x —a,)+c,. This maps I, bijectively
onto J,.

3. Forx#0andxin C;,
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fx)=sup{f(y):y<xandye L—J1[n} =sup{ f(v):y<xandye[0,1]-C} .
This is well defined by the completeness property of R, since the set
{f(y):y<xandye|JI,} is bounded above by 1.
n=1

The function f is increasing on [0,1]-C

Firstly, we shall show that f is increasing on the complement of C; and maps the
complement of C; bijectively onto the complement of C in [0, 1].

By definition f is increasing on each /, and maps /, bijectively onto J, . At the
n-th stage of the construction of the Cantor set we obtained 2" — 1 disjoint open
intervals, that have been deleted from [0, 1], /,, 1>, L, ..., [2»-1. The ordering of
these intervals is in the order of the deletion starting from the left to the right. The
natural ordering defined as follows follows a very simple rule. [, < [, if and only
if, there exists some x in /; such that x <y for some y in /;, if and only if, for any x
inl,, x<yforall yin/,. Atthe n-th stage wecanmap {/,,1>, 5, ..., 1L, ...Jon_1}
ontotheset {j/ 2":j=1,2,...,2" — 1} according to the order of dissection of [0,
1] into 2" parts: [; correspondsto2”~'/2"=1/2, I, correspondsto 2" 2/2" =Y,
L corresponds to 3x2 "2 /2" =3/4, I, correspondsto 2"~ */2"=1/8, Is
corresponds to 3x2 "3 /2" =3/8 and so on. Thismap g(n): {l,, I L, ..., L, , ...
Iy > {j/ 2":j=1,2,...,2"— 1} is canonical, meaning that it is exactly the
same for any of the Cantor set. Hence, the natural ordering follows the simple rule
I < I, if and only if, the corresponding image g(n)(l; ) < g(n) (I;). Thus, we can
conclude that {J, ,J», J5, ..., J,, ...} is ordered in exactly the same way and so /; <
I, if and only ifmJ_, <Ji. Wenow claim that f is increasing on the complement of

C, in[0,1]1= U1,. Letx, y bein[0, 1]— Ci be such thatx <y. If xandy are
n=1

in some /; , then since f is by definition increasing on /,, f(x) < f(y). Suppose

nowxisin /; and yisin /;. Then x <y implies that /; </;. This is easily seen by

taking a positive integer m such that max(j,/) < 2" —1 and consider the ordering

map g(m) at the m-th stage of the construction of the Cantor set. Hence J;<J,.

Therefore, f(x) < f(y) since f(x) € J;and f(y) € J;. We have thus shown that
is increasing on the complement of C; in [0, 1]. Now for any yin [0, 1] - Cy =
\UJ., v eJ forsome k. Since f maps I; onto J, , there exists x in /; such that
n=1

f(x)=y. Hence f maps the the complement of C; in [0, 1] onto the complement
of Cy in [0, 1].

The function f maps Cy into Cs

We shall next show that /' maps C; into C,. Forx=0, f(x)=0 by definition.
We now assume x # 0 and x € C; . Recall then that

f(x)=sup{f(y):y<xandy€gln}=sup{f(y):y<xandye[0,1]—Ck} .

Suppose that ' (x) ¢ Cy. Then for some integer /, f(x) € J; and since J;= f (1)),
there exists xo in 7, such that f(xo) = f(x). Then since /; is open there exists y, in
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1, with yy < x, such that ' () < f(x0) = f(x). Thus, by the definition of supremum,
there exists y' in [0, 1] — C; with y’' <xand f(yo) < f(¥') < f(x)=f(x0). Since f
is increasing on [0, 1] — Ci, v < y'<x. Thensincey, € I, andso forallyin/,, y
< x for otherwise if there exists z in /; with z > x, then x would belong to ( y,, z) <

I, [0, 1] = C, contradicting x € C,. Now since I, is open, there exists x"in /,

such that x" > x, . Thus, f(x")>f(x) = f(x). Alsosince x' <x, f(x")<sup{ f
(y):y<xandy € [0, 1] — C} =f(x), contradicting f(x")>f(x). We can thus deduce
that f(x) isin Cp. Therefore, this shows that f maps C; into C.

The function f is strictly increasing on [0, 1].

Next we shall show that f is (strictly) increasing on [0, 1]. We have already shown
that f is increasing on [0, 1] — C,. Thus ifx, yarein [0, 1] - Cy. and x < 2 then f'(x)

< f(»). Supposenowx € Crandy ¢ C; andx<y. Then foranyz e U I,,z<x
implies that z <y. Therefore, sincecandzarein [0, 1] -Ci, f(2) < f (y ) Hence
f(x)=sup{ f(z):z<xandz € JI,}< f(y). Now since f(x) € Co =[0, 1] - U I,

n=1 n=1
J@)=f(y)andsof(x)< f(¥).

Suppose now x € Cyandy ¢ C, and x>y. Then f(y) <sup{ f(z):z<xandz € [0,
11— Gi= f(x). Again since f(x) # f (v ), we must have f(x)> f(v).

Suppose both x and yarein C; and x <y. This time we shall use the property of
the Cantor set here. Because C; is nowhere dense, the intersection (x, y) ([0, 1]-Ci)
# (J. Therefore, there exists z € [0, 1] — C; such that x <z <y. By what we have just
proved f(x) < f(z)and f(z) < f(v). Therefore, we can conclude that f'(x) < f(v).
Hence, we have shown that £ is strictly increasing on [0, 1].

The function f is onto and maps C; onto C,.

Now we shall show that f is onto. Since f maps the complement of C; in [0, 1] onto
the complement of C, in [0, 1], it is sufficient to show that f maps C; onto C,. By
examining the definition of f* we can consider a similar function mapping C, into Cy
which is the inverse of f. We are going to use this inverse function to construct a
pre image of y in Cyunder f. For y=0in Cy, by definition of f, f(0)=0and 0 is
also in C;. Fora fixedy #0in C,, deﬁogle the following

x= sup{f'(z):z<yandze | JJ,}.
n=1

Note that this is well defined because | J, is in the range of 1, the set

n=1

{f'(2):z<yandze |JJ,} is non-empty and bounded above by 1 and so the
n=1
supremum exists by the completeness property of R.  Note that we also have
x= sup{f'(z):z<yandze J f(.)}.
n=1

Essentially the same argument for showing that for any/#01in Cy, f(/)isin C,
applies here to conclude thatx € C;. Now we claim that f(x) =y
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Note that { f~'(z) :z<yand ze nCJl f)}
= (x5 e <vand S e U £
={x': f(x/)<yand x/EnCJ1 I} .
Therefore, x =sup{ x': f(x/) <y and x/ € ;1@1 I,} . We now claim that
foranyz' in G I, ,
Trer e rEn )
This is deduced as follows. Letz'be in CJ 1,.

n=1

z'< x=sup{x': f(x/)<yand x' e I,}
n=1
& there exists zoin {x': f(x/)<yand x/ € J I,} suchthatz' <z, <x
n=1

= there exists zoin {x': f(x)<yand x/ € |J I,} such that f(z") <f(z0) <y
n=1

= f@E@) <. B
Conversely, if z' in | I, andf(z") < y, then by definition of x, z'< x and so since
n=1

z'e[0,1]- Ci, z'< x. This proves our claim.
Therefore,

{ f(z'):z'<xandz’ Egln}: {f@E@): f(2") <yandz’ Egln}

={y':y' <yand y' € HJH}.
Thus,
f(x)=sup{ f(z'):z' <xandz e GI,,}Z sup{ y': ' <yand )’ € C_OJJ,,}Zy.
This is seen as follows. ObViouslr}l/:,1 f(x)<y. "

0

If £(x) < y, then there exists y, in | J, such that f(x) <y, < y since both f(x) and
n=1

yare in C, and C, is nowhere dense. Therefore, there exists x, in U 1, with
n=1

f(x)<yo=f(x0)) <y. Since f isincreasing, x <x, Butby (¥*), f(x) <y implies
that x, < x contradicting x < x,. Therefore, f(x) = y. Thus we have shown that
maps C; onto Cy and consequently f is onto..

We have thus shown that f is a strictly increasing function mapping the closed and
bounded interval [0, 1] onto itself and so by Theorem 3 of Inverse Function and
Continuity, f is continuous on [0, 1]. This completes the proof of Lemma 1.

Example 5. Riemann integrable function of a continuous function need not
necessarily be Riemann Integrable.

Let g: [0, 1] > R be defined by g(x)=0if x ¢ Cp and g(x)=1ifx € C,. Let f:
[0, 1] — [0,1] be the continuous strictly increasing bijective function mapping a
Cantor set of positive measure C onto the Cantor set of measure zero C, given by

© Ng Tze Beng 2002 10



Lemma 1. Then g is Riemann integrable, f is continuous but g f is not Riemann
integrable.

Proof. The function g is obviously bounded. Since [0, 1]- Co=UJ, isa
n=1

countable disjoint union of open interval and g is zero on each of these open intervals,
g is continuous on [0, 1] — Cy. The function g is discontinuous at every point in C.
This is seen as follows. Take € = 1/2. For any 6 > 0 and any x in Cy, (x — 9, x + 0)N
[0,1]1 € Cy because C, is nowhere dense and so there exists x5 € (x — 8, x + 0)N [0,1]
— Cy . Hence, | f(xs) —f(x)| =10 - 1| =1>¢=1/2. This implies that f is
discontinuous at x in C, . Since C, is of measure zero, by Lebesgue theorem, g is
Riemann integrable. Take any & such that 0 <k <1, for instance, k= 1/2 . Then C; is
of positive measure. The function /* defined by Lemma 1 is a continuous bijection of
[0, 1] onto [0, 1] and maps the Cantor set of measure k, C; , bijectively onto Cy.
Then

0, ifx ¢ Cy
g°f(x):{ 1, ifx e Cy

Thus g - f is constant on the complement of Cj in [0, 1] which is a disjoint union

\U 1,, of open intervals and so g » f is continuous on each of these intervals and so g o
n=1

f is continuous on |J 7, =[0, 1] - C;. As before we can check that g f is

n=1
discontinuous at any pointx in C;. Take again € = 1/2. Then for any 6 > 0 and any x
in Cy, (x—9,x+90)N[0,1] contains a point x; not in C; because C; is nowhere dense.
Thus |ge f(xs)— g f(x)|]=]0—-1]=1>¢=1/2. Thismeans go f is
discontinuous at any point in C, . Therefore, by Lebesgue's Theorem, since Cy is of
positive measure , g - f/ is not Riemann integrable.

There are other examples: one example would be to take g to be the function defined
on [0, 1] such that g(x) = 0 for all x, such that 0 <x <1 and g(x) =1 whenx=1and f
to be a function on [0, 1] such that on each of the disjoint interval /, the graph of 1" is
a 'U' - shape graph with limit tending to 1 at both end points. Then the composite g o
f would be the same as the composite in the above example.

Example 5 inspires the next example.

Example 6. Let g: [0, 1] > R be defined by g(x) =0 if x ¢ C for k= 1/2 and g(x)
=1ifx € C.. Let £ 7': [0, 1] = [0,1] be the inverse of the continuous strictly
increasing bijective function /', given by Lemma 1, which maps a Cantor set of
positive measure C; onto the Cantor set of measure zero Cy. Then g is not Riemann
integrable, / ' is continuous but go /' is Riemann integrable.

The next question that we would ask is: What about composite of Lebesgue integrable
functions? This will be discussed next.
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