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1. By using the binomial series expansion for , show that
Y P %

- = 1.3.5(2n—1) y2nl
1iy) —
sin (x)_x+nZ=]1 5460 ongpiork<i

2. Using question 1, or otherwise, show that
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for x| <1

3. Let f1(x)=10n][0, 1], i.e., f1 isthe constant function 1 on [0, 1]. For n > 2, define
nx, 0<Xx<+
fa(X)=4 2-nx, + <x<%
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Show that f , (x) converges to some function f (x) on [0, 1] but that the convergence is not uniform.

4 Showthat f(x)= 2, e™cos(nx) converges uniformly on any subset of R, which is bounded below
n=0

by a positive constant. Show that
f'(x) =— 2, ne™[cos(nx) + sin(nx)] for all x > 0.
n=0

5 Prove the following Ratio Test for uniform convergence.
Suppose un(x) are bounded non-zero functions on the set S and that there exists r < 1 such that

‘ Una(¥)

<rforall n>N, some integer N and all x in S.
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Then Y} un(x) converges uniformly on S.
n=1

6. If D anx" has aradius of convergence R > 0, denote its sum by f (x), then show that

n=0
)
ax = f kl(O) for each integer k > 0.

0

7. Show that the series Y.

& 20 —nsin(nx) is uniformly convergent on R.

o

. (Optional). Show that if fis continuous on [0, 1], then there is a sequence of polynomial functions
pn(X) suchthat f(x)= 2 pn(x). [Hint: use Weierstrass Approximation Theorem.]
n=1
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